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Abstract —The operation of a Carnot refrigerator is viewed as a production process with exergy as its output. The economic
optimization of the endoreversible refrigerator is carried out in this paper. The Coefficient of Performance (COP) of the refrigerator is
a secondary consideration of the practical engineering effort of maximizing cooling rate and exergy whose goodness is constrained
by economical considerations. Therefore, the profit of the refrigerator is taken as the optimization objective. Using the method of
finite-time exergoeconomic analysis, which emphasizes the compromise optimization between economics (profit) and the appropriate
energy utilization factor (Coefficient of Performance, COP) for finite-time (endoreversible) thermodynamic cycles, this paper derives
the relation between optimal profit and COP of an endoreversible Carnot refrigerator based on a relatively general heat transfer law
q < A(T"). The COP at the maximum profit is also obtained. The results obtained involve those for three common heat transfer laws:
Newton’s law (n = 1), the linear phenomenological law in irreversible thermodynamics (n = —1), and the radiative heat transfer law
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Nomenclature T temperature . . .. .. ... K
To environmental temperature . . . . .. ... ... .. K
A exergy output of refrigerator . . . .. ... ... L. kJ Ty  heatsinktemperature . . . .. ............ K
C COSt . o ot $.s71 T, heatsourcetemperature. . .. ............ K
D  function defined inequation (31) . . . . . . . K-kw—1 TwH warm refrigerant temperature. . . . . . .. ... .. K
E  functiondefinedinequation (29) . . . ... ... .. K TwL coldrefrigerant temperature . . . . . ... .. ... K
E, function defined in equation (68) W oowork ... kJ
F  functiondefined inequation(29) . . . .. ... ... K Z1  function defined in equation (10)
Fyp  function defined in equation (69) Z> function defined in equation (11)
i sequential variable Z3 function defined in equation (12)
n sequential variable Z4  function defined in equation (17)
P revenuepercycle . ................ $.571 Zs function definedinequation (49) . . . . .. ... .. K
Pin POWENiNPUE . . . oo KW Zg function definedin equation (50) . . . . . ... ... K
q specificheat transfer . . ... ... ... ... ... KW Z7 function definedinequation (51) . . . . .. .. ... K
Q1 heat flow from refrigerator to heat sink . . . . . . . kJ Zg  function defined inequation (52) . . . . . ... ... K
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y temperature index defined in equation (33)

ym temperatureindex at the condition of maximum
profit
function defined in equation (12)
COP

&c Carnot COP

em  COP a maximum profit, finite-time
exergoeconomic COP bound

e€r  COP at maximum cooling load

n Carnot coefficient

o rate of entropy production . . . ... .. .. kw.K~1
AS changeinentropy . .............. kJK—1
T totaltime. . . ... .. .. ... s
ds  priceOf eXergy . . . ... $ ka1
éw priceofwork . ... L $-kJ1
Yo oprofitratio . ... ... $.s1
Mm optimal profit .. ................. $.s71
max maximumprofit . ... .............. $.s1

1. INTRODUCTION

The Carnot engine proposed in 1824 operates on re-
versible process principles. As a conseguence, this hy-
pothetical engine produces the maximum possible work
for a given heat source and sink temperatures, but gener-
ates zero power because it has to operate at an infinitely
dow pace. Its thermodynamic efficiency, which has long
been used as the standard against which all real engine
efficiencies are measured, is unrealistically high. In 1975
did Curzon and Ahlborn [1] pioneered an analysis that
accounts for the irreversibilities of finite-time heat trans-
fer to and from the engine. Such an endoreversible en-
gine can generate useful power. Because of external ir-
reversibilities, its efficiency at maximum power, which
is termed the “finite-time thermodynamic efficiency”, is
less than that of the Carnot efficiency. Since finite-time
thermodynamics was first advanced in 1975, many au-
thors have studied the effect of irreversibilitieson the per-
formance of thermodynamic processes and cycles. Some
detailed literature surveys of finite-time thermodynamics
were given by Sieniutycz and Salamon [2] and Chen et al.
[3, 4]. Some authors [5-18, including] have assessed the
effect of finite-rates of heat transfer on the performance
of irreversible refrigerators.

The objective functions in finite-time thermodynam-
ics are often pure thermodynamic parameters includ-
ing power, efficiency, entropy production, effectiveness,
cooling load, specific cooling load, COP and loss of ex-
ergy. Salamon and Nitzan [19] viewed the operation of
the endoreversible heat engine as a production process
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with work as its output. They carried out the economic
optimization of the heat engine with the maximum profit
as the objective function [20].

A relatively new method that combines exergy with
conventional concepts from long-run engineering eco-
nomic optimization to evaluate and optimize the de-
sign and performance of energy systems is exergoeco-
nomic (or thermoeconomic) analysis. Some detailed lit-
erature surveys of the exergoeconomics were given by
Sieniutycz and Salamon [2] and Tsatsaronis [21]. Sdla
mon and Nitzan'swork [19] combined the endoreversible
model with exergoeconomic analysis. We termed it as
finite-time exergoeconomic analysis [22, 23] to distin-
guish it from the endoreversible analysis with pure ther-
modynamic objectives and the exergoeconomic analy-
sis with long-run economic optimization. Similarly, we
termed the performance bound at maximum profit as
finite-time exergoeconomic performance bound to distin-
guish it from the finite-time thermodynamic performance
bound at maximum thermodynamic output. Based on the
work for heat engines [19, 22, 23], such a method has
been extended to Newton's Law two-heat-reservoir re-
frigerator [10, 11] and heat pump [24], and the three-heat-
reservoir refrigerator [25] and heat pump by Chen et a.
[26].

Heat transfer affectsthe performanceof endoreversible
cycles. A few authors[7, 9, 13, including] have assessed
the effect of heat transfer laws on the cooling load versus
COP characteristics for a refrigerator. A new step taken
in this paper isthe estimation of the profit versusthe COP
characteristics and analysis of the finite-time exergoeco-
nomic performance based on a relatively general heat
transfer law, g o« A(T™), where n isaheat transfer expo-
nent. The heat transfers obey Newton'sLaw whenn = 1,
the linear phenomenological law in irreversible thermo-
dynamics when n = —1, and the radiative heat transfer
law when n = 4.

2. ANALYSIS

2.1. The relation between optimal profit
and cop

An endoreversible Carnot refrigerator is shown in
figure 1. The only irreversible processes in the cycle are
the two heat transfer processes from the refrigerator to
the heat sink and from the heat source to the refrigerator.
To analyze this cycle, we assume that the temperatures
of the heat sink, heat source, warm refrigerant in the heat
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Figure 1. Endoreversible Carnot refrigerator.

rejection process, and cold refrigerant in the heat addition
process are Ty, Ti, Twn, and Ty, respectively. Thus
heat flows from the heat source to the cold refrigerant
across a temperature difference of (7L — Tiyr) and heat
flows from the warm refrigerant to the heat sink across
a temperature difference of (Twn — TH). Assuming the
heat transfers between the refrigerant and the reservoirs
obey a generalized heat transfer law, g o« A(T™), then

01=a(Tj — TY))n (1)

Q2=B(T" — Ty )r2 )
where Q1 and Q> are heat flows from the refrigerator
to the heat sink and from the heat source to the cold
refrigerant. Constants « and 8 are the heat conductances
(product of heat transfer coefficient and heat transfer
surface area) between warm refrigerant and heat sink and
between heat sourceand cold refrigerant. Variables#; and
1o arethetimesrequired to transfer an amount Q1 and Q>
of heat, respectively.

Neglecting the time required for the two isentropic
processes, the total time (t) required for the whole cycle
is.

T=n+12 (©)]
The COP (&) and the work input (W) to the refrigerator
are

e=(01/02— D =Twn/Tw. — D1 (4
W=01—-02 5

Assuming the environment temperature is 7o and
the following relation holds: Tp > T4 > Ti, the exergy

output of the refrigerator (A) is:

A=Q2(To/TL — 1) — Q1(To/TH — 1) = Q2n2 — O1m.
(6)

where n; isthe Carnot coefficient of the reservoir i.

The profit (IT) is calculated for the cycle period as
follows. If ¢a isthevalue price of exergy output, we have
arevenuefunction (P) per cycle:

P=¢nA/t Y

We assume that the only input to the production
processisthe work input (W) taken from the motor. This
correspondsto a cost per unit time (C):

C=¢pwW/t 8

where ¢y is the price of work.

Using equations (1)—(8), the profit of the refrigerator
is obtained

=P —C=[(Q2n2— Q1n)¢a — (01— Q2)dw]/T
= [o9n(Z2 — 2123/ [ Za(Tjy 25— T5)
+o3(1 =Ty )T )

where
Zi=n1+¢w/da (10)
Z2 =2+ ¢w/Na (11)
Zz=1+¢1 (12)
and
5= (/B

Taking the derivative of IT with respect to Ty and
setting it equal to zero (9 11/9 Ty = 0) gives

T\7\/|_,opt _ [3Tﬁ/Z§n+l)/2 + TLn]/[l—i- SZ:(J’n—l)/Z] (13)
The corresponding warm refrigerant temperatureis:
Tom.op = (0T 282 + Zs1 |/ [1+ 625 2]
(14)
Substituting equation (13) into equation (9) yields:
M= aga(T{" — T4/ 25)(Z2 — Z1Z3)/ (5 + 25?2
(15)

Equation (15) is the main result of this paper. It deter-
mines the optimal profit for the given COP and the opti-
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mal COP for the given profit. It is called the finite-time
exergoeconomic fundamental optimal relation or optimal
profit versus COP characteristics.

Equation (15) indicates that profit is zero when ¢ =
ec= (Tu/TL — D1 and ¢ = (Z2/Z1 — 1)~ . Hence,
there exists an extreme profit for the refrigerator. The
maximum profit may be found by taking the derivative
of Iy with respect to ¢ and setting it equal to zero
(0ITm/0e = 0). For maximum profit, the COP bound
(em) satisfies the equation

SZAT 2P L n 2y T 20 — (0 = 1) 20T 2
+(n—DSZA Tz V2 —nszomh 20 V2
— 22T} =0 (16)
where
Za=1+eyt (17)
The COP (e¢m) is different from both the classical re-
versible COP bound (ec) and the finite-time thermody-
namic COP bound (COP at the maximum cooling load,
€R), and was termed as finite-time exergoeconomic COP
bound. It is dependent on Ty, 71, To, §, r, and (opw/oa).
Note that for the process to be potentially profitable,
the following relationship must exist: 0 < (¢pw/da) < 1,
because one unit of work can giveriseto at |east one unit
of exergy output. As the price of exergy becomes very
large compared with the price of work, i.e., ¢pw < da,
(¢pw/¢a) = 0, and Tp = Ty, equation (15) becomes:

I = ¢an2R (18)
where R is the optimal cooling load for the given COP
[9, 13].

R=Qa/t =a(Ty — T/ 28)/ (5 + 28?7 (19)

That is, the profit maximization approaches cooling load
maximization.

On the other hand, as the price of exergy approaches
the price of work, i.e., (¢pw/¢Pa) = 1, equation (15)
becomes:

M= —¢aaTo(T)" — T}/ Z5)(TL Z3 — Th)/
[T 5+ 283 @)

The rate of entropy production of the refrigerator for
the given COPis

oc=AS/t=R(Z3/TqH —1/T1)
=T — T{;/ Z3)(TL Z3 — Th)
J[THTL (8 + 283 (21)
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where AS isthe changein entropy over the cycle.
Comparing equations (21) and (20) gives:

Im=—¢aTooc = —paAS/T <0 (22)

That is, the profit maximization approaches the rate
of entropy production minimization,or in other words,
the minimum waste of exergy (ToAS). Equation (22)
indicates that the refrigerator is not profitable regardness
of the COP at which the refrigerator is operating. Only
if the refrigerator is operating reversibly (¢ = ec) will
the revenue equal the cost, and then the maximum profit
will equal zero. (The corresponding rate of entropy
productionis also zero.)

Therefore, for any intermediate (¢w/¢a), the finite-
time exergoeconomic performance bound (en,) lies be-
tween the finite-time thermodynamic performance bound
and thereversible performancebound. ey, isrelated to the
latter two through the price ratio, and the associated COP
bounds are the upper and lower limits of ep,.

2.2. Optimal profit versus cop
characteristics for three common
heat transfer laws

The optimal profit versus COP characteristics is dis-
cussed in this section for three common heat transfer
laws: Newton's Law (n = 1), the linear phenomenologi-
cal law inirreversiblethermodynamics (n = —1), and the
radiative heat transfer law (n = 4).

Casen=1
In this case, equation (15) becomes:
My = aa(TL — Tu/Z3)(Z2 — Z123)/(1+6)*  (23)
The solution of equation (16) is:

em=[(TuZ2/(TLZ1)*° = 1]

The maximum profit is:

(24)

Minax = ada[(TnZ2)%® — (1L 20/ (1 +8)% (25)
The corresponding cooling load is:
Rm=aTi [1— (TuZ1/(TLZ2)*°]/(1+ )2  (26)

As Top = Ty and (¢pw/¢a) = O, then equation (23)
becomes:

ITm = ¢an2R (27)
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where
R=a(TL — Tu/Z3)/(1+6)? (28)

The cooling load (R) is amonotonic decreasing function
of ¢, and R approaches Rmax = aTL /(1 + 8)° as ¢
approaches emin = 0 and R approaches Ryin =0 as ¢
approaches .

An interesting question is how to determine the profit
for agiven cooling load R or a given power input, Pip =
W/t.

From equation (28),
e ={[(Tu — T + DPin)? + 4T D Pyp] *°
—(Tu—TL+ DPn)}/(2DPin) = E/F (29)
and
¢=(TL — DR)/(TH — TL + DR) (30)
where D = (1+ 8)?/a.

Substituting egquations (29) and (30) into equation (23)
yields the optimal profit for the given power input (Pin)
or for the given cooling load (R)

Mm=¢a[TLF — E(Th — TL)]
x [(Z2— Z1) — Z1F/E]/[D(E + F)] (31)
or
Mm=¢aR[Z2— Z1Tw/(TL — DR)]  (32)

Following the definition of two dimensionless para
meters[6, 8]:

(TL/TH)” = Twr/ TwH,

I1<y<> (33)
0= (T — T/ T)) (L T2 7).
0<o<1 (34)

Then, equations (9) and (15) become:
T =a¢a[Z2 — Z1(Tn/TL)" ]
/[(TH/ TOY [Twi(Tw/ T — Th] ™
— 83(TL — Tw) ] (35)
My = agaTi[1— (TL/T)’ 7]
x [Z2 = Zu(Tw/ TV ]/ A+ 87 (36)
Which obtains

1

¥ = IT/Mm = (1+8)20(L - 6)/[1+ (8% — 1)6] (37)

Equation (37) indicatesthat + = 1 and IT = Iy, when
6 =06

oan=(1+8)"1 (38)

ym=[1+In(Z2/Z1)/In(Tu/T0)]/2  (39)

Equations (35)—(39) are termed the profit and COP
holographic spectra of Newton’s Law for refrigeration
systems. From the view of compromise optimization of
profit and COPR, we have

l<y<ym ad 0=6a (40)

Equation (40) is termed as the finite-time exergoeco-
nomic optimization criteria for Newton's Law refrigera-
tors[10, 11].

As (¢pw/¢pa) = 0 and To = TH, equation (40) be-
comes:

Q= 0n (41)
Equation (41) is the main result of Sun [6] and Chen [8].

As (pw/da) = 1, em becomes ec, ym = 1, and the
profit (ITy) and the cooling load (R) approach zero. The
optimal function of ITy, and R are schematically plotted
in figure 2 as functions of the COP (&) and (¢w/¢a). For
the case of n = 4, the optimal characteristicsis similar to
that of case of n = 1 as shown in figure 2.

l<y <oo,

Casen=-1

Note that in this case o and g are negative. The profit
versus COP characteristics, the maximum profit, and the
corresponding COP bounds are:

M= —aga[(Z3TL — Th)(Z2 — Z1Z3)]
/[THTL(Z3+ )] (42)
Mnax = —a¢a(Z1 — Z2TL/ Th)?
J[ATLGZ1+ Z)(A+8TL/Th)]  (43)
and
em={[[0n1 4 2n2+ (24 8)(pw/¢a) | TH + 8 Z2T1 |
/[Z1Th + [26m1 + 2

+ 28+ Dpw/dn)]TL] — 1)

(44)

em is dependent on §. As§ =1, =0, and § = oo,
equation (44) becomes:
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Figure 2. Optimal cooling load (R) and profit (IT,,) versus COP
(e) and (¢pw/¢Pa) with n = 1.

limem = {[(n1 + 202+ 3(¢w/$a)) T + Z2T1 ]
/[ Z1Th + (201 + 2
+3(pw/dn))TL] — 1) T (45)
!Si:”(‘)gm =[2Z5Th/(Z1Th + Z2T) — 1]_l (46)
and

1

Jim em = {[(Z1Th + Z2T0)/Z1T0] -1} (47)

respectively.
The corresponding cooling load is:

Rm = —a[(Zs + Z6)Z7]/[ATu ZE(T1 + 8T)]  (48)
Zs=[(1—8n1—2n2— 1+ 8)(dw/¢a)|Tv  (49)
Ze=[26m1+ (1—8)n2+ (1+8)(dw/da)]TL  (50)
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Z7 =801+ 202+ 2+ 8)(pw/¢a) | Tn + 8 Z2T1 (51)
Zg=[8n1+n2+ (1+8)(pw/¢a) | Tn + 8 ZoT1 (52)
As (¢w/¢a) = 0 and To = TH, equation (42) becomes:
Im = ¢pan2R (53)
where

R=a(Ty — TL Z3)/[(ThTL)(Z3+ 8)?]  (54)

The cooling load is a parabolic function of COP. The
profit and cooling load approach their maximums when
£ =€R.

er=TL/[2TH — (1—§)TL] (55)
Fors =1,86 =0,and § = oo, equation (55) becomes
|8i=n28R =T1/(2Tw) (56)
!Si:fT(l)eR =T/2Tw—T0) (57)
and
lim er =0 (58)
respectively.
From equation (54),
e=(Z9+Z10)/Zn (59)
Zo = {[@THTLDPn)/(1+8) — (Tn — TL)]?

— ADTHTEPn(TuPn/a + D}*°  (60)
Z1o=Ty—TL — 2DPinTHTL/(1+§) (61)
Z11=2THTL. D P (62)

and
e=(Z12—213)/ Z14 (63)
Z1p = [T + 4aTu T (Tu + STOR]™®  (64)
Zi3 =21+ 8)TuTi +aTi (65)

Z14=2[(1+8*THTLR —a(Th —TL)]  (66)
Substituting equation (59) into equation (42) yields the
optimal profit for the given power input (Pi)
Mm=ada[(Th — TL)E1 — TLF1][(n2 — n1) E1 — Z1F1 ]

/[THTLGE1+ F1)?] (67)
where
E1=Z9+ Z10 (68)
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Figure 3. Opitmal cooling load (R) and profit (IT,) versus COP
(¢) and (¢pw/¢a) with n = —1.
and
F1=2DPnTHTL (69)
Substituting equation (63) into equation (42) yields
the optimal profit for the given cooling load (R)
M= @AR[Z2 — Z1(Z12 + Z14 — Z13)/(Z12 — Z13)]
(70)

The optimal function of IT, and R are schematically
plotted in figure 3 as functions of COP .

Casen=14

In this case, equation (15) becomes

M = aga (T — T/ 28) (22 — 2123)/ (5 + 25 7%)°

(71)

For maximum profit, the COP bound (e,) satisfiesthe
following equation

SZATAZE? 4 40T 25 — 32,11 28 + 35 24T 22
— 4572513 7Y% — 22T =0 (72)
where Zs =1+t
The maximum profit is
Mviax = —pna (T — T,/ 23)(Z2 — Z21Z4)
[+ 2732 73

The corresponding cooling load is:
Rm=a(T*—T13/23)/(6 + 2;%%)% (74
As To = Ty and (¢pw/¢a) = 0, equation (71) becomes:
IIm = ¢an2R (75)
where
R=o(T} =Tz /(6+2,°%)  (76)

The cooling load (R) is a monotonic decreasing
function of ¢, and R approaches Rmax = aT|_4/6 as ¢
approaches emin = 0 and R approaches Rmin =0 as ¢
approaches .

The optimal function of ITy, and R are schematically
plotted in figure 2 as functions of the cop (¢), which are
analogy to those in the case of n = 1.

3. CONCLUSION

This paper derives the optimal profit and efficiency
characteristics and the maximum profit and its corre-
sponding COP bound of an endoreversible refrigerator
based on arelatively general heat transfer law. We seek
the economic optimization objective function instead of
pure thermodynamic parameters by viewing the refrig-
erator as a production process. It is shown that the eco-
nomic and thermodynamic optimization converged in the
limits (¢pw/da) = 0, 1. When the profit margin for ex-
ergy conversionissmall, the maximum profit operationis
near the minimum loss of exergy operation, while when
the work is very cheap compared to the price of energy,
the maximum profit operation is hear the maximum cool-
ing load operation. For intermediate (¢w/da), any pub-
lically desirable COP can be made profit-optimal by reg-
ulating theratio (¢pw/¢a) of input and output prices. The
study of this paper is the combination of endoreversible
cycleand economic optimization. We call it asfinite-time
exergoeconomic analysis. It is worthwhile to note that
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the finite-time exergoeconomic COP bound always exists
for any heat transfer law while the finite-time thermody-
namic COP bound only existsfor n < 1.

It is important to investigate the effect of heat trans-
fer law on the finite time exergoeconomic performance
of a Carnot refrigerator. This paper provides a general-
ized heat transfer law g o« A(T™). When n = —1, the
heat transfer law is the linear phenomenological law in
irreversible thermodynamics. The coefficients « and 8
are the so-called kinetic coefficients. When n = 1, the
heat transfer law is Newton's heat transfer law. When
n = 2, the heat transfer law is applicable to radiation
propagated along a one-dimensional transmission line.
The coefficients « is equal to [72k2/(6h)], where h is
the Planck’s constant and  is the Stefan—Boltzmann con-
stant. When n = 3, the heat transfer law is applicable
to radiation propagated along a two-dimensional surface.
When n = 4, the heat transfer law isamodel for aradiant
refrigerator with radiative heat transfer. Heat is removed
from the warm working fluid to the heat sink by means
of radiation. Heat is also radiated back from the heat sink
to the warm working fluid by Kirchhoff’s law. Assum-
ing black bodiesin the radiative heat transfer, the Stefan—
Boltzmann law requires that the radiative heat transfer
is proportional to the fourth power of the body tempera-
tures. The coefficients V and 3 are related to the Stefan-
Boltzmann constant. Therefore, the results of this paper
are universal for the performance analysis and optimiza-
tion of Carnot refrigerators.
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