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CHAPTER 11
Vectors and the Geometry of Space

Section 11.1 Vectors in the Plane

1.

(@ v=05-1,4-2)=(42)
(b) Y

(@ v=3-3-2-4) =(0,-6

7.u=(6-0-2-3) =(6,-5)
v =(9-35-10) = (6, -5)

:: o 8. u=(l- - (-1)) = (15,-3)
1 - <25 ~ 0,10 - 13) (15,-3)

u =

9.(b) v=_5-25-0)=(5)
() v=3i+5j

®) (@, (@
ERE L 6.9 6.5
-1
L)
-3 ,V
-4
-5
-6¢ (0,-6) 7|—|” 12 3 4 5
3.() v={(4-2-3-(3) = (-60) 10. (b) v = (3-4,6—(-6)) = (-1,12)
(b) () v=-+12j
(a), (d)
-1,12)e
21
6.0 s
8 j 4 - 6 0(3,6)
I ) (AT
-4
-6 (4,-6)
4. v=(_(-1-23-1)=(3,2)
(b) 1. b) v =(6-8 -1-3)=(-2,-4)
N (c) v =-2i-4j
3.2 N (a), (d) ;
ol
\ I 4+ 8,3)
T 6,-1)
5. <573672> (2,4) <2°j‘g

6. u=(1-(-4),8-0)=(538)
v=(71-27- (1) = (58)
u=yv
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Section 11.1 Vectors in the Plane 3

12. (b) v = (-5 -0,-1 - (-4)) = (-5.3) 17. (@) 2v = 2(3,5) = (6,10)

(c) v=-51+3j
06,10

(a) and (d). Y ol
6+ G, 5/

(b) -3v = (-9,-15)

13.(b) v=(6-66-2) = o4 e
(c) v = 4j L ‘3”v‘ ‘
(a) and (d) 3 -15-12 -9 -6 -3 gl 3 6

4 -3 —6 1
61 6,0 / oL
4 (=9,-15) -2
49(0,4) v o -15 1
2:7 6.2) (C)
} é } i } (1) f—x

14. (b) v = (-3-7,-1-(-1)) = (-10,0)
(©) v =-10i
(a) and (d). N

34 -3 3‘ 6 9 12 1‘5 ]‘8

15. (b) v:<i—l3_i>:<_1§>

2 3 >3
(© v=-i+3j g
(a) and (d)

16. (b) v = (0.84 — 0.12,1.25 — 0.60) = (0.72,0.65)
(©) v = 0.72i + 0.65]
(a) and (d). 7 (0.12, 0.60)

125+ (0.84, 1.25)
1.00 1
0.75 +
(0.72, 0.65)

0.50 +
0.25 1 v

Pttt x

0.25 0.50 0.75 1.00 1.25
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4 Chapter 11 Vectors and the Geometry of Space

18. (a) 4v = 4(-2,3) = (-8,12)

y

e (-8,12) 12
10+
s
6
4v 4
T (=2,3)
N
-8 —6 —4 -2 2 4 6

) —3v = (.3)

(=2,3)
.1
Nl
a0 N
Ll et
ol
(¢) 0v =(0,0)
(=2,3) '
L] 3
.1
v 14
Il OV‘
3 o 4 i
-1
(d) —6u = (12,-18)

v

(12,-18) '@

19.

20. Twice as long as given vector u.

4

21.

22.

23.

24.

25.

=

@ fu=%49 = (%)

(b) v—u=(2-5-(49) = (-2,-14)

(¢) 2u +5v = 2(4,9) +5(2,-5) = (18,-7)
@ 3u =338 = (2-%)

(b) v—u = (825 - (-3,-8) = (11,33)

(¢) 2u + 5v = 2(-3,- 8) + 5(8,25) = (34,109)
vV = %(2i —J) =3i-3j= <3,—%>

-1 %“u \.
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27. v = (2i — j) + 2(i + 2j) = 4i +3j = (4,3)

y

1 2w

u+2w

28. v = 5u - 3w = 5(2,-1) - 3(1,2) = (7,-11)

o 6 810
3w Su
e 6 \i /’
St ,
-10-+ R //
il
29, uy —4 = -1 u =3
u, —2 =3 uy, =
0= (3
30, uyy —-5=4 u =9
u -3 =-9 u, = —6
0= (9, —6) Terminal point
3. |vl|=~N0+7* =7

CHNENETRTEE

CHIN BN

M V=122 + (5 =13
35 Jv]= \J6* + (-5 = 6T
36. [[v]| = \J(-10) + 3 = /09

37. v = (3,12)
v = /3% +122 = V153
v (312 _< 3 12 >

YTV Viss T \Jiss Vi3
<\/17 4\/17> ‘
=({—, unit vector
17 ° 17

38.

39.

40.

41.

Section 11.1 Vectors in the Plane 5

v = (-5,15)
v = /25 + 225 = /250 = 510
v (515 <_\/ﬁ 3/10

YTV svie T\ 0 10

> unit vector

Iv] V34 347 /34
2
<3 34 5\/34> .
= ({— unit vector
34 7 34
v =(-62,3.4)

V)= \J(-6.2)" + (3.4)" = /50 = 52

v (62,34 | 312 1742
- "7 50

u= ‘m‘ = . \/5 50 unit vector
u=(-1)v=_(12)
@ [u]=V1+1=+V2
® |v|=V1+4=1/5
(©) u+v =01
Ju+v|=~0o+1=1

1

d =l
- 72"

u
Jul
1

e Y =_—_(12
ERNARE

=1

v
M

) u+v:O,1
TE

u-+v

Ju+ vl
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42.

43.

Chapter 11

u=(0,1),v=(3-3)
@ ful=vo+T =1
®) [v]=~9+9 =32
(© u+v=_3-2

Hu+vH:\/9+ =J13

(d) = (0,1)

1

Yo (3,3
© Nt

u+v 1

f Y _ 2 /3
R TR A E
u+tvy_
Juv]
u—<11>v—<23>
= (L3)pv =0
I AN
@ Jul= 15 =
®) |v]=~4+9 =13
7
(c) u+v—<3,5>
[u+ v = g 4 _ /85
4 2

d l:i<l’l>
R M VAL

¢ uzi<3l>
O T T2

Vectors and the Geometry of Space

44.

45.

46.

47.

u = <2, —4>,v = <5, 5>
@ |u=+4+16 =25
®) |v]|=~25+25=5V2

(c) u+v:<7,1>
Ju+v|=+49+1 =352

o Loy

R MW

=1

1

Y55
© 5

u+v 1

T RN
u+v
o vl
- <z 1>
[u H ~ 2.236
= <5 4)
v H 41 ~ 6.403
u+v={(75)
Ju+ v]=~/74 ~ 8.602
Ju+vl<lul+]v]
V74 <5+ 4l
= (-3,2)
[u H— 13 ~ 3.606
- (1-2)
HvH =5 ~ 2236
u+v=(-20)
Jusv]=2

Ju+vi<]ul+]v]

ZS\/E+\/§
<03> (0,1)

EJ “
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48.

49.

50.

51.

52.

53.

54.

SS.

56.

57.

u 1
MR
4(2 = 24/2(1,1)
v = <2ﬁ, 2\5)

u _ Loy 2
w2 - H
u 1 2
) - (s ) - e
- (V5v3)
u 1
TRENC
u 1
LN N
() 5054
vV = <l,\/§>
v = 3[(cos 0°)i + (sin 0°)j] = 3i = (3,0)
v = 5[(cos 120°)i + (sin 120°)j]
_ 5,53 [553
ST T\
v = 2[(cos 150°)i + (sin 150°)j]
= Bi+j=(-/31)
v = 4[(cos 3.5°)i + (sin 3.5%)j]
~ 3.9925i + 0.2442j
= (3.9925,0.2442)
u = (cos O°)i + (sin 0°)j =i
v = 3(cos 45°)i + 3(sin 45°)j = #i + #
Ly o[22 W2 (24372 32
trv= 2 ' 2 V- 2 72
u = 4(cos 0°)i + 4(sin 0°)j = 4i
v = 2(cos 30°)i + 2(sin 30°)j = i + /3]
u+v:5i+\/§j:<5,\/§>
u = 2(cos 4)i + 2(sin 4)j

v = (cos 2)i + (sin 2)j
u+ v =(2cos4 + cos2)i + (2sin4 + sin 2)j
{

= (2cos 4 + cos 2,2sin 4 + sin 2)

58.

59.

60.

61.

62.

Section 11.1 Vectors in the Plane 7

u= S[COS(—O.S)]i + S[Sin(—O.S)]j
= 5(cos O.S)i — 5(sin 0.5)j
v = 5(cos 0.5)i + 5(sin 0.5)j

u + v = 10(cos 0.5)i = (10 cos 0.5, 0)

Answers will vary. Sample answer: A scalar is a real
number such as 2. A vector is represented by a directed
line segment. A vector has both magnitude and direction.

For example <\/§ R 1> has direction % and a magnitude
of 2.

See page 766:

(kuy, kuy) ~q -

(uy + vy, up +v,)
(uy, up)

(a) Vector. The velocity has both magnitude and
direction.

(b) Scalar. The price is a number.

(a) Scalar. The temperature is a number.

(b) Vector. The weight has magnitude and direction.

For Exercises 6368,
au + bw = a(i + 2j) + b(i - j) = (a + b)i + (2a - b)j.

63.

64.

65.

67.

68.

v =2i+jSo, a+b=22a—-b =1.Solving

simultaneously, you have a = 1,6 = 1.

v = 3j.So, a + b = 0,2a — b = 3. Solving

simultaneously, you have a = 1,56 = —1.

v =3i.So, a + b = 3,2a — b = 0.Solving

simultaneously, you have a = 1,5 = 2.

. v =3i+3jSo, a+ b =3,2a - b = 3.Solving

simultaneously, you have a = 2,6 = 1.

v=1i+jSo,a+b=12a->b = 1.Solving
simultaneously, you have a = %,b = %
v=-i+7jSo, a+b=-1,2a —b = 7.Solving

simultaneously, you have a = 2, = 3.
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69.

70.

71.

72.

73.

74.

Chapter 11 Vectors and the Geometry of Space

f(x) = 22, f(x) = 2x, £'(3) = 6

(a) m = 6.Let w = (1,6), |w| = /37, then J_rH H i%(l, 6).
(b) m = -LLet w=(-6,1), |w|= /37, then iH i i%(—@ 1).
f(x) = =x* +5, f1(x) = =2x, ['(1) = -2

5, then + — = iL<l,—2>.

(@ m=-2.Letw =l +
H H 5

-2). [w] =
= /5, then + — ti<2, 1).

_H NG

(b) m = % Let w = (2,1),

f(x) =% f(x) =3x* =3at x = 1.
= /10, then iLQ, 3).

(@) m=3.Letw = < > H H o

= \/E, then v = iL<3, —1>.
[wl 10

(b) m = —%. Let w = (3,-1),

f(x) = %, f/(x) = 3x* = 12at x = 2.

1
= /145, then v~ = + 1,12).
™ ]~ s

(@) m=12.Let w = (1,12),

) = st = (121, ] = . then =

f(x) = 25— %

f'(x):ﬁ=%3atx:3, /4-
Nl

@ m = ’%’Let w = (-4,3), W~ %(—4 3) 1

8

6 (a)
st (b)
2

(a)

+ (I,D ()

P
——— |
-6 -4 -2 2 4

-10—

b)) m = g Let w

- (.4)

w
= 5,then — = +—(3,4).
Wl s

f(x) = tanx

f(x) = sec’x = 2atx = %

(@ m=2Letw = (l,2),

(b) m

—%.Let w = (-2,1), [w]=

1 . 1

I I I I
t t t t T
1 2 3 4 5

(a)

()

1
sla
&8

SEE
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75.

76.

77.

80.

81.

82.

Section 11.1 Vectors in the Plane 9

:£i+£j 78. (@) v =(9-3,1-(-4) = (6,5)
2 2 (b) v = 6i + 5j
u+v= \/Ej (©) v
_ _ 2, \/5._< \/5\/5> °T 6.5
v—(u+v)—u———1+—]— —_— 5+ o
2 2 27 2
3+ v
u = 23/3i + 2j 1
u+v = 3+ 373 Ea IEEE I Ak
v:(u+v)7u:(7372\/§)i+(3\/§72)j @ HVH:\/m:\/a
= (-3-2v3,3/3 - 2)
79. |F| =26y =33°
(a)—(c) Programs will vary. HFZH = 3,05 = —125°
(d) Magnitude ~ 63.5 |Fs] = 2.5, 6 = 110°
Direction ~ —8.26° HRH = HF1 +F, +F H ~ 133
Or = Oropyery ~ 132.5°
HF1 H =20y =-10°
|Fy | = 4,6, = 140°
|Fs| = 3,6 = 200°
IR|=|F +F, + F|~ 4.09
Ok = Ororyery ~ 163.0°
F + F, = (500 cos 30% + 500 sin 30°j) + (200 cos(—45°)i + 200 sin(=45°)j) = (250v/3 + 100+/2)i + (250 - 1005/2)j
|F + | = \/(250\/5 + 100\5)2 + (250 - 100\5)2 ~ 584.6 Ib
250 — 100~/2
tanf = ——— 2 _ = 9 ~10.7°
T 0B 1002
(a) 180(cos 30°i + sin 30°) + 275i ~ 430.88i + 90j

0 j ~ 0.206 (= 11.8%)
430.88

Magnitude: ~/430.88% + 90> ~ 440.18 newtons

() M = /(275 + 180 cos 0)" + (180sin 0)’

Direction: o = arctan(

180 sin &
a = arctan| ———
275 + 180 cos &
(C) {e} o o o o o {e}
0 0 30 60 90 120 150 180
M | 455 | 440.2 | 396.9 | 328.7 | 2419 | 1493 | 95
a 0° 11.8° 23.1° 33.2° 40.1° | 37.1° | O
(d) 500 50
\
o
0 180 0 180
0 0

(e) M decreases because the forces change from acting in the same direction to acting in the opposite direction as € increases
from 0°to 180°.

© 2010 Brooks/Cole, Cengage Learning



10 Chapter 11 Vectors and the Geometry of Space

83. F, + F, + F, = (75c0s 30°i + 75sin 30°j) + (100 cos 45°i + 100 sin 45°j) + (125 cos 120° + 125 sin 120°])
= (7—25 3+50\/——%)i+(%+50\/§+%\/§)j
IR| =|F + F, + F||~ 228.51b
Or = 9F1+F2+F3 ~ 71.3°
84. F, + F, + Fy = [400(cos(—30°)i + sin(-30°)j)] + [ 280(cos(45°)i + sin(45°)j) | + [ 350(cos(135°)i + sin(135°)j) ]
= [200/3 + 1402 — 175V2 i + [-200 + 1402 + 17572 ]

IR (20003 — 35V2) + (200 + 315V2) = 385.2483 newtons

-200 + 3152

Og = arctan| ————————
N (200\/5 -352

J ~ 0.6908 = 39.6°

85. (a) The forces act along the same direction. 6 = 0°.
(b) The forces cancel out each other. 8 = 180°.

(¢) No, the magnitude of the resultant can not be greater than the sum.
86. F, = (20,0), F, = 10(cos 6, sin 6)

@ |F + F|=](20 + 10 cos 6,10 sin 6)|

= J400 + 400 cos 6 + 100 cos?6 + 100 sin> 6

= /500 + 400 cos 8

(b) 40

R

0 27
0

(c) Therangeis 10 < HFl + FZH < 30.

The maximum is 30, which occurat 8 = Oand @ = 2x.
The minimum is 10 at 8 = 7.

(d) The minimum of the resultant is 10.

87. (~4,-1),(6,5),(10,3)

8 5 ol
6+ - 6+ ©5) o, ol -
o . 4%" : 1D S
27% L i ~G0) 2T — ‘(10,3>

(% 71)7W‘ S I I PRI I I
—4+ —4 -4+

88. u=(7-15-2)=(63)

o=

R =(L2)+(21) = (33)

P = (L2) + 221) = (5.4)

© 2010 Brooks/Cole, Cengage Learning



89.

90.

93.

u = CB = |u|(cos 30° + sin 30°j)
v = CA =|v|(cos 130° + sin 130°j)

A4 50° 130° 30°

30°

Vertical components: HuHsin 30° +HVHsin 130° = 3000

Horizontal components: |ucos 30° +| v/[cos 130° = 0

Solving this system, you obtain
HuH ~ 1958.1pounds

HVH ~ 2638.2 pounds
6 = arctan(ﬁj ~ 0.8761 or 50.2°
20

6, = arctan(%j + 7 ~ 1.9656 or 112.6°

u = ul|(cos 6, + sin 6, j)
v =] v|(cos 6,i + sin 6, j)
Vertical components: |[u|| sin 6 +|v|sin 6, = 5000
Horizontal components: |[u| cos 6 +| v| cos 6, = 0

Solving this system, you obtain
|u| > 2169.4and |v|~ 3611.2.

u = 900(cos 148°i + sin 148°j)
v = 100(cos 45°i + sin 45°j)

91.

92.

Section 11.1 Vectors in the Plane 11

Horizontal component = H VH cos @

= 1200 cos 6° ~ 1193.43 ft/sec

Vertical component = H VH sin @
= 1200 sin 6° ~ 125.43 ft/sec
To lift the weight vertically, the sum of the vertical

components of u and v must be 100 and the sum of the
horizontal components must be 0.

u =||u[(cos 60° + sin 60°j)
v = v|(cos 110° + sin 110°j)

So,

u||sin 60° + v/ sin 110° = 100, or
u(\f] +| v/ sin110° = 100.

And |u]cos 60° +| v|cos110° = 0 or

H"”G) +]v]lcos110° = 0.

Multiplying the last equation by (\/§ ) and adding to the
first equation gives

Juf(sin 110° — </3 cos 110°) = 100 = | v| = 65.27 1b.

Then,

uHG) +65.27 cos 110° = 0 gives

|u| = 44.65 Ib.

(a) The tension in each rope: |u|| = 44.65 Ib,
[v|= 65271

(b) Vertical components: |usin 60° ~ 38.67 Ib,

[v|sin110° ~ 61.331b

u+v= (900 cos 148° + 100 cos 45°)i + (900 sin 148° + 100 sin 45°)j

4

—692.531 + 547.64j

547.64
—692.53

0

Q

arctan(

Ju+ v~ J(-692.53)" + (547.64)" ~ 8829 km/h

) ~ —38.34°; 38.34° North of West

© 2010 Brooks/Cole, Cengage Learning
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94.

9s.

96.

97.

98.

99.

100.

101.

104.

105.

Chapter 11 Vectors and the Geometry of Space

u

400i (plane)
v = 50(cos 135% + sin 135°j) = —25+/2i + 25+/2j (wind)

u+v= (400 - 25ﬁ)i +25v/2j ~ 364.64i + 35.36j
35.36

tan 0 = = 6 ~ 5.54°
364.64
Direction North of East: N 84.46°E
Speed: ~ 336.35 mi/h
True 102. Let the triangle have vertices at (0, 0), (a, 0), and
True (b, ). Let u be the vector joining (0, 0) and (b, c), as
indicated in the figure. Then v, the vector joining the
True midpoints, is
False V:(‘H'b,ﬁ]prfj
a=b=0 2 2, 2
_ b e,
False - El EJ
|ai + bjl| = /2| = (b + ¢j) = —u

True

Ju] = Jeos? 0 + sin? 6 = 1, 103.
|v] = /sin? 6 + cos> 6 = 1

Let uw and v be the vectors that determine the
parallelogram, as indicated in the figure. The two
diagonals are u + vand v — u. So,

r = x(u + v),s = 4(v - u). But,

u=r-s
=xu+v)-yv-u)=(x+yu+(x-yv

So, x + y = land x — y = 0.Solving you have

— 1
x—y—i.

N7

w =[ulv +]v]u
= HuH[Hchos o, + HVH sin Hvﬂ + HvH[HuHcos 0,i +HuHsin Huj]

=uf]v] [(cos O, + cos 6, )i + (sin 6, + sin 6",)j]

o, + 6, 6, —6,). . (6, + 0, 6, —6,).
= ZHuHHVH cos cos i + sin cos j
2 2 2 2
sin[g" * 9“]005(9“ — 9“]
2 2 = tan[e“ + ij
2

(9,, + avj [9,, - ij -
COoS COS
2 2

So, 6, = (6, + 6,)/2 and w bisects the angle between u and v.

tan 6,, =

The set is a circle of radius 5, centered at the origin.

H“H:H<an’>H: \/m =5=> x>+ =25

© 2010 Brooks/Cole, Cengage Learning



Section 11.2 Space Coordinates and Vectors in Space

. 1
106. Let x = vyt cosaand y = vyt sina — Egtz.

2
X . b 1 X
t = = y =y sina - —g
Vo COS & Vo COS & 27\ vy cos
(x, )
= xtana — %xz sec? a
2v; ¥
g’
= xtano — —2(1 + tan? a)
2vy
2 2 2 2
v X X v,
=0 fg—z ,thaHZQ + xtan @ — —>—
2g  2vy 2w 2g

28 2} v gx g%x?

2 2 2 2\2
M & &g X
2¢ 2% 2

2 2 2 2 4
:%gxgx[mnzazmna(%} v }

ax
Vi ex? . . .
If y < 5o o then & can be chosen to hit the point (x, ). To hit (0, y): Let @ = 90°. Then
g Yo
1 v (g : v
y =vot ——gt* = 2 - 2124 _1| andyouneed y < —>.
2 2g  2g\v, 2g
L v gx?
The set His givenby 0 < x, 0 < yand y < — - 2
2g 2w
v gt
Note: The parabola y = Eyiaiey is called the “parabola of safety.”
g Yo

Section 11.2 Space Coordinates and Vectors in Space

1. 4(2,3,4) 5.
B(-1,-2,2)

2. 4(2,-3,-1)
B(-3,1,4)

e .
1 y

-6 $(0,4,-5)
7. x=-3,y=4z=5 (—3,4,5)

8. x=7y=-2,z=-L
(7.-2,-1)

9. y =z =0,x =12(12,0,0)

10. x = 0,y = 3,z = 2:(0,3,2)

13

© 2010 Brooks/Cole, Cengage Learning



14

11.
12.
13.
14.
15.

16.

17.
18.
19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

Chapter 11

The z-coordinate is 0.

The x-coordinate is 0.

The point is 6 units above the xy-plane.
The point is 2 units in front of the xz-plane.

The point is on the plane parallel to the yz-plane that
passes through x = 3.

The point is on the plane parallel to the xy-plane that
passes through z = —5/2.

The point is to the left of the xz-plane.
The point is in front of the yz-plane.

The point is on or between the planes y = 3 and
y = -3.

The point is in front of the plane x = 4.

The point (x, A z) is 3 units below the xy-plane, and

below either quadrant I or III.

The point (x, y, z)is 4 units above the xy-plane, and

above either quadrant II or IV.

The point could be above the xy-plane and so above
quadrants II or IV, or below the xy-plane, and so below
quadrants I or III.

The point could be above the xy-plane, and so above
quadrants I and 111, or below the xy-plane, and so below
quadrants II or IV.

d= /(-4 +(2-0) +(7-0)
:m:\/@

d = \/277 (-5-3) +(-2-2)
=\/m=\/%=4\/€

d = \/6— (2= (2) +(2-4
_ U255 0736 = el
d=J@4-2 +(5-2+(6-3)
=J4+ 4919 = Je2

A(0,0,4), B(2,6,7),C(6,4,-8)

|4B|= N2 + 6> + 3 = /49 = 7

|AC| = /6 + 4 + (-12)" = /196 = 14
|BC| = \J4* + ( (-15)" = /245 = 715

|BC|* = 245 = 49 + 196 = |4B|*+|AC|?

Right triangle

Vectors and the Geometry of Space

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

A(3,4,1), B(0,6,2),C(3,5,6)
N ey BN v
|4C|= 0+ 1+ 25 = /26
|BC|=/9+1+16 = /26
Because | AC| = is isosceles.
A(-1,0,-2), B(-1,5,2), C(-3,-1,1)
|4B| = V0 + 25 + 16 = /41
|AC|= /4 +1+9 = V14
|BC|= 4 +36+1 =~/41
Because ‘AB‘ = , the triangle is isosceles.
A(4,-1,-1), B(2,0,-4),C(3,5,-1)
|4B|= V4 +1+9 = 14
|AC|= V1+36 + 0 = \/37
|BC|=N1+25+9 =/35
Neither
The z-coordinate is changed by 5 units:

(0,0,9),(2,6,12),(6, 4,-3)

The y-coordinate is changed by 3 units:
(3,7,1),(0,9,2),(3,8,6)

5+(2) 9+37+3 :[3735j
2 7 2 7 2 27

[4+8 0+8’—6+20):(6’4’7)
2 2 2

Center: (0,2,5)

>

Radius: 2
(x—0)2+(y—2)2+

Center: (4,-1,1)

(-5 -

Radius: 5

(x =4 +(y+1)7 +(z-1) =25
Center: (2.0.0) er (0.6.0) =(1,3,0)
Radius: \/E

(x =17 +(y =37 +(z-07> =10

© 2010 Brooks/Cole, Cengage Learning



40.

41.

42.

43.

44.

45.

46.

Section 11.2 Space Coordinates and Vectors in Space 15

Center: (3,2, 4)
r=3

(tangent to yz-plane)
( 2

x4+ (-2  +(z-4) =9

2

X2+ yP 422 —2x+6y+82+1=0

(= 2x+ 1)+ (32 + 6y +9)+ (22 +82+16) = —1+ 1+ 9 + 16

(x71)2+(y+3)2+(z+4)2

25
Center: (1,-3,—4)
Radius: 5

W2+ P+ 22+ 9x -2y +102+19=0

81 81
x2+9x+—j+ 22y + 1)+ (22 +10z2+25)=-19+ —+1+25
ER R .

(x+zj2+(y—l)2+(z+5)2 2

Center: (—2, 1, —5)
2

/109
2

Radius:

9x% + 9y + 922 —6x + 18y +1=0
Xy -2+ 2y+4=0
1

(xz—%x+§)+(y2+2y+l)+22:—

(x—%)2+(y+1)2+(z—0)2 =1
Center: (4,-1,0)
Radius: 1
4x7 + 4% +4z% —24x — 4y + 82 -23 = 0
(x2—6x+9)+(y2—y+%)+(zz+22+1)=273+9+i+1
(=3 + (v -4) +(z+1) =16
Center: (3,1, 1)
Radius: 4
¥+ 3+ 22 <36
Solid sphere of radius 6 centered at origin.
¥+t 2 >4

Set of all points in space outside the ball of radius 2 centered at the origin.
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16 Chapter 11 Vectors and the Geometry of Space

47.
(x2—4x+4)+(y2+6y+9)+(22—82+16)<
(x-2 +(y+3) +(z-4)" <16

Interior of sphere of radius 4 centered at (2, -3, 4).

48. x? 2

+y +z
(x2+4x+4)+(y276y+9)+(22+82+16)>

(x+2)2+(y73)2+(z+4)2>16

¥+ P+ 22 <4x -6y +82-13
4+9+16-13

> —4x + 6y — 8z — 13
-13+4+9+16

Set of all points in space outside the ball of radius 4 centered at (72, 3, 74).

49.(a) v=_2-44-23-1)=(-22.2) 53.
(b) v =-2i+2j+2k
(© :
54.
50. (a) v=(4-0,0-53-1)=(4,-52)
(b) v = 4i—5j+2h 55.
56.
51.(a) v =(0-33-33-0)=(3,0,3)
(b) v =-3i+3k
(© \
57.
52. (a)
(b)
(©

(4-31-2,6-0)=(,-16)
(L-1,6)]|= V1+1+36 = /38

(1,-1, 6)
/38

Unit vector:

_<1 -1 6>
- \387/387 /38
(-1-4,7-(-5),-3 - 2) = (-5,12,-5)

[(-5.12,5)| = /25 + 144 + 25 = /194

Unit vector: (£5:12, -5) _< -5 12 -5 >
194 J194" 194" J19a

<_5 - (_4)’3 -3,0- 1> = <—1,0, —1>

[-1,0,-0)] = T+ 1 =2

Unit vector: % _ <;12’ 0. —le >

(2-1,4-(-2).,-2-4) = (1,6,-6)
|(.6,-6)] = 1+ 36 + 36 = /73

. <1, 6, —6>
Unit vector:

J73

_< 16 —6>
WV
(b) v=0-(-1)3-24-3)=(4L1)

(c) v=4i+j+k
(a), (d)
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58.(b) v=(-4-23-(-1)7-(-2) = (-64,9)

() v = 6i + 4j + 9k
(), (d) \

2,-1,-2)

59. (1,42, 95) — (0,6,2) = (3,-5,6)
0 =(318)

60. (q1,92.05) - (0,2,3) = (1.-%,4)

0 (1-43)

61. (a) 2v = (2,4,4)

(b) -v =(-1,-2,-2)

(d) ov =(0,0,0)

Section 11.2 Space Coordinates and Vectors in Space 17

63.

64.

65.

66.

67.

62. (a) —-v = (-2,2,-1)

z=u-v={(,23-(22-)=(-104)

Z=u-V+2w
=(1,2,3) - (2,2,-1) + (8,0,-8) = (7,0,-4)

zZ=2u+4v-w

= (2,4,6) + (8,8,-4) — (4,0,-4) = (6,12,6)
z =5u-3v-1Iw

= (5,10,15) — (6,6, -3) — (2,0,-2)

= (-3,4,20)
2z - 3u = 2z, 25, 23) — 3(1,2,3) = (4,0,-4)
2zj -3 =4=7 =1
22, -6 =0= 2z, =3

2z -9= 4= z;=3

N
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68

69.

70.

71.

72.

73.

74.

75.

76.

Chapter 11

(0,6,9) + (32,32,,32;) = (0,0,0)
0+32,=0=2 =0

6+32z, =0= 2z, =2

9+32z; =0 = z; =3

z = (0,-2,-3)

(a) and (b) are parallel because
(-6,-4,10) = —2(3,2,-5) and
(2,4,-19) = 2(3,2,-5).

>33
(b) and (d) are parallel because

f o4 3y l: _2: 43
-i+3i-3k = —2(51 -Zi+ Zk) and
3o i gk =30 - 343K
z = -3i + 4j + 2k
(a) is parallel because —6i + 8j + 4k = 2z.
z = (-7,-8,3)

(b) is parallel because (-z)z = (14,16, 6).

P(0,-2,-5),0(3,4,4), R(2,2,1)
PO = (3,6,9)
PR = (2,4,6)

(3.6,9) = 3(2,4,6)

So, PO and PR are parallel, the points are collinear.

P(4,-2,7),0(-2,0,3), R(7,-3,9)
PQ = (-6,2,-4)
PR = (3,-1,2)

(3.-1,2) = —4(-6,2,-4)
So, PQand PR are parallel. The points are collinear.

P(1,2,4), 0(2,5,0), R(0,1,5)

PO = (1,3,-4)

PR = (-1,-1,1)

Because PQand PR are not parallel, the points are not
collinear.

P(0,0,0),0(1,3,-2), R(2,-6,4)

PO = (1,3,-2)

PR = (2,-6,4)

Because PO and PR are not parallel, the points are not

collinear.

Vectors and the Geometry of Space

77.

78.

79.

80.

81.

82.

83.

84.

C2u+v—w+3z=2(1,2,3) +(2,2,-1) - (4,0,-4) + 3(z,, 25, 23) = (0,0,0)

A(2,9,1), B(3,11,4),C(0,10,2), D(1,12,5)

AB = (1,2,3)
CD = (1,2,3)
AC = (-2,1,1)
BD = (-2,1,1)

Because 4B = CD and AC = BD, the given points
form the vertices of a parallelogram.

A(1,1,3) B(9,-1,-2), C(11,2,-9), D(3, 4, -4)

AB = (8,-2,-5)
DC = (8,-2,-5)
4D = (2,3,-7)
BC = (2,3,-7)

Because AB = DC and AD = BC, the given points
form the vertices of a parallelogram.

v = (0,0,0)

Ivl=

v =(10,3)
[v]=~1+0+9 =+/10

v =3j-5k =(0,3,-5)

[v]=~0+9+25 =+/34

v=2i+5j-k=(2,5-)

[v]=~4+25+1=+/30

v=i-2j-3k =(,-2,-3)

Iv]=~1T+4+9 =14

v = —4i+3j+ 7k = (-4,3,7)

Iv]|[= V16 +9 + 49 = \/74
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8s.

86.

87.

88.

89.

90.

v=<2,—1,2>
[v|=~4+1+4 =3
v 1
— = =(2,-1,2
ATl
v 1
b) —— = ——(2,-1,2
(b) v 3212
v =(6,0,8)
[v|=~/36 +0+ 64 =10
v 1
— = —(6,0,8
AT
v 1
(b) el —E<6, 0,8)
v =(3,2,-5)
Iv]=~/9+4+25 =+/38
v 1
— =—(3,2,-5
AT
v 1
b) —— = ——(3,2,-5
v = (8,0,0)
vl =8

v 1
(a) ol §<l’ 0,0)

1

(b) 7§<71, 0,0)

v _
M
(a)—(d) Programs will vary.

() u+v-= <4, 7.5, —2>

Hu + VH ~ 8.732
|u] ~ 5.099
[v]~ 9.019

The terminal points of the vectors fu,u + #v and
su + tv are collinear.

/ e

SUV R
I

u| /W

—

Section 11.2 Space Coordinates and Vectors in Space

91.

92.

[\%}

93.

94.

95. v =

96.

97.

98.

<

<

A\

19

v =|e(2i + 2j - K)||= V4c® + 4 + 2 =7
[evll=]e2i + 2j - k)| = v

9c¢* =7
9c? = 49
c = i%
|cu| = c(=i + 2j + 3k)|| = /e? + 4c? + 9% = 4
l4c? = 4
14¢* =16
c = ig
u (0,3,3)
= 10— = 10"
[ul " 3V2
11 10 10
=10(0,—=,—=) = (0,—=,—=
< 2 2> < V2 ﬁ>
u {1,1,1)
3— =321
[ul "3
_3<111>_<333>
37373 37373
3u 30221 z<z =2 1> _ <1 4 1>
2l 2 3 2\3°373/ \7 72
_qu (462 <—14 21 l>
u] 214 V14”147 14
= 2 cos(+30°)j + sin(+30°)k |
= \Bitk = (0,4/3,41)
= 5(cos 45°i + sin 45°k) = %(1 + k) or
= 5(cos 135° + sin 135°k) = 5\2/5(71 + k)
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20 Chapter 11 Vectors and the Geometry of Space

100. v =(56,-3)
bv = (2.42)

I
\]

108. r— )= J(x- 1) + (v - 1) + (= - 1)
(x71)2+(y71)2+(271)2

13
(7’ 6, 3) This is a sphere of radius 2 and center (1,1, 1).

Il
~

(1,2,5) + (g, 4, —2)

101. (a)
109. (a) The height of the right triangle is # = ~/I? — 182.
The vector PQ is given by

PO = (0,-18, h).

The tension vector T in each wire is

' 24
(b) W =au+bv=adi+(a+b)j+bk =0 T = ¢(0,-18, h) where ch=7 =8
a=0,a+b=0b=0

So, T = §<o, 18, h) and
So, a and b are both zero. h

() ai +(a+0b)j+bk =i+2j+k T=HTH=§ N2+ 12
a=la+b=2b=1 h
8 2 2 2
wW=u+yV = ——, /18 +(L—18)
r-18
(d) ai + (a+Db)j+bk =i+2j+3k
_LL>18
a:1,61+b:2,b:3 L2—182,
Not possible

102. A sphere of radius 4 centered at (x;, i, z,).
HVH = H<x - XY - )V,Z— 21>H
= \/(x —x])2 + (y —y])2 + (z - 21)2 =4

(x - xl)2 + (y - yl)2 + (z - zl)2 =16

103. X, is directed distance to yz-plane. (b) L1 20 25 30 | 35 | 40 | 45 | 50

¥, 1s directed distance to xz-plane. 71184 | 1151 10 | 93 | 90 | 87 | 86

z, 1s directed distance to xy-plane.

104. d = \/(xz - x1)2 + (- y1)2 + (22 - 21)2

105. (x = %) + (v =) +(z - 2) = =

100

I
1
1
-
I
L

0

106. Two nonzero vectors u and v are parallel if u = cv for

x = 18is a vertical asymptote and y = 8isa
some scalar c. ymp y

horizontal asymptote.

107. B
@ lim ——E  _
Lo18t /% — 18?2
¢ lim ——E ~ gim 8 -3

L—o \/LZ _182 L—w \/1—(18/L)2

(e) From the table, 7 = 10 implies L = 30 inches.

A

AB + BC = AC 110. As in Exercise 109(c), x = a will be a vertical

So, AB+ BC +CA = AC+CA =0 asymptote. So, lim 7 = oo.

n—a

© 2010 Brooks/Cole, Cengage Learning



Section 11.2 Space Coordinates and Vectors in Space 21

111. Let o be the angle between v and the coordinate axes. 113. 4B = <0’ 70,115>, F = C1<O, 70’115>
v = (cos a)i + (cos @)j + (cos a)k AC = (~60,0,115), F, = C,(~60,0,115)
[v] = V3cosa =1 AD = (45,-65,115), F, = C;(45,-65,115)
cosoz:%:—3 F=F1+F2+F3=<O,O,500>
3 3 So: - 60C, + 45C; = 0
v = —3(i +j+k)= ?(1,1,1) 70C, -65CG; = 0

115(C, + G, + GC3) =500

Solving this system yields C; = %, C, = 23, and
Gy = 2. 50:
y |F || ~ 202.919N
|F, | = 157.909N
|Fs|| ~ 226.521N

2. 550 =|¢(75i - 50j — 100K)|
302,500 = 18,125¢2
¢ = 16.689655
4.085
4.085(75i — 50 — 100k)
306i — 204j — 409k

Q

c

F

Q

Q

114. Let A lie on the y-axis and the wall on the x-axis. Then 4 = (O, 10, 0), B = (8, 0, 6), C = (—10, 0, 6) and
AB = (8,-10,6), AC = (-10,-10, 6).

\ = 2/59

Thus, F, = 420_

F=F +F, ~ (2376, —297.0,178.2> +(-423.1,-423.1,253.9) ~ (~185.5,-720.1,432.1)

|F| ~ 860.01b
115. d(AP) = 2d(BP)

R -1 = x4 (-2 2

2

¥+t 4z +2y—22+2=4(x2+y2+22—2x—4y+5)

0 =3x* +3y? +3z22 —8x — 18y + 2z + 18

16 2 1
X+ = -6y +9 2424 —
9) (7~ 6+ 9)+ (Z 3 9)

et oy

211
3

—6+E+9+1:(x2
9 9

4 1 .
Sphere; center: [5, 3, 75), radius:
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22 Chapter 11 Vectors and the Geometry of Space

Section 11.3 The Dot Product of Two Vectors

L u=(34),v=(-L5)
@ w-v=3(-1)+4(5 =17
(b) u-u =3(3)+4(4) =25
© |ulf =3*+4* =25
(@ (u-v)v =17(-1,5) = (-17,85)
() u-(2v) =2(u-v)=217) = 34
2. u = (410),v = (-2,3)
@ u-v=4(-2)+1003) = 22
(b) u-u = 4(4) +10(10) = 116
(©) |uf*=4*+10* =116
(@ (u-v)v =22(-2,3) = (-44, 66)

() u-(2v) = 2(u-v)=12(22) = 44

3. u=(6,-4),v=(32)
(@ u-v = 6(-3)+ (-4)(2) = 26
(b) u-u = 6(6)+ (-4)(-4) = 52
© [ul* = 6 « (-4) = 52
(@ (u-v)v =-26(-3,2) = (78,-52)

() u- (2v) = 2(u . V) = 2(726) = -52

© [u|?=(-4)+8 =80
(@ (u-v)v =12(7,5) = (84, 60)

(e) u-(2v) = 2(u-v)=2(12) = 24

5. u=(2,-34),v =065

=3)(6) + (4)(5) = 2
-3)

3)(-3) + 4(4) = 29

(@ u-v=20)+(
() uw-u=22)+(

© Jul> =22+ (3 +4* =29
(@ (u-v)v =20,6,5) =(0,12,10)

(¢) u-(2v) =2(u-v)=22) =4

10.

11.

12.

uev o
Jullv]

@ u-v=1
(b) u-u=1
© [ul*=1
(d (w-v)v=i

() u-(2v) =2(u-v) =2

Lu=2i-j+kv=i-k

@ u-v=2(1)+ (-1)(0) + 1(-1) = 1
®) u-u=2(2)+ (-1)(=1) + (1)(1) = 6
© JuP=22+(-1)+1> =56

@ (u-v)v=v=i-k

() u-(2v) =2(u-v) =2

Lu=2i+j-2k v=i-3j+2k

(@ u-v=2(1)+1(-3) + (-2)(2) = -5
) uw-u = 2(2) +1(1) + (-2)(-2) = 9

© Juf=22+1+(2" =9

(@ (u-v)v = =5(i - 3j + 2k) = -5i + 15 - 10k

() u- (2v) = 2(u . v) = 2(—5) =-10
cos ¢

u-v = (8)(5) cos% =20

MV coso
Jullv]
St
u- v = (40)(25)cos =~ = ~500/3
u = <1, l>,v = <2, —2>
u-v 0
cos 8 = = =0
[ullvl ~2/8
g~
2
u=01,v=(2-)
cos@ = 2V > = L
[ulll¥] - Viov/s 2
g%
4
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13. u=3i+jv=-2i+4j
C039:u~vz -2 _ -1
[uflv]  Viov20 52
0 = arccos[f—s\l/zj ~ 98.1°
14. u = cos( ) + sin(z)J = i1 l]
6 2 2
( ) (3::). V2. W2
vV = cos + sin j= ———i+—j
4 2 2
cos @ = u-v
Juf]v]
NN NANNG
S BN A e AR URR )
0 = arccos{\{?(l - \B)} = 105°
15. u = (LL1),v = (2,1,-1)
cosf = v o 2 = ﬁ
[ullvl  3v6 3
0 = arccos? ~ 61.9°
16. u = 3i + 2j + k, v = 2i — 3j
cosd = LV 3(2)+2(—3)+0 ~ 0
Juf]v] ]l v]
g7
2
17. u = 3i + 4j,v = 2j + 3k
cos § — u-v o_ -8 :—8\6
[ufv]  s5v13 65
0 = arccos(—8\6/5r3] ~ 116.3°
18. u=2i-3j+kv=i-2j+k
csg MV _ 9 9 _ 3ot
[u[v] ~14/6 221 14
6 = arccos[s\laz—l] ~ 10.9°
19. u = (4,0),v = (1,1)

u # ¢v = not parallel
u-v =4 % 0 = notorthogonal
Neither

Section 11.3

20.

23.

25. u

26.

27.

28.

29.

The Dot Product of Two Vectors 23

=
Il

(2,18), v = <g, —%)

u # ¢v = not parallel
u - v = 0 = orthogonal

cu=(43)v = <%, —%>

u # ¢v = not parallel
u - v = 0 = orthogonal

=
Il

(i - 2j), v = 2i - 4j

—%v = parallel

=
Il

u=j+o6k,v=1i-2j-k

u # ¢v = not parallel

u-v =-8 # 0 = notorthogonal
Neither

Lu=-2i+3j-kv=2i+j-k

u # ¢v = not parallel
u-v = 0 = orthogonal

=(2,-3,1),v = (-1,-1,-1)
u # ¢v = not parallel

u - v = 0 = orthogonal

u = (cos 6, sin 6, -1),

v = <sin 6, —cos 6, O>

u # ¢v = not parallel
u - v = 0 = orthogonal

The vector <1, 2, 0> joining (1, 2, 0) and (0, 0, 0) is
perpendicular to the vector <—2, 1, 0> joining
(-2,1,0) and (0,0,0): (1,2,0) - (-2,1,0) = 0

The triangle has a right angle, so it is a right triangle.
Consider the vector (-3, 0, 0) joining (0, 0, 0) and
(-3,0,0), and the vector (1, 2, 3) joining (0, 0, 0) and
(1,2,3): (-3,0,0) - (1,2,3) = -3 < 0

The triangle has an obtuse angle, so it is an obtuse triangle.

4(2,0,1), B(0,1,2), (-4, 3, 0)

AB = (-2,1,1) BA = (2,-1,-1)
aC = (-3,3,-) = (3,-31)
BC=(15-2)  B-(3-52)
AB-AC=5+3-1>0
BA-BC=-1-1+2>0
@-@:%+%+2>0

The triangle has three acute angles, so it is an acute
triangle.
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31.

34.

3s.

36. u

Chapter 11 Vectors and the Geometry of Space
A(2,-7,3), B(-1,5,8),C(4,6,-1) 32.
4B = (-3,12,5) BA = (3,-12,-5)
AC = (2,13,-4)  CA = (-2,-13,4)
BC = (5,1,-9) CB = (-5,-1,9)
AB - AC = -6 + 156 — 20 > 0
BA-BC =15-12+45>0
CA-CB=10+13+36>0
The triangle has three acute angles, so it is an acute
triangle. 33.
u=i+2j |=3
cosa = %
cos f = %
cosy = %
2 2 2, _ 1,4, 4 _
cos”a +cos” f+cosy =g+g+g=1
u:<a,b,c>, =Jat + b+
a

COS O = ———

Nat b
cosfo b

Nat + b+

c

oSy = —F—--
Na?t + b+ P

a* b?

w=(53) Ju]= V3
cos o = S
V35
cos f = BN
35
-1
cos y = —
g 35
c0s2a+c0s2ﬁ+coszy:§+i+i:1
35 35 35
u = (0,6,-4), J52 = 2/13
cosa =0
3
cos f = —
d V13
cosy = 2
V13
9 4
+ + =0+ =+ —==
cos® a + cos® B + cos’ y = TRET
cZ

=1

cos’ a + cos? f + cos? y = 3 3 5
a+b" +c

+a2+b2+c2
w = (.2-2) Jul - VT7

0.7560 or 43.3°

14

Cos o = =

3
V17

2
cosff = — = 1.0644 or 61.0°
Vit e Vit

Q

cosy = ﬁ = y = 2.07720r119.0°
= (-4,3,5) |u] = /50 = 5v2
cosa = % = a =~ 2.1721 or 124.4°
cos f = % = f = 1.1326 or 64.9°
COS}’_L\/— % :—or45°

+
a + b+
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37. u = (-1,5,2) |ul| = /30

-1

cosa = ——
V30

5
cosff = — = ~ 0.4205 or 24.1°
Vit o yit

= a ~ 1.7544 or 100.5°

~ 1.1970 or 68.6°

2
Cos y = ﬁ =7
38 u = (-2,6,1) |u| = /41

-2

cosa = —— = « ~ 1.8885 or 108.2°
V4l

cos f = % = [ = 0.3567 or 20.4°

cosy = ﬁ = y = 1.4140 or 81.0°

39. F: C, = ‘%‘ ~ 43193
1
80
F: C, = — ~ 54183
R

F=F +F
~ 4.3193(10,5,3) + 5.4183(12,7,-5)
= (108.2126, 59.5246, —14.1336)

|F||~ 124.3101b
cosa ~ 108.2126 = a = 29.48°
||
cos f ~ 59.5246 = S ~ 61.39°
||
cosy =~ ~14.1336 = 7 ~ 96.53°
||
40. F: C, = 300 ~ 13.0931
%]
100
F,: C, = — ~ 6.3246
B Y
F=F +F

Q

13.0931(-20, 10, 5) + 6.3246(5, 15, 0))
= (-230.239, 36.062, 65.4655)

|F|| ~ 242.067 1b
-230.239

cosa = = o ~ 162.02°
|7

cos f ~ —36.062 = S ~ 98.57°
iy

cosy =~ 65“';6“55 = y ~ 74.31°

Section 11.3 The Dot Product of Two Vectors 25

41.

42.

43.

44.

04 = (0,10,10)
0
cosat = ———-o-- =0=a = 90°
V0% + 107 + 102

10

cosf =cosy = ————

0% +10% + 102

1
=—— = B =y =45

N A
F = ((0,10,10).
|F ]| = 200 = G10v/2 = ¢ = 10v/2 and
F = <o,100\/5,100\/5>

F, = Cy(-4,-6,10)

F, = C5(4,-6,10)

F = (0,0,w)

F+F +F, +F =0

—4C, +4C, = 0= G, = G

10072 = 6C, = 6C, =0 = C, = Gy =¥N
W =10C, + 10C; + 100~/2 = 8003\/5
u = <6,7), v =(1,4)
(3.) W, = projvu = uv.:]V

6(1) + 7(4)

= 2142 <’ >

34

221,4) = (2,8

24 = (2.9

)
(a) w, = proj,u = [u : :]V

(d) wy =u-w, =(9,7) =(3,9) =(6-2)
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45.

46.

47.

48.

49.

Chapter 11 Vectors and the Geometry of Space

u=2i+3j=23,v=5+j=(51) 50. u =i+ 4k = (1,0,4)
. u-v v =3i+2k = (302
(a) w, = proj,u = HVH2 v
(a) w, = proj,u = {u:]v
2(5) + 3(1) Iv]
= 20 Wis
SRy _1)+40)
:E<5l>_<§l> "y 002
2677 \272
-0 = (Fo2)
b) wy =u—w = (23 (21 = (=12
22 2°2 33 22
() w, =u—w, =(1,0,4) - <— 0, 7>
u:2i—3j:<2,—3>,v:3i+2j:<3,2> 3B
20 . 30
. u-v = < 0, *>
(a) w, = proj,u = W v 137713
_ 2(3) + (73)(2)<3 2> 5. u-v = <u1,u2,u3> . <v],v2,v3> = U + Uy + Uz
3?4+ 2? ’ ,
52. The vectors u and v are orthogonal if u - v = 0. The
=0(3,2) = (0,0)
angle 6 between u and v is given by cos @ = — "
(b) wy =u-—w =(2,-3) & £ Y B Jufllvl
u = <0, 3, 3>, vV = <71, 1, 1> 53. (a) and (b) are defined. (c) and (d) are not defined
because it is not possible to find the dot product of a
(@) W, = proj,u = [“ H ;’J scalar and a vector or to add a scalar to a vector.
. 0(_]) N 3(1) N 3(1) <_1 1 1> 54. See page 786. Direction cosines of v = <vl,v2,v3> are
L+1+1 cosa = —,c08 f = ,CO8 Y = H Haﬂand;/
6
- §<_1’ L 1> - <_2’ 2 2> are the direction angles. See Figure 11.26.
(0) wy =u—-w =(0,33) - (2,22 = (2,11 55. See figure 11.29, page 787.
=(8,2,0),v =(2,1,-1 .
! < > v ( ) 56. (a) [u:’]v =u = u = ¢v = uand v are parallel.
\%

0 =>u-v=0= uandvare

(a) w, = proj,u = (u:]v
vl
)

_ 8(2) + 2(1) + 0(-1)

(2,1,-1)

22 +1+1 orthogonal.
=B = (63,3
6 u-v V-u
57. Yes, >V = > u
(b) W, =u—w, =(82,0)—(63-3) = (2.-13) vl ull
. gLyl
u=21+j+2k=<2,1,2> ‘ H ‘uHZ
v = 3j+ 4k = (0,3,4) 1
@ w pJ[J 1 ol
1= yu ==
Iv]® [ull=v]
_ 2(0) + 1(3) + 2(4) (0.3, 4) ;;
32 4+ 42 58. (a) Orthogonal, 8 = 5
11 33 44
- ?5<0’ 3 4> <0 25° ?5> (b) Acute, 0 < 0 < %
33 44 8 6 z
b —u—w, =(2,1,2)= (0,22, 22\ _ [, -2 2 z
(b) wy=u—w, =( )— < > 25> < 55 25> (c) Obtuse, > < 0<r
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59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

u = (3240,1450, 2235)
v = (1.35,2.65,1.85)
u - v = 3240(1.35) + 1450(2.65) + 2235(1.85)
$12,351.25

This represents the total amount that the restaurant
earned on its three products.

u = (3240,1450, 2235)

v = (1.35,2.65,1.85)

Increase prices by 4%: 1.04v

1.04(12,351.25)
$12,845.30

New total amount: 1.04(u . v) =

(a)—(c) Programs will vary.

[ul = 9.165
[v|~ 5.745
6 = 90°

Programs will vary.

2163 42
26”2613

Because u and v are parallel, proj,u = u
Because u and v are perpendicular, proj,u = 0

Answers will vary. Sample answer:

uzf%iJrgj.Wantu-V:O.

v = 12i + 2j and —v = —12i — 2j are orthogonal to u.

Answers will vary. Sample answer:
u=9-4jWantu-v = 0.

v =4i +9jand —v — 4i — 9j
are orthogonal to u.

Answers will vary. Sample answer:

u = <3, 1, —2>. Want u - v = 0.

v = <0, 2, 1> and —-v = <0, -2, 71> are orthogonal to u.

Answers will vary. Sample answer:

u = <4,—3,6>.Want u-v=20
v =(0,6,3)and -v = (0,-6,-3)

are orthogonal to u.

Section 11.3 The Dot Product of Two Vectors

27

71. (a) Gravitational Force F = —48,000j

72.

73.

74.

75.

76.

7.

78.

v = cos 10° + sin 10°j

_F-v

W, = ——V = (F . v)v
KR

= (748,000)(sin 10°)v
~ —8335.1(cos 10°i + sin 10°j)
[w, |~ 8335.11b
(b) w, =
= —48,000j + 8335.1(cos 10°i + sin 10°j)
8208.51 — 46,552.6j

F-w,

|w,| ~ 47,270.8 1b

04 = (10,5,20),v = (0,0,1)

proj,04 = %(0, 0,1) = (0,0,20)

HprojV@H =20

F = SS(Ii + \E]]
2 2

v = 10i

W =F- v =4251tlb

F = 25(cos 20° + sin 20°j)

v = 50i

W =F - v =1250cos 20° ~ 1174.6 ft-Ib

F = 1600(cos 25°i + sin 25° j)

v = 2000i

W =F-v= 1600(2000)cos 25°
~ 2,900,184.9 Newton meters (Joules)
~ 2900.2 km-N

PO = 40i

F = 100 cos 25°

W =F- FQ = 4000 cos 25° ~ 3625.2 Joules

False.
For example, let u = <1, 1>, v = <2, 3> and
w = <1,4>.Then u-v=2+3=5and

u-w=1+4=>5

True
w-(u+v)=w-u+w-v=0+0=0so0, wand

u + v are orthogonal.
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28 Chapter 11 Vectors and the Geometry of Space

79. Let s =length of a side.
v =(ss,s)
vl = sv/3
1

s
NG
a=p=y= arcos[\}gj ~ 54.7°

cosa =cosff =cosy =

22 _ 6
T3 3

0 = arcos? ~ 35.26°

81. (a) The graphs y, = x*and y, = x* intersect at
(0,0) and (1,1).

1

(b) y = 2xand y) = EYTEy

At (0, 0), + <1, 0> is tangent to y, and i<0, 1> is

tangent to y,.

At (1,1), y = 2and y5 = %

+T<l 2) is tangent to y;, iﬁ(i 1) is tangent

to y,.
(¢) At (0,0), the vectors are perpendicular (90°).

At (1,1),
=12 =)
cosH:\/gj 107 = 5 :L
(1(1) V50 2
0 = 45°

82. (a) The graphs y, = x*and y, = x'* intersect at
(-1,-1), (0,0) and (1,1).

.
3x2/3 .

At (O, 0), i<1, 0> is tangent to y, and i<0, 1> is
tangent to y,.

(b) y = 3x*and y}) =

At (L1), i = 3and y, = %

_\/_<1 3> 1s tangent to y;, _\/11_0<3, 1> is tangent
to y,.

At( )yl—3andy2—%.

,\/_<1 3>1s tangent to yl,,\/11_0<3, 1> is tangent

to y,.

(¢) At (0,0), the vectors are perpendicular (90°).
At (1,1),
3 ()

J10U T 10V 6 3
cos @ = = =2

M) 10 5

6 = 0.9273 or 53.13°

By symmetry, the angle is the same at (71, 71).
83. (a) The graphsof y; = 1 - x*and y* = x* — 1
intersect at (1,0) and (-1, 0).
(b) yj = 2xand y; = 2x.

At (1, 0), = —2and ), = 2.

sl

1 .
tangent to y;, + T<l, 2> 1s tangent to y,.
5

At (=1,0), y} = 2and y) = -2. +—<1 2)is

NG

1 .
tangent to y;, + ﬁﬂ, —2> 1s tangent to y,.

1 -1
ﬁ(l’ -2)- ﬁ(

6 =~ 0.9273 or 53.13°

(c) At (1, 0), cos @ = 1, —2> = %

By symmetry, the angle is the same at (—1, 0).
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84. (a) To find the intersection points, rewrite the second

equation as y + 1 = x°. Substituting into the first
equation

(y+1)2:x3x6:x:>x:0,1.

There are two points of intersection, (0, 71) and

(1, 0), as indicated in the figure.

(b) First equation:

(y+1)2:x32(y+1)y'213y': 1

m@@y:%

Second equation: y = x> —1 = y' = 3x%. At
(1, O), y' = 3.

1 .
iﬁ@’ 1) unit tangent vectors to first curve,

* <1, 3> unit tangent vectors to second curve

4
(=]

At (0,1), the unit tangent vectors to the first curve

+ <o

are _<0, 1>, and the unit tangent vectors to the

second curve are i<l, O>.
(c) At (1, 0),

Ly !

Tl

0 ~ z01r 45°
4

1’3>:i:7

1
500 2

cos @ =

At (0, -1) the vectors are perpendicular, & = 90°.

85. In a rhombus,

uH:HvH.The diagonals are u + v and
u-—v.
(u+v)-(u=v)=(u+v)-u-(u+v)-v
=u-u+v-u-u-v-v-v
=[ul*=]v|*= 0

So, the diagonals are orthogonal.

2(y + 1)

Section 11.3 The Dot Product of Two Vectors 29

86. If u and v are the sides of the parallelogram, then the
diagonals are u + v and u — v, as indicated in the
figure.

the parallelogram is a rectangle.
<Su-v=0

S 2u-v=-2u-v

S w+v)-(w+rv)=(u-v) (u-v)
ol v =u -]

& The diagonals are equal in length.

x (k, k, 0)
(b) Length of each edge: k> + k2 + 0% = k~/2
2
(c) cosf = k !

—_—
=~
5

S

—_—
Pl
5

S
[\&)

(d) ;1 - <k,k,0> _ <E’ﬁ,k> =

|
—
N | =
N | =
|
N |
='T

222
,72:<0’(),0>_ E’f,é - _f’_é,_f
222 22 2
k2
cos @ = 24 =—3
5 2
2
6 =109.5°

88. u = <cos a,sin a, 0>, v = <cos B, sin S, O>
The angle between u and vis o — f. (Assuming that
a > ). Also,
u-v
[l
cos @ cos f# + sin a sin
M)

cos @ cos f# + sin  sin .

cos(a — ) =
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30 Chapter 11 Vectors and the Geometry of Space

89. Hu - VHZ = (u - v)~(u— v) 91. Hu + VH2 = (u + v)~(u + v)
=(u-v)ru—-(u-v)-v =(u+v)-u+(u+v)-v
=u-u-v-u-u-v+v-v =u-u+v-u+tu-v+v-yv
=[uf? —w-v—wev]v? =[]+ 20 v +]v]?
=[ul® +lv]P- 2w v <[lul+ 2fuf[ v+ V] < (Juf+[v])

90. u-v =|uf|v] cos 0 So, [lu+ v] <[uf+]v]

\u ’ V‘ = ‘HUH HVH cos '9‘ 92. Let w, = proj,u, as indicated in the figure. Because
= |ul|[| v|||cos 6] w, is a scalar multiple of v, you can write
< |ul||v| because |cos & < 1. U =W + W, =cvV+w,

Taking the dot product of both sides with v produces

U-v=(cVv+ew,) - V=cv-V+w,- v

= ¢|v|? because w,and v are orthogonol.

So,u-v=c|v|*=c= UV oand
Iv]?

. u-v
W = proju = ¢v = ——-v.
vl

W

=

Section 11.4 The Cross Product of Two Vectors in Space

ik i jk
L jxi=[0 1 0/=-k 3.jxk=[0 1 0|=i
10 0 00 1

[
[—

LI
2.ixj=1 0 0j=k 4. kxj=[0 0
0 1
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Section 11.4 The Cross Product of Two Vectors in Space 31

ijk 1. u = (12,-3,0), v = (-2,5,0)

10 0= .

00l uxv=|12 -3 0= 54k = (0,0,54)
2 50

u-(ux v) = 12(0) + (=3)(0) + 0(54)
=0=>uluxyv
\ (u X v) = —2(0) + 5(0) + 0(54)

=0=>v lLluxy

12. u = (-1,1,2),v = (0,1,0)
i j k ijk
6. kxi=10 0 1= uxv=|-11 “2i — k = (-2,0,-1)
1

10.

. (a)

(b)
(©)

. (a)

(b)
(©)

. (a)

(b)
(©)

(a)

(b)
(©)

K

= uluxy

I
— o —~

2| =
0

u-(uxv) = (=1)(=2) + (1)0) + (2)(-1)

0)(=2) + (1)(0) + (0)(-1)

=>vluxy

v (uxv)

- : 13 u=(2,-31), v =(,-21)

i jk
i jk uxv=2 -3 ll=-i-j-k=(-1-1-1)
uxv=|-2 4 0|=20i+10j-16k 1 =2 1
320 w (uxv) = 2-1) + (3)(-1) + (1)
VXUZ*(UXV)=*20i*10j+16k =0=>uluxyv
vxv =0 V'(“XV):1(_1)+(_2)(_1)+(1)(_1)
=0=>v.luxy
i j ok
uxv=|3 0 5/=-15i + 16j + 9%k 14. u = (-10,0,6), v = (5,-3,0)
2 3 =2 i j ok
vxu=—(uxv) =15 - 16] - 9k uxv=-10 0 6[=18i+30j+30k = (18,30,30)
5 30
vxv =20
u-(uxv)=—10(18)+0(30)+6(30)=0
i j Kk > uluxy
uxv=\7 3 2|=17i - 33j - 10k v - (ux v) = 5(18) - 3(30) + 0(30) = 0
1 -1 5 = Vv luxyv
VXUZ*(UXV)=*17i+33j+10k 15.U=i+j+k,V=2i+j*k
vxv =10 i j k
Pk uxv=[11 1f=-2i+3j-k=(-23-1)
21 -1
uxv=3 -2 2/=8i-5j+17k
15 u-(uxv)=1(=2) +1(3) + 1(-1)
=0=uluxyv
vxu=—(uxv)=-8i +5j+17k

v (uxv) = 2(=2) +1(3) + (-1)(-1)

vxv=020 =0=>v.luxy

(-v)xu=~vxu)=uxy
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32 Chapter 11 Vectors and the Geometry of Space

16. u =i+6j,v=-2i+j+k 22. u = (-8,-6,4)
i jk v = (10,-12,-2)
uxv=|16 0|=6i-j+13k UXV:<60,24,156>
-2 11
uxvy 1
—— = ———(60,24,156
u-(uxv)=16)+6(-1)=0=u L (uxv) Jux v 36\/22< )
veo(uxv)=-2(6)+1(-1)+1(13) = 0= v L (uxv) :< 5 2 13 >
322734227 322
17. r
° 23 u =(-3,2,-5), v =(04,-0.8,0.2)
3 uxv=(-3.6-14,16)

/18 07 08 >
e \*‘7\,\ Jux v V437 437 J437
4 S~ 76 y

18.

24. u = analav: E,O,ﬂ
10 2 5

— 0wk w o

x a0 25. Programs will vary.

26. ux v = (-50,40,-34)

19.
] Jux v|=~ 72.498
N
3T v/ 27. u=j
2 1
Il/(i; v=j+k
4:% ij ok
x T uxv=0 1 0/=i
01 1
20. : _
; A=luxv]=]i|=1
g v E 28. u=i+j+k
]|/Zii v=j+k
\2 \u\“?\,\x ij ok
4 -/~ ", 6 y
x T uxv=1l1 Il=-j+k
01 1
21. u=(4-357),v=(25093
UM A=luxvl=|i k= V3
uxv =(-735,55,4475)
uxv :< 2.94 0.22 1.79 > 29.  w={32-)
Jux v V11.89617 ~/11.8961 ~/11.8961 v ={,23)
ik
uxv=[32 -1=(8-10,4)
12 3

A =ux v|=](8-10,4)] = V180 = 6/5

© 2010 Brooks/Cole, Cengage Learning



30.

31.

Section 11.4 The Cross Product of Two Vectors in Space

u = (2,-1,0)
= (-1,2,0)
i jk
uxv=|2 -1 0[=(0,0,3)
-1 20

A4 =[uxv|=[(.03)]=3

A(0,3,2), B(1,5,5), C(6,9,5), D(5,7,2)
AB = (1,2,3)

=(1,2,3)

= (5,4,0)
AD = (5,4,0)

Because AB = DC and BC = 4D, the figure ABCD is
a parallelogram.

AB and AD are adjacent sides
k

1
AB x AD =|1 = (-12,15,-6)
5

BN

3
0

A :HE x EH: 144 225 + 36 = 95

32. A(2,-3,1), B(6,5,-1), C(7,2,2), D(3, -6, 4)
4B = (4,8,-2)
DC = (4,8,-2)
BC = (1,-3,3)
4D = (1,-3,3)

33.

Because 4B = DC and BC = AD, the figure ABCD is
a parallelogram.

AB and AD are adjacent sides

i j k
AB x AD =|4 8 -2|= (18,-14,-20)
1 -3 3

4 :Hﬂa x EH: 324 1196 + 400 = 2/230

4(0,0,0), B(1,0, 3), C(-3,2,0)

AB = (1,0,3), AC = (-3,2,0)
i j Kk

ABx AC =| 1 0 3|=(-6,-9,2)
320

- 4|8« AC| - pFE R - Y

34. A(2,-3,4),B(0,1,2),C(~1,2,0)

3s.

36.

37.

38.

AB = (-2,4,-2), AC =

ij
AB x AC =|-2 4
-3 5
A= B |-

(-3,5,-4)

Kk

2| = —6i — 2j + 2k
-4

A(2,-7,3), B(-1,5,8), C(4, 6, 1)

AB = (-3,12,5), AC
i

C =3 12
2 13

A = Y4B x 4c| =

1Jaa = V11
= (2,13, -4)
k

5= (-113,-2,-63)
—4

«/1674

A(1,2,0), B(-2,1,0), C(0,0,0)

AB = (-3,-1,0), AC =

i
AB x AC =|-3 -1
-1 =2

(-1,-2,0)
k

0| = 5k

0

o= ofm <) 3

F = 20k

PO = 1(cos 40°j + sin 40°k)

i

33

PO x F =|0 cos40°/2 sin40°/2| = —10 cos 40°i

0

HFQ X FH = 10 cos 40° =

j k
0 =20
7.66 ft-1b

F = —2000(c0s 30°j + sin 30°k) = —1000\/§j — 1000k

PO = 0.16k
i
POxF =0

0 -1000~/3 —1000

= 160~/3i

| PO x F||= 160</3 fi-lb

j k
0 0.16
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34 Chapter 11 Vectors and the Geometry of Space

39. (a) Place the wrench in the xy-plane, as indicated in the figure. v

The angle from 4B to F is 30° + 180° + 6 = 210° + 0
H@H = 18 inches = 1.5 feet GA ZO"
0

oy O VT K5
04 = 1.5 cos(30°)i + sin(30°)j] = TR = F X
F = 56[cos(210° + O)i + sin(210° + 6)j] ’

i i Kk

100

OAxF = ﬁ E 0

4 4
56 cos (210° + 6) 56sin (210° + 6) 0

= [423/35in(210° + 6) - 42 cos(210° + 6) Jk %5 s

= [42\/5(sin 210° cos & + cos 210° sin #) — 42(cos 210° cos & — sin 210° sin H)Jk
= {42\/5(—; cos @ — ? sin 9] - 42[—\2§ cos @ + %sin Hﬂk = (—84sin H)k

H@ x FH: 84sin @, 0 < O < 180°
J2

(b) When 0 = 45°, 5 - 42-/2 ~ 59.40

@xFH:M

(c) Let T = 84sin 6
g = 84 cosd = 0 when 8 = 90°.
do

This is reasonable. When 6 = 90°, the force is perpendicular to the wrench.

40. (a) AC = 15inches = %feet
F
BC = 12inches = 1foot 0
__ 5 B
B=—j+k
4 .
F = —180(cos & j + sin O k) e
. . al
1 ] k C 15in. A
(b) ABxF =0 -2 1
0 —-180cos @ -180sin &
= (225 sin @ + 180 cos 0)i
| 4B = F| =] 225 sin 0 + 180 cos 0|
— 1
(c) When @ = 30| 4B x F| = 225[5) + 180(\26} ~ 268.38

(d) If T ={225sin & + 180 cos &

, T =0for 225sinf = —180cosd = tan O = —% = 6 ~ 141.34°.

For 0 < 0 < 141.34, T'(6) = 225cos @ — 180sin @ = 0 = tan & = = = & ~ 51.34°. 4B and F are perpendicular.

Al

(e) 400

0 180
0

From part (d), the zero is @ ~ 141.34°, when the vectors are parallel.
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41.

42.

43.

44.

45.

46.

47.

59.

1 00 48.
u-(vxw)=0 1 0/=1
01
1 1 1
u-(vxw):Z 1 0|=-1
01
01
u-(vxw):O 3 0/=6 49.
0 1
2 00
50.
u-(vxw)=I1 1 1/=0
02 2
1 0
u-(vxw):O 1 1|=2
1 01
V:‘u-(vxw)‘:2
1 3 1
51.
u-(vxw)=| 0 6 6/=-72
-4 0 —4
V:‘u-(vxw)‘=72 52
u = (3,0,0) 53.
=(0,5,1
Y < > 54.
w = (2,0,5)
300
u-(vxw):O 5 1|=175
20 5 55.
Vo=lu-(vxw)=75
56.
57.
58.

Section 11.4 The Cross Product of Two Vectors in Space 35

u = <u1,u2,u3>, v = <v1,v2,v3>,w = <W1>W2aW3>

ux (v+w)

i j k
= U U Uz

Vi+w v, W, V3t ws

u = (0, 4,0)
v =(-3,0,0)
w = (-1,15)
0 40
u-(vxw)=|-3 0 0/=-4-15) = 60
-1 15

Vo=|u-(vxw)|=60

uxv =0 = uand v are parallel.
u-v =0 = uand v are orthogonal.

So, u or v (or both) is the zero vector.

(a) u-(vxw)z(vxw)~u(b)

(e) u~(w><v)=

2
—_
<
X
=
—
—

Il
=
—_
<
X
=
~
|
o
=
X
<
~
=
—_
oQ
~

So,a=b=c=d=hande=f =g

uxv= <u1,u2,u3> : <V1, V2, V3>

= (u2v3 - u3v2)i - (u1v3 - u3v1)j + (u1v2 - u2v1)k

. See Theorem 11.8, page 794.

The magnitude of the cross product will increase by a
factor of 4.

From the vectors for two sides of the triangle, and
compute their cross product.

<x2 — X V2 T V2 — 21> x <X3 — X, Y3 V23 — Zl>

False. If the vectors are ordered pairs, then the cross
product does not exist.

False. In general, u x v = f(v X u)

False. Let u = (1,0,0), v = (1,0,0),w = (~1,0,0).

Then, u x v=uxw =0, but v # w.

True

[uz(v3 + w3) - u3(v2 + wz)]i - [ul(v3 + w3) — u3(vl + wl)]j + [ul(vz + wz) - uz(vl + wl)]k

= (u2v3 - u3v2)i - (u1v3 - u3vl)j + (ulvz — Uy )k + (u2w3 - u3w2)i - (u1w3 — W )] + (u]wz — UyW )k

= (uxv)+ (uxw)
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36 Chapter 11 Vectors and the Geometry of Space

60. u = <u], Uy, u3>, v = <v], Vs, v3>, ¢ is a scalar:
i j k
(cu) XV =|cu cu, cu
Vi V2 V3
= (cu2v3 - cu3v2)i - (cu1v3 - cu3vl)j + (culvz - cuzvl)k

= c[(u2v3 - u3v2)i - (u1v3 - u3v1)j + (ulvz - uzvl)k] = c(u X v)

61. u = <u1,u2,u3>
i j k
uxu=|uy u, uzl= (u2u3 - u3u2)i - (u1u3 - u3u1)j + (uluz - uzul)k =0

U Uy Uz

Uy Uy Uz
62. u-(vxw)=ly v wn
wow W
W W, W3
(uxv)y-w=w-(uxv)=|u u u
Vi V2 V3
= wl(u2v3 - v2u3) - wz(u1v3 - v1u3) + w3(u1v2 - vluz)

= ul(v2w3 - w2v3) - uz(v1w3 - w1v3) + u3(v1W2 - lez) =u- (v X W)

63. uxyv = (u2v3 - u3v2)i - (u1v3 - u3v1)j + (ulvz - uzvl)k
(wx v) - = (ugvy — ugvy Juy + (usvy — wpvs Juy + (1yvy — uyvy )y = 0
(wx V) v = (uvy — ugvy)vy + (v — wv3)vy + (uvy — 10y = 0
So,uxv Luanduxv L v.
64. If u and v are scalar multiples of each other, u = ¢v for some scalar c.
uxv=_(cv)xv=cvxv)=c0) =0
If u x v = 0, then HuH HVH sin@ = 0. (Assume uz0v# 0.) So, sin @ = 0,0 = 0,and u and v are parallel. So,

u = cv for some scalar c.

65. Jux v] = Jul V] sin®

If u and v are orthogonal, @ = 7/2 and sin & = 1. So, [u x VH = HuH HVH

66. u = <alabl=cl>’v = <a29b2362>3w = <a3ab3363>
i j ok

VXW=|a, b c|= (bzc3 - b3cz)i - (azc3 - a3cz)j + (a2b3 - a3b2)k

a by o
i j k
ux(vxw)= a b ¢

(bzc3 — b3c2) (a3cz - azc3) (a2b3 - a3b2)
ux (vxw) = [blab - aby) - c(ae, — aes)|i = [a(aby — asby) = ¢(bes = biey) i
+ [al(a362 — aye3) — by(bye; — b3cz)]k
= [ay(aa; + bibs + cic3) — as(@ay + biby + ei6y)Ji + [by(abs + bb; + cics) — bs(aa, + bb, + ¢icy)|j
+ [cz(alch + bb; + clc3) - 03(a]a2 + bb, + c]cz)]k

= (a1a3 + bb; + c1c3)<a2, b,, cz> - (alaz + bb, + clc2)<a3,b3, c3> = (u . w)v - (u . v)w
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Section 11.5 Lines and Planes in Space

. x=1+3t,y=2—-t,z=2+5¢

(a)
A

/

x

(b) When 7 = 0,P = (1,2,2). When ¢ = 3, 0 = (10, -1, 17).

PO = (9,-3,15)

Section 11.5 Lines and Planes in Space 37

The components of the vector and the coefficients of # are proportional because the line is parallel to PO.

(c) y =0when ¢z = 2.S0, x = 7and z = 12.
Point: (7,0,12)

1

x = Owhen ¢ = -3-50, y = zand z = 3. Point: (0 11

z

Owhen ¢ = —%. So, x = —zand y = 12 Ppoint:
2. x=2=3y=2,z=1-t¢
(a)

(b) When 7 = 0, P = (2,2,1). When 7 = 2,

0 = (-4,2,-1).

PO = (-6,0,-2)

The components of the vector and the coefficients of

t are proportional because the line is parallel to PQ.
(¢) z =0when t =1.S0o, x = —land y = 2.

Point: (71, 2, 0)

X = Owhentzg.SO,y = 2and z :%

Point: (0, 2, %)

3. x==2+4+ty=3z=4+1
(a) (0, 6, 6): For x = 0 = -2 + ¢, you have
t = 2.Then y = 3(2) = 6and
z =4+2=6.Yes, (0,6,6)lies on the line.
(b) (2,3,5):For x = 2 = =2 + 1, you have
t = 4.Then y = 3(4) = 12 # 3.No, (2,3,5) does

not lie on the line.

x-3 y-

=z+2

(a) (7, 23, 0): Substituting, you have
-3

23 -7

7-3 . =0+2
8

2

2=2=2
Yes, (7,23,0) lies on the line.
(b) (1,-1, =3): Substituting, you have
1-3 -1-7

= =-3+2
2 8

q=-1=-1
Yes, (1,-1,-3)lies on the line.

5. Point: (0,0, 0)
Direction vector: <3, 1, 5>

Direction numbers: 3, 1, 5
(a) Parametric: x = 3t,y =t,z = 5t

.Xx z
b) Symmetric: — = y = =
(b) Sy 3 -7 =3

6. Point: (0,0, 0)

L 5
Direction vector: v = (-2, 5,1

Direction numbers: —4, 5, 2

(a) Parametric: x = —4¢,y = 5t,z = 2t

(b) Symmetric: i4 =Y

© 2010 Brooks/Cole, Cengage Learning



38

7.

10.

11.

12.

Chapter 11 Vectors and the Geometry of Space

Point: (-2,0,3)

Direction vector: v = <2, 4, 72>

Direction numbers: 2, 4, —2

(a) Parametric: x = -2 + 2t,y = 4t,z =3 - 2t

(b) Symmetric: o

. Point: (-3,0,2)

+ 2

ENgpS

Direction vector: v = <0, 6, 3>

Direction numbers: 0, 2, 1

(a) Parametric: x = -3,y =2t,z =2 + ¢

(b) Symmetric: %

. Point: (1,0,1)

=z—-2,x =

Direction vector: v = 3i — 2j +

Direction numbers: 3,-2,1

(a) Parametric: x =

(b) Symmetric: o

Point: (—3, 5, 4)

1+ 3¢ty

P A
-2

Directions numbers: 3, -2,

(a) Parametric: x = -3+ 3,y =5-2t,z =4 +1¢

X +

1

-2

z—-3

-3

2t,z =1+1¢

1

3_y-5_

_z-1

(b) Symmetric: = T =z-4
Points: (5, -3, 72), (72, 37 1)

33
Direction vector: v = Hi - %j -3k

Direction numbers: 17, -11, -9

(a) Parametric:

x=5+17t,y = -3-1lt,z = -2-9

. X
b) Symmetric:
(b) Sy T

Points: (0, 4, 3), (—1, 2, 5)

Direction vector: <1, 2, —2>

-11

Direction numbers: 1,2, -2

(a) Parametric: x =,y =4+ 2t,z =3 -2t

(b) Symmetric: x =

-5 y+3 z+2

-9

y—-4 z-3

2

-2

13.

14.

15.

16.

17.

18.

19.

20.

Points: (7, -2, 6),(-3,0, 6)

Direction vector: <—10, 2, 0>

Direction numbers: —10, 2, 0

(a) Parametric: x = 7 -10t,y = 2+ 2t,z = 6

(b) Symmetric: Not possible because the direction
number for z is 0. But, you could describe the

line as x-7 _ Xt 2
10 -2

,z = 0.

Points: (0, 0, 25), (1 0,10, 0)

Direction vector: <1 0,10, —25>

Direction numbers: 2,2, -5

(a) Parametric: x = 2¢,y = 2t,z = 25 - 5t

.X y z - 25
b) Symmetric: — = = =
(b) Sy 7= 3 o

Point: (2,3, 4)
Direction vector: v = k
Direction numbers: 0, 0, 1

Parametric: x = 2,y =3,z =4 +¢

Point: (—4, 5, 2)
Direction vector: v = j
Direction numbers: 0,1, 0

Parametric: x = -4,y =5+ £,z =2

Point: (2,3, 4)
Direction vector: v = 3i + 2j — k
Direction numbers: 3, 2, —1

Parametric: x = 2 +3t,y =3+ 2t,z =4 — ¢

Point (-4, 5, 2)
Direction vector: v = —i + 2j + k
Direction numbers: —1, 2,1

Parametric: x = 4 —t,y =5+ 2t,z =2 +¢

Point: (5, -3, 74)
Direction vector: v = <2, -1, 3>
Direction numbers: 2, —1,3

Parametric: x = 5+ 2,y = 3 —-t,z = -4+ 3¢t

Point: (—1, 4, —3)
Direction vector: v = 5i — j
Direction numbers: 5, -1, 0

Parametric: x = -1+ 56,y =4 —-t,z = -3

© 2010 Brooks/Cole, Cengage Learning



21.

22,

23.

24,

25.

26.

27.

28.

29.

Point: (2,1,2)
Direction vector: <71, 1, 1)
Direction numbers: —1,1,1

Parametric: x =2 —t,y =1+¢t,z=2+1t
Point: (76, 0, 8)
Direction vector: <—2, 2, 0)

Direction numbers: —2,2,0

Parametric: x = -6 — 2¢,y = 2t,z = §

Let ¢ = 0: P = (3,—1,—2) (other answers possible)
= <—1, 2, 0) (any nonzero multiple of v is correct)
Let ¢ = 0: P = (0,5,4) (other answers possible)

v = <4, -1, 3) (any nonzero multiple of v is correct)

Let each quantity equal 0:
= (7,-6,-2) (other answers possible)

v = (4,2,1) (any nonzero multiple of v is correct)

Let each quantity equal 0:
= (—3, 0, 3) (other answers possible)

v = <5, 8, 6) (any nonzero multiple of v is correct)

LIZV—<

Ly:v = (6,-4,-8)
Ly:v = (-6,4,8)
Lyv = (6,4,-6)

3,2,4) (6,-2,5) online
(6, -2, 5) on line
(6, -2, 5) not online

not parallel to L;, L,, nor L;

L, and L, are identical. L, = L, and is parallel to L.

L:v = (2,-6,-2) (3,0,1) on line
Ly:v = <2, -1, 3) (1, ) on line
Ly:v = (2,-10,-4) (~1,3,1) on line
Lyv = (2,-1,3) (5,1,8) on line

L, and L, are parallel, not identical, because (1, -1, 0)is

noton L,.

Li:v = (4,-2,3) (8,-5,-9) on line
Ly:v = <2 1, 5)

Lyv = (-8,4,-6) (8,-5,-9) on line
Lyv = (-2,1,1.5)

L, and L; are identical.

Section 11.5 Lines and Planes in Space 39

30. Liv = (2,1,2 (3,2,-2) on line
Ly:v = (4,2,4) (1,1,-3) on line
Lyv = (1,4.1) (-2,1,3) on line
Lyiv = <2, 4, _1> (3, -1, 2) on line

31.

32.

33.

L, L, and L; have same direction.

(3, 2, 72) isnoton L, nor L,

(1,1,-3)is not on Ly

So, the three lines are parallel, not identical.

At the point of intersection, the coordinates for one line
equal the corresponding coordinates for the other line.
So,

(1) 4 +2 =25+ 2,(ii) 3 =25 + 3,and

(i) #+1=s+1.

From (ii), you find that s = 0 and consequently, from
(iii), ¢ = 0. Letting s = ¢ = 0, you see that equation (i)
is satisfied and so the two lines intersect. Substituting
zero for s or for ¢, you obtain the point (2, 3,1).

u = 4i - (First line)

v =2i+2j+k (Second line)

cos@:‘u'v‘: 8-1 7 _ 117
Jullv] V176 3iT s

By equating like variables, you have

(1) 3t +1=3s+L(ii) 4 +1 =25 + 4,and

(iii) 2t + 4 = —s + 1.

From (i) you have s = —¢, and consequently from (ii),

t = %and from (iii), # = —3. The lines do not intersect.

Writing the equations of the lines in parametric form you
have

x =3t y=2-t z=-1+1¢
x=1+4s y=-2+s z =-3-3s.

For the coordinates to be equal, 3¢ = 1 + 45 and

2 —t = -2 + s.Solving this system yields ¢ = %and
s = % When using these values for s and z, the z

coordinates are not equal. The lines do not intersect.
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34.

3s.

36.

37.

Chapter 11 Vectors and the Geometry of Space

Writing the equations of the lines in parametric form you
have

3+1¢
-2 + 4s.

X = 2 + 6t z =

2 -3¢t y =

x =3+ 2s S+ z =

y:

By equating like variables, you have
2-3t=3+25,2+6t=-5+s,3+1t=-2+4s.

So, t = —1, s = 1and the point of intersection is

(5,-4,2).

u = (-3,6,1) (First linc)

v =(2,1,4) (Second line)

cosH:u.V‘z 4 = 4 :2\/%
[ullv] 46321 966 483

x=2t+3 x=-2s+7

y=5-2 y=s5+8

z=-t+1 z =25 -1

Point of intersection: (7, 8, —l)

Note: 1 = 2ands = 0

x=2t-1 x =55 -12
y = -4 +10 y =3s+11
z =t z=-2s -4

x=2t-1
y=—41+10

z=t

4x -3y -6z =6
@ P(0,0,-1),0(0,-2,0), R(3,4,-1)
PO = (0,-2,1), PR = (3,4,0)

i j ok
(b) POx PR =|0 -2 1|=(-4,3,6)
3.4 0

The components of the cross product are
proportional to the coefficients of the variables in
the equation. The cross product is parallel to the
normal vector.

38

39.

40.

41

42

43

44

. 2x+3y+4z =4
P(0,0, l), 0(2,0, 0), R(3, 2, —2)

(@) PO = (2,0,-1), PR = (3,2,-3)
i j ok

(b) POxPR =2 0 -1|=(2,3,4)
3 2 -3

The components of the cross product are
proportional (for this choice of P, Q,

and R, they are the same) to the coefficients of the

variables in the equation. The cross product is
parallel to the normal vector.

X+2y-4z-1=0
@ (-7,2,-1) (-7) +2(2) —4(-1) -1 =0
Point is in plane
() (5,2,2:5+2(2)-42)-1=0
Point is in plane
2x+y+3z-6=0
(@ (3,6,-2):2(3) + 6 +3(-2) -6 =0
Point is in plane
®) (L5 1) 2(-1)+5+3(-1) -6 =6 =0

Point is not in plane

. Point: (1,3,-7)
Normal vector: n = j = (0,1, 0)
O(x —1)+1(y =3)+0(z = (-7)) = 0
y-3=0
. Point: (0, -1, 4)
Normal vector: n = k = (0,0,1)
0x—0)+0(y+1)+1(z-4)=0
z-4=0
. Point: (3,2,2)
Normal vector: n = 2i + 3j — k
2Ax=3)+3(y-2)—1(z-2) =0

2x+3y -z =10

. Point: (0, 0, 0)
Normal vector: n = -3i + 2k
3(x-0)+0(y-0)+2(z-0)=0
Bx+2z=0
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45.

46.

47.

48.

49.

Point: (-1, 4,0)

Normal vector: v = (2, -1,-2)

2x+1)-1(y-4)-2>z-0)=0
2x—y-22+6=0

Point: (3,2,2)

Normal vector: v = 4i + j — 3k

4(x—3)+(y—2)—3(z—2)
4x + y — 3z

I Il
o O

Let u be the vector from (0, 0, 0) to
(2,0,3): u =(2,0,3)
Let u be the vector from (O, 0, O) to
(-3,-L5) v = (-3,-1,5)
i jk
Normal vectors: u x v =] 2 0 3|= <3, -19, —2>
-3 -1 5
3(x—0)—19(y—0)—2(z—0):0
3x -19y - 2z

Let u be the vector from (3, -1, 2) to (2, 1, 5):
u=(-1,2,3)

Let u be the vector from (3, -1, 2) to (1, -2, 72):

v = (-2,-1,-4)
Normal vector:
i j k
uxv=|-1 2 = (-5, -10,5) = =5(1, 2, -1)
-2 -1 —4

1(x—3)+2(y+1)—(z—2) 0
xX+2y-z+1=0

Let u be the vector from (1, 2, 3) to

(3, 2,1): u=2i-2k

Let v be the vector from (1, 2,3) to
(-1,-2,2): v = 2i — 4j - k

Normal vector:

k

—1|= 4i - 3j + 4k

i
(%u) x(-v) =1 0
2 4 1

Il
(=)

4(x71)73(y72)+4(273)

4x -3y +4z =10

Section 11.5 Lines and Planes in Space 41

50. (1,2,3), Normal vector: v =i, I(x = 1) = 0,x = 1

51.

(1, 2, 3), Normal vector: v = k, l(z - 3) =0,z=3

52. The plane passes through the three points

53.

54.

55.

(0,0,0), (0,1,0),(~/3,0,1).
The vector from (0,0,0)to (0,1,0): u = j

3+ k

The vector from (0, 0, 0) to (\@, 0, 1): v

i j Kk

Normal vector: uxv =0 1 0[=1i- \/gk
V3001

X = \/gz =0

The direction vectors for the lines are
u=-2i+j+k v=-3i+4j-k

i j k
Normal vector: u x v =|-2 1 1| = fS(i +j+ k)
-3 4 -1

Point of intersection of the lines: (-1,5,1)

(x+)+(y-5+(=z-1)=0

xX+y+z=35
The direction of the line is u = 2i — j + k. Choose any
point on the line, [(0, 4,0), for example}, and let v be the
vector from (0, 4, 0) to the given point (2, 2, 1):

v=2i-2j+k

i j k
Normal vector: u xv =2 -1 1|=1i-2k
2 21
(x—2)—2(z—l):0
x—2z=0

Let v be the vector from (f L1, 71) to
(2,2,1): v=3i+j+2k

Let n be a vector normal to the plane
2x -3y +z=3n=2i-3j+k

Because v and n both lie in the plane P, the normal
vector to P is

i j k
vxn=[3 1 2/=7i-j-1Ik
2 31

I
(e}

T(x=2)+1(y —2)-11(z - 1)
Tx+y—-1lz =5
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42 Chapter 11 Vectors and the Geometry of Space
56. Let v be the vector from (3, 2, 1) to

(3,1,-5): v = —j— 6k

Let n be the normal to the given plane:

n = 6i +7j + 2k

Because v and n both lie in the plane P, the normal
vector to P is:

i j ok
vxn=[0 -1 —6|= 40i - 36j + 6k
6 7 2

= 2(20i — 18j + 3k)
20(x —3) - 18(y —2)+3(z-1) =0
20x — 18y + 3z = 27

57. Let u = iand let v be the vector from (1, -2, —1) to
(2,56 v=i+7j+7k

Because u and v both lie in the plane P, the normal
vector to P is:

ijok

uxv=10 0[=-7j+7k = -7(j - k)
177

-C2)-[z-(n]=0

y—z=-1

58. Let u = k and let v be the vector from (4,2,1)to (=3,5,7): v = —7i + 3j + 6k

Because u and v both lie in the plane P, the normal vector to P is:

i j ok
uxv=l0 0 1|=-3i-7j=-3i+7))
-7 3 6
(x-4)+7(y-2)=0
3x+7y =26

59. xy-plane: Let z = 0.
Then0=4—t:>t=43x:1—2(4)=—7and
y = =2 + 3(4) = 10. Intersection: (-7, 10, 0)

xz-plane: Let y = 0.

— 2 _ 2\ _ 1
Then 0 = 2+3t =t =2= x=1-2(2)=-land
1

z=-4+ == 7% Intersection: (77 0, f—)

(]}

yz-plane: Let x = 0.

Then 0 = 1-2¢ = ¢ =}

1]

I
<

1]

|
\]
+
w
—_
N |—
S—
Il

|

[
g
o

a1 ion: (0.—L _Z
z = -4 + 57 = —7. Intersection: (0, 2)

2°

[S1EN]

60. Parametric equations: x = 2+ 3¢, y = =1 +1¢,z =3 + 2t

xy-plane: Let z = 0.

— _ 3 _ 3\ _ 5
Then3 +2 =0 = ¢=-3=x=2+3-3)=-3and

y=-1+ (—%) = —%. Intersection: (—%, —%, O)
xz-plane: Let y = 0.
Thent:1:>x=2+3(1):5and

z = 3 + 2(1) = 5. Intersection: (5, 0, 5)
yz-plane: Let x = 0.

Then2+3t=0:t:—§:y:—l_%:_gand

z

3+ 2(7%) = % Intersection: (0, fg, %)
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61. Let (x, y, z) be equidistant from (2,2, 0) and (0, 2, 2).

Section 11.5 Lines and Planes in Space 43

Je=2P + (-2 +(z-0 =Jx -0+ (v -2 + (-2

¥ —dx+ 4+ —dy+ 4+ 22 =xP+ P —dy+ 4+ 22 -4z 44

—4x +8 = -4z + 8

x —z = 0 Plane

62. Let (x, ¥, z) be equidistant from (1, 0, 2) and (2, 0, 1).

Je-1 s (-0 +(z-2 = Jx-2 + (v -0 + (= -1)

¥ -2x+1+ P+ —dz+ 4= —dx+ 4+ yP + 22 - 2241

2x—4z+5=-4x-2z+5
2x -2z =0

x —z = 0 Plane

63. Let (x, y, z) be equidistant from (3,1, 2) and (6, -2, 4).

a3+ -1 +(-2 =Ja-6+(r+2 +(z-4)
X+ 6x+9+ 1 -2y +1+z22 —4z+4=x"-12x+36+ )y  +4y +4+ 22 - 82+ 16
6x —2y —4z+14 = -12x + 4y — 8z + 56

18x -6y +4z-42 =0

9x —3y + 2z — 21 = 0 Plane

64. Let (x, y, z) be equidistant from (—5,1,-3) and (2, -1, 6)

JersP s (-1 +(z+3) =Jx-2P +(+1) +(z-6)

2

¥ +10x + 25+ y? — 2y + 1 + 22

+6z+9=x*—4dx+4+y? +2y+1+ 2> —122+ 36

10x — 2y + 6z + 35 = —4x + 2y — 12z + 41

14x -4y +18z -6 =0

7x — 2y + 9z — 3 = 0 Plane

65. The normal vectors to the planes are

|

n, = (5-3,1), n, = (1,4,7), cos 6 = =0.
l LR
So, & = /2 and the planes are orthogonal.
66. The normal vectors to the planes are
n, = (3,1,-4), n, = (-9,-3,12).
Because n, = —3n,, the planes are parallel, but not equal.

67. The normal vectors to the planes are

n =i-3j+6k,n, =5i+j-Kk,
[n, oy _|5-3-6] 4138 _ 2138
In .| 4627 414 207

2v 138} ~ 83.5°.

So, @ = arccos
207

cosd =

68.

69.

70.

The normal vectors to the planes are
n =3i+2j-k,n, =i-4j+ 2k,

o, m,| [3-8-2] 76 /6

cos O = = —

mfln] ~ Va2t w2 6

So, 8 = arccos(\fj ~ 65.9°

The normal vectors to the planes are n; = <1, -5, —1> and
n, = <5, =25, 75>. Because n, = 5n,, the planes are
parallel, but not equal.

The normal vectors to the planes are

n, = (2,0,-1),n, = (4,1,8),

cosf = Ll ~n2\ =
[l |

So, 8 = % and the planes are orthogonal.
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44 Chapter 11 Vectors and the Geometry of Space

71. 4x + 2y + 6z =12 77. x =5

72. 3x + 6y +2z =06

34(0,0,3)
(0.1,0)
2.4 _\_E"—h""—y
2=(2,0,0) 3
X

73. 2x —y+3z=4

Generated by Maple

74. 2x —y+z =4 80. x -3z=3

z

ip 0,0, 4)

Generated by Mathematica

81. 5x+4y—-6z2+8=0

X Generated by Maple

82. 2Ix-47y-z+3=0

y

Generated by Mathematica
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83.

84.

8s.

86.

87.

88.

89.

90.

91.

B:n = (15,-6,24)

Bin = (-5,2,-8)
= (6,-4,4)

Pin o= (3,-2,-2)

(0, -1, —1) not on plane
(0,-1,-1) on plane

Planes B and P, are parallel.

(4, 0, 0) on plane

(4, 0, 0) not on plane

B and P, are parallel.

B:n = (3,-2,5)
= (-6,4,-10)
= (-3,2,5)
{

Py n = (75,-50,125)

(1,-1,1) on plane
(1,1, 1) not on plane

(1, -1, 1) on plane

B and P, are identical.

B = P,andis parallel to P,.

= (-60,90,30) or (~2,3,1) (0,0, on plane

Bim <6’ > or <_2’ 3, 1> (0, 0, 75) on plane
= (-20, 30, 10>0r< 2,3,1) (

Py = (12,-18,6) or (2,3, 1)

B, P, and P, are parallel.

0,0, %) on plane

Each plane passes through the points
(c, 0, 0), (O, c, 0), and (0, 0, c).
xX=y=c

Each plane is parallel to the z-axis.

If ¢ = 0,z = 0is xy-plane.

fe#0cy+z=0=y= llzisaplaneparallelto
¢

x-axis and passing through the points (0, 0, 0) and

(0, 1, —c).

xX+cz=0

If ¢ = 0,z = 0is the yz-plane.

If ¢ # 0,x + ¢z = 0is a plane parallel to the y-axis.
(@ n, =3i+2j—kand n, =i-4j+2k

moma| 7] Ve

cosd = = = —
[mfn.]  Viav21 6
= 6 =~ 1.1503 =~ 65.91°

Section 11.5 Lines and Planes in Space 45

92.

93.

94.

(b) The direction vector for the line is

ik
n, xng =1 -4 2{=7(j + 2k).
32 -1

Find a point of intersection of the planes.
6x +4y — 2z =14

x—-4y+2z=0
7x =14

x= 2

Substituting 2 for x in the second equation, you have
4y +2z =-2o0rz =2y —1.Letting y =1,a
point of intersection is (2,1,1).

x=2y=1+tz=1+2t

(@ nm =6i—3j+k, n, = —i +j+ 5k

‘n] 'ﬂz‘ _ —4 _ -2/138

[nflna] - a6/27 207
60 ~ 1.6845 ~ 96.52°

(b) The direction vector for the line is

cosd =

i j ok
nxn, = 6 -3 1= (-16,-31,3).
-1 15

Find a point of intersection of the planes.

6x-3y+ z=5=> 6x-3y+ z= 5
X+ y+5z2=5= -6x+6y+ 30z =30
3y + 31z = 35

Let y=-9z=2=x=-4>= (—4,—9,2).
x=-4-16t,y = -9-31t,z =2+ 3¢

Writing the equation of the line in parametric form and
substituting into the equation of the plane you have:

1 —
X=—+ty=—-tz

2
tj +(-1+ 2)

2
z(l v - z(ﬁ -
2 2

Substituting ¢ = 3/2 into the parametric equations for

=-1+2¢

—120 =2
2

the line you have the point of intersection (2, -3, 2).

The line does not lie in the plane.

Writing the equation of the line in parametric form and
substituting into the equation of the plane you have:
x=1+4ty=2tz=3+6¢

1

-5t = —
2

Substituting ¢ = —% into the parametric equations for

2(1 + 4r) + 3(21) =

the line you have the point of intersection (71, -1, 0).

The line does not lie in the plane.
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9s.

96.

97.

98.

99.

Chapter 11

Writing the equation of the line in parametric form and
substituting into the equation of the plane you have:

x=1+3y=-1-2t,z=3+1¢
2(1 + 3¢) + 3(-1 - 2¢) = 10,1 = 10, contradiction
So, the line does not intersect the plane.

Writing the equation of the line in parametric form and
substituting into the equation of the plane you have:

x=4+2t,y =-1-3t,z=-2+5
5(4+2t)+3(—1—3t): 17,t = 0

Substituting ¢ = 0 into the parametric equations for the
line you have the point of intersection (4, -1, —2).

The line does not lie in the plane.
Point: Q(0, 0, 0)

Plane: 2x +3y +z—-12 =0
Normal to plane: n = <2, 3, 1>
Point in plane: P(6,0, 0)

Vector FQ = <—6, 0, 0>

_ PO - n| |12 evia
In| V147

D

Point: (0,0, 0)

Plane: S5x+ y—z -9 = 0
Normal to plane: n = (5,1, -1)
Point in plane: P(0, 9, 0)

Vector ITQ = <0, -9, 0>

[Pe-n| |9
"l v Y

Point: O(2,8,4)

Plane: 2x + y +z =5

Normal to plane: n = (2,1,1)

Point in plane: P<O, 0, 5>

Vector: PO = (2,8,-1)
Po-n| 11 _1s

[ 66

Vectors and the Geometry of Space

100. Point: Q(1, 3, —1)

101.

102.

103.

Plane: 3x —4y + 5z -6 =0
Normal to plane: n = <3, —4, 5>
Point in plane: P(2,0,0)

Vector PO: (-1,3,-1)

PO n| _|-20]
- - =22
[n[ ~ 50

The normal vectors to the planes are n; = <1, -3, 4> and
n, = <1, -3, 4>. Because n; = n,, the planes are
parallel. Choose a point in each plane.

P(lO, 0,0) isapointin x — 3y + 4z = 10.

0(6,0,0)is apointin x — 3y + 4z = 6.

P—Q:<—4,O,O>,D:‘P—Q.nl‘= 4 :2\/%

[mf - ~26 13

The normal vectors to the planes are n; = <4, —4, 9> and
n, = <4, —4, 9>. Because n; = n,, the planes are
parallel. Choose a point in each plane.

P(-5,0,3)is a pointin 4x — 4y + 9z = 7.
0(0,0,2)is apointin 4x — 4y + 9z = 18.

PQ = (5,0,-1)

|[Po-m| 1

~ 1113
V113 113

o]

The normal vectors to the planes are n; = <—3, 6, 7> and
n, = (6,-12,-14). Because n, = —2n,, the planes are
parallel. Choose a point in each plane.

P(0,-1,1) is a point in =3x + 6y + 7z = 1.

Q(z—;, 0, 0) isapointin 6x — 12y — 14z = 25.

— 25

PO = (21,41

Q <6” >

_[POm| 272 27 27
|| o4 294 188
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104.

105.

106.

107.

The normal vectors to the planes are n; = <2, 0, —4> and
n, = <2, 0, —4>. Because n; = n,, the planes are
parallel. Choose a point in each plane.

P(2,0,0) is a point in 2x — 4z = 4.

0(5,0,0) is a point in 2x — 4z = 10.

_ PO-m| 6 35
PO = (3,0,0),D = = =
N T T
u = <4, 0, —1> is the direction vector for the line.
Q(l, 5, 72) is the given point, and P(72, 3, l) is on the
line.
PO = (3,2,-3)
i j k
PO xu=|3 2 -3|=(-2,-9,-8)
4 0 -1
_|[Poxu]| iz 2533
WV w
u = <2, 1, 2> is the direction vector for the line.

O(1, -2, 4) is the given point, and P(0, -3, 2) is a point
on the line (let 7 = 0).

PO = (1,1,2)
ijk
POxu=[11 2/=(0,2-1)
21 2
p ol 5 5
[ul o 3
u = <71, 1, 72> is the direction vector for the line.

Q(—2, 1, 3) is the given point, and P(l, 2, 0) is on the line

(let t = 0 in the parametric equations for the line).

PO = (-3,-1,3)

i j k
PO xu=|-3 -1 3|=(-1,-9,-4)
-1 1 -2
_|Poxu|_ivsivie V87 3
[[u] V+1+4 6 3 3

Section 11.5 Lines and Planes in Space 47

108.

109.

110.

u = <0, 3, 1> is the direction vector for the line.

Q(4, -1, 5) is the given point, and P(3, 1, 1) is on the line.

PO = (1,-2,4)
i jk
PO xu=|1 -2 4|=(-14,-1,3)
0 3 1
_|[Poxu|
[u]

\/142+1+ /20 103 \/51
10

The direction vector for L, is v, = <71, 2, 1>.

The direction vector for L, is v, = <3, -6, —3>.
Because v, = —-3v,, the lines are parallel.

Let Q(2, 3, 4) to be a point on L, and P(O, 1, 4) a point
on L,. PO = (2,0,0).

u = v, is the direction vector for L,.

i j ok
POxv, =2 2 0|=(-66-18)
3 -6 -3
p _|P2x |
[ vl
_ /36+36 + 324 F \/7 66
9+36+ 54

The direction vector for L, is v, = <6, 9,-1 2>.
The direction vector for L, is v, = <4, 6, —8>.
Because v, = %Vz,the lines are parallel.

Let Q(3, -2, 1) to be a point on L, and P(—l, 3, 0) a point
on L,. PQ = (4,-5,1).

u = v, is the direction vector for L,.

i j ok
PO x v, =|4 =5 1|=(34,36,44)
4 6 -8
_[Pox .|
[v-1
— J16+ 36 + 64
/4388

B \/1097 /31813
29 29

- J116
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111.

112.

113.

114.

121.

122.

Chapter 11

Vectors and the Geometry of Space

The parametric equations of a line L parallel to 115. (a) The planes are parallel if their normal vectors are
v = <a, b, c,> and passing through the point parallel:
P(xl,yl,zl)are <a17b1’cl> = f<a2ab2,02>, t#0
x=x+at,y =y +bt,z =2z +ct (b) The planes are perpendicular if their normal vectors
The symmetric equations are are perpendicular:
X — X _yfyl _Zle <a1,b1,cl>'<a2,b2,cg>=0
b .

“ ¢ 116. Yes. If v,and v, are the direction vectors for the lines
The equation of the plane containing P(xl, Vs zl) and Lyand L,, then v = v, x v, is perpendicular to both
having normal vector n = <a, b, c> is Lyand L,.

a(x - xl) + b(y - yl) + C(Z - Zl) =0. 117. An equation for the plane is
You need n and P to find the equation. X % 2= bex + acy + abz = abe
a c
Slmultanel:ously solve the two lme.ar equations For example, letting y = z = 0, the x-intercept is
representing the planes and substitute the values back 0.0
into one of the original equations. Then choose a value (a’ > )
for # and form the corresponding parametric equations
for the line of intersection. 118. (2) Matches (iii)
(b) Matches (i)
x = a:plane parallel to yz-plane containing (a, 0, 0) (c) Matches (iv)
y = b: plane parallel to xz-plane containing (0, b, 0) (d) Matches (ii)
z = c:plane parallel to xy-plane containing (0, 0, c) 119. Sphere
(x-3 +(y+2) +(z-5" =16
120. Parallel planes
4x =3y +z =10 £ 4|n| = 10 £ 4./26
092x —1.03y + z = 0.02 = z = 0.02 — 0.92x + 1.03y
@ Year 1999 | 2000 | 2001 | 2002 | 2003 | 2004 | 2005
X 1.4 1.4 1.4 1.6 1.6 1.7 1.7
v 7.3 7.1 7.0 7.0 6.9 6.9 6.9
z 6.2 6.1 59 5.8 5.6 5.5 5.6
Modelz | 6.25 | 6.05 | 594 | 576 | 5.66 | 556 | 5.56

The approximations are close to the actual values.

(b) According to the model, if x and z decrease, then so will y. (Answers will vary.)

On one side you have the points (0, 0,0),(6,0,0), and (-1, -1,8).

i j ok
n =6 0 0/=-48j-6k
-1 -1 8

On the adjacent side you have the points (0, 0, 0), (0, 6, 0), and (71, -1, 8),

i ok

n, =0 6 0 =48i+6k
-1 -1 8

In, -m,| 36 1

"]~ 2340 " 63

6 = arccosi ~ 89.1°
65

“1-12
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123.

124.

125.

126.

Section 11.5 Lines and Planes in Space 49

Lixy =6+t ), =8—-1t, 2z =3+1
Ly x, =1+t y, =2+1t 2, =2t

(a) At = 0, the first insect is at B(6, 8, 3) and the second insect is at Py(1, 2, 0).

Distance = /(6 — 1)* + (8 = 2)* + (3 - 0)° = </70 ~ 8.37 inches

(b) Distance = \/(xl ) - (- n) \/52 (6 —20) +(3-1)" = /57 =30 +70,0<1<10

(¢) The distance is never zero.

(d) Using a graphing utility, the minimum distance is 5 inches when ¢ = 3 minutes.
15

./

First find the distance D from the point Q(f3, 2, 4) to the plane. Let P(47 0, 0) be on the plane.

n = <2, 4, —3> is the normal to the plane.

PO | (72,49 (2.4,-3)] 148 -12] 1829
[n] Ji+16+9 /29 f 29
The equation of the sphere with center (—3, 2, 4) and radius 18+/ 29/ 29 is (x + 3)2 + (y - 2)2 + (Z - 4)2 = %
The direction vector v of the line is the normal to the 127. The direction vector of the line L through (1, -3,1) and

plane, v = (3,-1,4). (3.-4,2)is v = (2,-1,1).
The parametric equations of the line are

The parametric equations for L are
x=5+3t,y=4—-1t2z=-3+4¢

x=1+2t,y=-3-t,z=1+1
To find the point of intersection, solve for 7 in the

. 3 Substituting these equations into the equation of the
following equation:

plane gives

3(5+3t)—(4—t)+4(—3+4t):7 (l+2t)—(—3—t)+(l+t):2
26t = 8 4 = 3
t = 4 3
13 t=—1
Point of intersection: Point of intersection:
5+3(35)4-53+4%) = (L8, -8
( (13) 13 ( )) (13 13 13) (1 + 2(_7) 3+3,1- 7) = (_%,_%,%)
The normal to the plane, n = (2, -1, -3) is perpendicular 128. The unknown line L is perpendicular to the normal vector
to the direction vector v = (2,4, 0) of the line because n = (1,1,1) of the plane, and perpendicular to the direction
(2,-1,-3) - (2,4,0) = 0. vector u = (1,1, -1). So, the direction vector of L is
So, the plane is parallel to the line. To find the distance i j k
between them, let Q(—2 -1, 4) be on the line and v=11 1|= <,27 2, 0>'
(2 0, 0) on the plane. PQ = < -1, 4> 11 -1
‘ﬁ@ . n‘ The parametric equations for L are x = 1 — 2¢, y = 21,
D = z = 2.
]
[(-4,-1,4)-(2,-1,-3)] 19 19414 129. True
VA+1+9 /14 14 130. False. They may be skew lines.

(See Section Project)
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50 Chapter 11 Vectors and the Geometry of Space

131. True

132. False. Thelines x = ¢, y =0,z = land x = 0,
y =t, z = lare both parallel to the plane z = 0, but
the lines are not parallel.

Section 11.6 Surfaces in Space

1. Ellipsoid
Matches graph (c)

2. Hyperboloid of two sheets
Matches graph (e)

3. Hyperboloid of one sheet
Matches graph (f)

4. Elliptic cone
Matches graph (b)

5. Elliptic paraboloid
Matches graph (d)

6. Hyperbolic paraboloid
Matches graph (a)

7. y=5

Plane is parallel to the xz-plane.

Plane is parallel to the xy-plane.

The x-coordinate is missing so you have a right circular
cylinder with rulings parallel to the x-axis. The generating
curve is a circle.

133. False. Planes 7x + y —1lz = Sand 5Sx + 2y —4z =1
are both perpendicular to plane 2x — 3y + z = 3, but
are not parallel.

134. True.

10. x2 + z2 =25

The y-coordinate is missing so you have a right circular
cylinder with rulings parallel to the y-axis. The generating
curve is a circle.

11. y = x?

The z-coordinate is missing so you have a parabolic
cylinder with rulings parallel to the z-axis. The generating
curve is a parabola.

3
e P
12. > +2=6

The x-coordinate is missing so you have a parabolic
cylinder with the rulings parallel to the x-axis. The
generating curve is a parabola.

13. 4x* + y* = 4

1 4
The z-coordinate is missing so you have an elliptic
cylinder with rulings parallel to the z-axis. The generating
curve is an ellipse.
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14.

15.

16.

17.

18.

¥ -z =16
2oz
16 16

The x-coordinate is missing so you have a hyperbolic
cylinder with rulings parallel to the x-axis. The generating
curve is a hyperbola.

z =siny

The x-coordinate is missing so you have a cylindrical
surface with rulings parallel to the x-axis. The generating
curve is the sine curve.

z =¢e

The x-coordinate is missing so you have a cylindrical
surface with rulings parallel to the x-axis. The generating
curve is the exponential curve.

z = x2 + )?

(a) You are viewing the paraboloid from the x-axis:
(20,0, 0)

(b) You are viewing the paraboloid from above, but not
on the z-axis: (10,10, 20)

(c) You are viewing the paraboloid from the z-axis:
(0,0,20)

(d) You are viewing the paraboloid from the y-axis:
(0,20, 0)
¥+ =4

(a) From (10,0, 0):

Section 11.6 Surfaces in Space 51

(b) From (0,10, 0):

(¢) From (10,10,10):

2 2 2

19. x—+y—+ZT=1

1 4
Ellipsoid
2 2
xy-trace: EA A 1 ellipse ]
1 4
xz-trace: x* + z2 =1 circle

2 2
yz-trace: yT + ZT = lellipse

2 2 2
200 2+ Z o
16 25 25
Ellipsoid
PR
xy-trace: — + =— =1 ellipse
7 16 25 P
2 2
xz-trace: — + Py =1 ellipse
yz-trace: y* + z2 = 25 circle

21. 16x% — y* +162% = 4
2
4t - L 422 =
4
Hyperboloid of one sheet
32
xy-trace: 4x? — T 1 hyperbola

xz-trace: 4(x2 + 22) =1 circle

2
yz-trace: % + 4z% = 1 hyperbola

© 2010 Brooks/Cole, Cengage Learning
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22. —8x* + 18y + 1822 = 2 25. x> —y+z2 =0 .
9y + 9z —4x? =1 Elliptic paraboloid 3t
Hyperboloid of one sheet xy-trace: y = x?
xy-trace: 9y — 4x> = 1 hyperbola xz-trace: x? + 2% = 0,
yz-trace: 9y* + 922 =1 circle point (0, 0, 0)
xz-trace: 9z° — 4x* =1 hyperbola yz-trace: y = z2

y=Lxt+z22=1

26. z = x* + 4)?
Elliptic paraboloid
xy-trace: point (0, 0, 0)

xz-trace: z = x° parabola

23, 4x —y? - 22 =1 yz-trace: z = 4y’ parabola
Hyperboloid of two sheets
xy-trace: 4x* — y* =1 hyperbola 27. x* -2 +z=0
yz-trace: none Hyperbolic paraboloid
xz-trace: 4x* — z* =1  hyperbola xy-trace: y = *x

xz-trace: z

yz-trace: z = p?

y=tlz=1-x2

28. 3z = —)? + x?

Hyperbolic paraboloid
2 xy-trace: y = £x
24, 2 - -2 2 1.2
4 xz-trace: z = 3
Hyperboloid of two sheets yz-trace: z = — % 52

Xxy-trace: none

3 R ’
xz-trace: z X 1 hyperbola 29, 22 = 2 + %
2

L yT = lhyperbola

-trace: ipti
yz-trace: z Elliptic cone

[§)

2 xy-trace: point (0, 0,0
z = +/10: RS S L ellipse ( )
9 36 Xz-trace: z = +x

yz-trace: z =

W<

2

When z = +1, x* + % = 1 ellipse

30. x? = 2y? + 222
Elliptic Cone
xy-trace: x = i\/iy

xz-trace: x = iﬁz

yz-trace: point: (0, 0, 0)
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1632 + 9% + 1622 — 32x — 36y + 36 = 0

31.
16(x2 - 2x + 1) + 9(y2 — 4y + 4) +16z% = =36 + 16 + 36
16(x —1)° + 9(y - 2)° + 162> = 16
_ 2 _ 2 2
G- -2 2
1 16/9 1
Ellipsoid with center (1,2, 0).
32. 9x? + y2 =922 —54x -4y -S54z +4 =0
= 81 -8l

9(x? = 6x +9) + (¥ — 4y + 4) - 92 + 62 + 9)
IMx -3 +(y-2"-9z+37 =0

Elliptic cone with center (3,2, -3).

2,
Yyi2onys

- s
i
il

A
3

~,

34. z = x> + 0.5y

S
5 e e e N
(Z==SS\
(e NN
\GZ==SSNN

| EESSN

N/
===
N/

,;;;
-
4

/l'

A5

o
XA “

e 7
77,
7
H
7R

36. 325y = x* + z?
z? = 325y — x?

z = #4/3.25y — x?
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40. 7 = -X 44, z = ~J4 - X2

8+ x° +
. Y y =~4-x°
x=0,y=0z=0
!
* 1
=== ez = :
41. 6x* — 4y* + 622 = =36
6z° = 4y’ — 6x7 - 36 45. x4yt =1
322 = 2)% — 3% — 18 ¥+z=2
z=0

1
z = +——/29% — 3x% - 18
NEA

9. X+ =[r(z)] and y = H(z) = %; so,

22
R 4x? + 4y* = 22

=
+
<
I

2 [r(x)]2 and z = r(x) = %\/4 - x7; 50,

2 2 %(4 _ xz)’ ¥ + 4y + 422 = 4.

7]
i
<
o
+
N
Il

<
+
[\N]
I
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51.

52.

53.

54.

SS.

56.

57.

58.

59.

60.

2 2 2 2
— d — — .
y- 4z = [r(x)] and y = r(x) = —; s0,

2
y2+22:[2j,y2+22:i2.
X X

¥+ y? [r(z)]z and y = r(z) = ¢€°;s0,
2

z

x2 + yt = e*.

2+ 3P —2z=0
2
x2+y? = (\/22)
Equation of generating curve: y = ~/2z or x = ~/2z

x* + 2% = cos? y

Equation of generating curve: x = cos y or z = cos y

Let C be a curve in a plane and let L be a line not in a
parallel plane. The set of all lines parallel to L and
intersecting C is called a cylinder. C is called the
generating curve of the cylinder, and the parallel lines
are called rulings.

The trace of a surface is the intersection of the surface
with a plane. You find a trace by setting one variable
equal to a constant, suchas x = Oor z = 2.

See pages 814 and 815.

In the xz-plane, z = x?is a parabola.

In three-space, z = x*is a cylinder.

453 x‘T 2187
4 0

V = 27rij(4x - xz)dx = 27{3 - 3

<—— p(x) —‘VI

Vo= Zﬂjl()”ysinydy

2zfsin y — ycos y|; = 277

0.5+

e

61. z =

62. z =

Section 11.6 Surfaces in Space 55

2 2
¥y
2 4
PER
(a) When z = 2we have 2 = > + 7,or
2 2
1 = L + L
4 8
Major axis: 2\/8 =42
Minor axis: 2~/4 = 4
A=d-b,*=4c=2
Foci: (0,+2,2)
PR
(b) When z = 8 we have 8 = Y + 7,0r
2 2
_x Ly
16 32

Major axis: 2\/3_2 = 8\/5
Minor axis: 2/16 = 8

2 =32-16 =16,c = 4
Foci: (0,+4,38)

2 2
2
2 4

2
(a) When y = 4youhave z = % + 4,

Focus: [0, 4, gj
2

(b) When x = 2 you have

2
z=2+y7,4(z—2):y2.

Focus: (2, 0, 3)

63. If (x, y, z) is on the surface, then

(y+2)2 xz+(y—2)2+z2

Y44y +4=x"+1y -4y + 447

x* + 22 =8y
Elliptic paraboloid

Traces parallel to xz-plane are circles.

64. If (x, v, z) is on the surface, then

22:x2+y2+(z—4)2

Z=xt+ P+ 22 -82+16

2 2
82:x2+y2+16:z:%+%+2

Elliptic paraboloid shifted up 2 units. Traces parallel to
xy-plane are circles.

z
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x2 y2 22

+
39632

65. +
39632 3950°

©
2
—

=257 1 o4em’

64

437
64

=1 67.

68.

69.

70.

2 2
z:)b}—z—x—z,z:bx+ay
a
2 2
bx-&-ay:Z—z—a—
472 24
alz[2+a2bx+af]=blz(yzab2y+ b]
) U2
a2 - b2
2 2
y:ib[+ab]+ab
a 2

Letting x = at, you obtain the two intersecting lines
x=at,y =-bt,z=0and x = at,

y = bt + ab? z = 2abt + a*b>.

Equating twice the first equation with the second equation:
2% +6y% — 422 + 4y -8 =2x> + 6% — 422 —3x -2
4y -8 =-3x-2
3x +4y = 6,aplane

True. A sphere is a special case of an ellipsoid (centered
at origin, for example)

2 2 2
X z
72_‘_)}724,_*2:1
a b c
having a = b = ¢

2 422 = e canbe

False. For example, the surface x
formed by revolving the graph of x = e™ about the

y-axis, as the graph of z = e about the y-axis.

. False. The trace x = 2 of the ellipsoid

X2 y?
" + 5 + z» = lis the point (2,0, 0).

. False. Traces perpendicular to the axis are ellipses.

. The Klein bottle does not have both an “inside” and an

“outside.” It is formed by inserting the small open end
through the side of the bottle and making it contiguous
with the top of the bottle.
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Section 11.7 Cylindrical and Spherical Coordinates

1.

7,0, 5), cylindrical

=rcosd = -Tcos0 = -7

(,
X
y=rsinfd = -7sin0 =0
z=15

(_

7,0, 5), rectangular

(2, -7, —4), cylindrical

X

rcosf = 2005(—7r) =2
y rsinH:ZSin(—ﬂ)zo
z =4

(—2, 0, —4), rectangular

) [3, %, 1), cylindrical

V4 32
x =3cos— = ——
4 2
. 32
y=3sin— = ——
4 2
z =1

32 32
5 T,l , rectangular

6, —%, 2], cylindrical

X

6cos(f%j - 32
6sin[—%j - 32

z =2

32 ) 32 s 2), rectangular

y

. (4, 7?”, 3), cylindrical

X = 4cos7?ﬂ = —2\/§

. I
= 4sin— = -2
7 6

z =3
(—2\/5 ,—2, 3), rectangular

6.

10.

(—0.5, 47”, 8), cylindrical

4 1
X = ——CosS— = —
2 3 4
1 . 4r /3
y = ——sin— = ——
2 3 4
z =8
l, ﬁ, 8 |, rectangular
4" 4

. (0,5,1), rectangular

r=JO) +(5) =5
0 = arc’[anE -z

0 2
z =1

[5, % 1} cylindrical

. (2\/5 s 72\/5 S 4), rectangular

r = \/(2ﬁ)2 +(2v2) =4
0 = arctan(-1) = —%
z =4

[4, —%, 4], cylindrical

. (2,-2, -4), rectangular

T

0 = arctan(-1) = =

arcan( ) 4
=4

z
V4 o
[2\5 s —Z, —4], cylindrical

(3, -3, 7), rectangular

JF (3 =18 =32

g = arctan(—l) = —%

r

z =17

(3\/_ , —%, 7], cylindrical

57
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58 Chapter 11 Vectors and the Geometry of Space

11. (1, \/g, 4), rectangular 21. F =3
2 \/m =3
r = 12+(\/§) =2 2y

g = arctan\/§ = % }
2

z =4 2

X 4 P 3 “"‘
37
12. (2\/5 -2, 6), rectangular
r=~12+4=4
| . 22. z =2
6 = arctan 7 =5 Same
z=26
i
[4, f%, 6), cylindrical
13. z = 4is the equation in cylindrical coordinates. ’/2':/;"( Hﬁ
3 S-lte : y

(plane)

14. x = 9, rectangular equation
rcos@ =9 23. 6 =

r = 9sec @, cylindrical equation

-

S

B
\
Il

2 2 2 _ .
15. x* + y° + z= = 17, rectangular equation 1

z

6

Y

X
LI 4
r? + z? = 17, cylindrical equation 3 x
X = \/gy

16. z = x* + y* — 11, rectangular equation

z = r? — 11, cylindrical equation
17. y = x?, rectangular equation
rsin @ = (r cos 0)2

sin @ = rcos® 6

r

sec @ - tan @, cylindrical equation

18. x* + y* = 8x, rectangular equation

z
r? = 8rcos @ 24. r=s
r = 8 cos 6, cylindrical equation 2 3 z
eyt ==
2
19. y* =10 — 22, rectangular equation 72
) ¥+ -==0
(rsing)” =10 - z* 4
r?sin? @ + z> = 10, cylindrical equation T
a1
, t»
20. x* + y* + z? — 3z = 0, rectangular equation -
r? + z? - 3z = 0, cylindrical equation 22/’2
s S
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25. rP+z2 =5

+yr+ =5

30.
26. z = r’cos’ 6
z = x2
A
91
31.
21
‘LI.M 12345"6.;)
27. r =2sinf
r? = 2rsin @
¥t +y? =2y
¥+ -2y =0
X +(y—l)2 =1
32.
28. r = 2cosé@
r? = 2rcos @
¥+ y? = 2x
¥ +3y?-2x=0
(x =17 + % =1 3

29.

59

(4,0,0), rectangular
p=~&+0+0 =4

tan6’— =0=>6=0
X

P
= arccos 0 = —
¢ 2
(4, 0, ZJ, spherical
2
(—4,0,0), rectangular

(4 + 0>+ 0% =4

p =
tnf =2 =0= 60 =0
x
6 = arccos (ij = arccos(0) = z
e 2

(4, 0, %} spherical

(—2, 2\/3 ) 4), rectangular

p:\/(Z) (2\/_) + 4 =42
_ 23

[4\/5 R 2?”, %J, spherical

(2, 2, YND) ), rectangular

2402 4 (4\/_) 24/10

p =

Y
x

tan 0 = :1:>9:z
4

2
¢ = arccos—=

J5
(2\/ 10, %, arccos

2
—— |, spherical
NG j b
(\/3 R 2\/3), rectangular
=~3+1+12 =4

y 1

tan @ = = —
V3

(4, z, ZJ, spherical
6 6

© 2010 Brooks/Cole, Cengage Learning



60

34.

35.

36.

37.

38.

Chapter 11 Vectors and the Geometry of Space

(-1, 2,1), rectangular

p =~ +22+1> =6

tan 0 = R -2 =60 = arctan(fZ) + 7
x

= arcead L
¢—accos(\/gj

[\/E ,arctan(—2) + 7, arccos Lj, spherical

J6
[4, %, %), spherical
. Vs
x = 4sin —cos — = \/g
4 6
y = 4sin%sin% = \/E

z = 4cos% = 2\/5

(\/g s J2 R 22 ), rectangular

[1 2, 3—”, zj, spherical
4°9

-2.902

14

x = lZsinﬁcosE
9 4

2.902

Q

y = 12sin£sin3—”
9 4
z=12 cos% ~ 11.276
(—2.902, 2.902,1 1.276), rectangular
[12, —z, 0], spherical
4
x = 12sin Ocos[—%j =0

y =12 sinOsin(—%) =0

z =12cos 0 =12
(0, 0, 12), rectangular

8

. Vs
x = 9s1n7rcosZ =0

X 7[], spherical

NG

y = 9sin7zsin% =0

=9cos7 = -9

z
(0,0, -9), rectangular

39.

40.

41.

42.

43.

[5, E, 3—”), spherical
4 4

YRRV

. 3m V4
x = 5sin— cos —
4 4

.3 .z
y =5sin—sin— =
4 4

3t 52

z =5co0s— =

4 2
33 772 rectangular
25 27 bl gu

[6, T, zj, spherical
2
X = 6sin£cos7z = -6
2
y = 6sin%sin7z =0

z=6cos£=0
2

(76, 0, 0), rectangular

y = 2,rectangular equation
psingsin@ = 2

p = 2csc ¢ csc 0, spherical equation

z = 6, rectangular equation
pcosg =6

p = 6sec ¢, spherical equation

x* + y? + z2 = 49, rectangular equation

p’ =49
7, spherical equation

AN
I

. x2 + y* — 3z% = 0, rectangular equation

szryz+22:4z2

p? = 4p*cost ¢

1 = 4cos’ ¢
1
cos ¢ = —
¢ 2
¢ = %, (cone) spherical equation
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. x% + y? = 16, rectangular equation
p? sin? ¢sin® @ + p?sin? gcos’ 6 = 16
p? sin’ ¢(sin2 6 + cos? 49) =16
p?sin’ ¢ =16
psing =4
p = 4 csc ¢, spherical equation
. x = 13, rectangular equation
psingcosd =13
P

13 csc ¢ sec 6, spherical equation

x? + y? = 2z%, rectangular equation
p? sin? g cos’ @ + p?sin® gsin® @ = 2p? cos® ¢
p? sin? ¢5[cos2 6 + sin? 0] = 2p? cos® ¢
p*sin? ¢ = 2p% cos®
sin? ¢
cos® ¢

tan’ ¢ = 2

tan ¢ = +2, spherical equation

. x% + y* + z* — 9z = 0, rectangular equation 51 9=~
p> —9pcosg =0 6

p = 9 cos ¢, spherical equation

. p =
x2+ 2+ 22 =25

L0="
4
tan 9 = 2
x
4o
X
x+y=0
Sk
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52.¢=%

z

CoS =
¢ 2 2 2
X+ )y +z

z=0

xy-plane

53. p =4cos¢
N L

¥+ Y+ 22— 4z

)cz-i—yz-k—(z—Z)2

z

4z

NS

4,z >0

56. p = 4cscdsec g
4
sin ¢ cos @

psingcosd = 4

58. , cylindrical

»
|
1N
S
Ne—

+0% =3

[3, —Z, ﬁ} spherical
42

=N+ 4 =42

59. [4, %, 4], cylindrical
P
0==

2

¢:arccos[ 4 J:z
~2) 4

(4\/5 ) %, %} spherical
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61.

62.

63.

64.

[ 7” ) cylindrical

N

o-22
3

()5
[2\/— 2z 3%

4-

p = 246° =
0 =

j spherical

c\\e\q

7%, 6], cylindrical

6

¢ = arccosi
V13

2+/13 , arccos
[ V13

3 } spherical

[—4, % 4}, cylindrical

p=+/(-4) +# =42

¢ = arccosL
V24
[4\/— il )spherlcal

(1 2,7, 5), cylindrical

p=~122 +5 =13
0=rx

5
= arccos —
¢ 13

(1 3, &, arccos %), spherical

[4, %, 3), cylindrical
p=~4+3 =5
0==

2

3
= arccos —
¢ 5

[5, z, arccosé), spherical
2 5

Section 11.7 Cylindrical and Spherical Coordinates

65. [l 0, E, Ej, spherical
6 2

66.

67.

68.

69.

r =10sinZ =10
2

0 =

SE:O

o ol

(10,— 0] cylindrical

[4,18 j spherical

z:4cos£=0
2

[4, 1, OJ, cylindrical
18

[36, T, %j, spherical

r = psing = 36sin§ = 36
0=nr

z = pcosg = 36005% =0

(36, 7, 0), cylindrical

(1 8, z, ﬁ} spherical
3'°3

r=psing = 18sin% =9
0-=
3

z = pcos¢ = 18cos§ =93

[9, z 9\/5), cylindrical

3

[6, —z, zj, spherical
6 3

r:6sin%:3\/§
0=-=2
6

z:6cosz:3
3

[3f j cylindrical

63
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70.

71.

73.

74.

75.

76.

77.

78.

79.

80.

81.

82.

83.

84.

Chapter 11

[5, —5%, ﬂ'), spherical

r=5sinz =0
5z
6

z=5cosm =-5

[0, —5?”, —5), cylindrical

[8, 7—”, EJ, spherical
6 6

r=85in£=4
6

0 -1
6
T 83
z =8cos— = ——
6 2

[4, 7%, YNE] ], cylindrical

Rectangular
(4,6,3)

(6,-2,-3)
(4.698,1.710,8)
(7.317,-6.816, 6)
(-7.071,12.247,14.142)

(6.115,1.561, 4.052)
(3,-2,2)

(3\/5 ,3V2, —3)

S 4 _é)
2’3 2
(0,-5,4)

(-3.536,3.536,-5)

(-1.732,1,3)

Vectors and the Geometry of Space

Cylindrical
(7.21 1,0.983, 3)

(6.325,-0.322,-3)
5,2, 8)
9
(10,-0.75, 6)
(14.142,2.094,14.142)

(6.311,0.25,5.052)

(3.606, -0.588, 2)

(6,0.785,-3)

(2.833,0.490, -1.5)

(5,-1.571,4)

[5, 3£’ _Sj
4
[_2, liz, 3]
6

{N ote: use the cylindrical coordinate (2, 5?7[, 3]}

72. [7, E, 3—”), spherical
4 4
3z 12
r=7sin— = ——
4 2
0==
4
3 72
z =7c08s— = —
4 2
W2 r IN2)
——,—,———— |, cylindrical
2 4 2
Spherical

(7.810,0.983,1.177)

(7.000,-0.322, 2.014)
(9.434,0.349,0.559)
(11.662, ~0.750,1.030)

)

7.5,0.25,1)

2

20, —
3

I

(
(4.123,-0.588,1.064)

(6.708, 0.785, 2.034)

(3.206, 0.490, 2.058)
(6.403, -1.571,0.896)

(7.071,2.356, 2.356)

(3.606, 2.618, 0.588)
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85.

86.

87.

88.

89.

90.

91.

92.

93.

94.

95s.

96.

Section 11.7 Cylindrical and Spherical Coordinates 65

Cylindrical
(—3.5, 2.5, 6)

Rectangular
(2.804, -2.095, 6)

[Note: Use the cylindrical coordinates (3.5, 5.642, 6)]

(2.207,7.949, -4) (8.25,1.3,-4)

(~1.837,1.837,1.5) (2.598,2.356,1.5)

(0,0,-8) (0, -0.524, -8)

r=>5
Cylinder
Matches graph (d)

PR
4

Plane
Matches graph (e)

p=75
Sphere
Matches graph (c)

T
"

Cone

Matches graph (a)

rt=z,x" +y° =z
Paraboloid

Matches graph (')

p =4secp,z = pcos¢g =4
Plane

Matches graph (b)

Rectangular to cylindrical: #* = x* + y?

tan 0 = 2z
X

z =1z
Cylindrical to rectangular: x = r cos @

y
z

rsin @

=z

6 = c is a half-plane because of the restriction » > 0.

Spherical
(6.946, 5.642, 0.528)

(9.169,1.3,2.022)

97.

98.

99.

100.

101.

Rectangular to spherical: p? = x* + y* + z?

Y
X

¢ = arccos —
NS

Spherical to rectangular: x = p sin ¢ cos 6

tan 0 =

y = psin @sin 6

z = pcos¢
(@ r=a Cylinder with z-axis symmetry
6=5> Plane perpendicular to xy-plane
z=c Plane parallel to xy-plane
b)) p=a Sphere
0 =>b Vertical half-plane
¢ =c Half-cone
¥+ y? + 22 =25

(@ r2+z2=25

b) pP=25=p=>5

4()c2 + y2) =z

(@ 4 =22=2r=2

(b) 4(p2 sin? ¢ cos? @ + p? sin? ¢ sin’ 9) = p*cos’ ¢
4sin* ¢ = cos’ ¢,

tan® ¢ =

s

tan ¢ =

D= A=

1
= ¢ = arctan E

¥+ P+ 22 -22=0

@ P +z22-22=0=r+(z-1) =1

(b) p* —-2pcosg =0
p(p—2c05¢) =0
p = 2cos¢
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102.

103.

104.

10s.

106.

107.

Chapter 11 Vectors and the Geometry of Space

¥+ =z

(@ r* =z

(b) p*sin’ ¢ = pcos¢
psin® ¢ = cos ¢

cos
P= sinziﬁ
P = csc gcot @
¥} +y? =4y
(@) 7> = 4rsin@,r = 4sinf
(b) p?sin® ¢ = 4psin ¢ sin
psin¢(psin¢f4sin0) =0
b= 4sin
sin ¢
p = 4sinfcsc @

x2+y? =36
@ rP=36=>r=6
(b) p?sin® ¢ cos? @ + p? sin® psin® O = 36
p?sin? ¢ = 36
p =6c¢cscg

¥ -y'=9

(@) r?cos’@ —r?sin?@ =9

r? o= 9%
cos? @ — sin’
(b) p?sin’ gcos? O — p?sin? gsin? @ =9
p?sin? g = 2

) 9csc? ¢

cos? 6 —sin’ @

y=4
(@) rsind =4 = r = 4cscl
(b) psingsinf = 4,

p =4cscgescd

(==}
IN
N
IN

IA
~
IA
F N ] N‘(\q

IA
N
IA

cos? 6 —sin’ @

108. -

A NN
IA
>
IA

SRR

(=}
~

IA
%}

rcos d

(==}
IA
N

IN

P
=
°
o
IN
D)
IA
N
N

(e}
IN
~
IA
N}

r<z<a

(e}

IA
A
\

S

A

RS

A

L ~ i
[¢]

o

-

=
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Section 11.7 Cylindrical and Spherical Coordinates 67

117. Spherical

1m. o<o<=
2 4<p<6

T

0<gp<X

$=3

0<p<2

118.
2z

114. 0 <6 <« / 2 2

NI -1 <z<~N9-F
V4
0<¢g < —
¢ 2
1< p<3

119. Cylindrical coordinates:

rr+z22 <09,

115. Rectangular r <3cosf,0<0 <7

0<x<10
0<y<10
0<z<10

z

10

120.

116. Cylindrical:
075 < r < 1.25
0<z<8

;l
-

121. False. » = z = x> + y? = z%is a cone.

122. True. They both represent spheres of radius 2 centered at
the origin.
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68 Chapter 11 Vectors and the Geometry of Space

123. False. (r,6,z) = (0,0,1)and (r,6,z) = (0, 7,1) 125. z =sinf,r =1
represent the same point (x, y, z) = (0,0, 1). 2 —sind = % _ % _y
124. True (except for the origin). The curve of intersection is the ellipse formed by the

intersection of the plane z = y and the cylinder » = 1.

126. p = 2sec¢p = pcos¢g = 2 = z = 2plane
p = 4sphere
The intersection of the plane and the sphere is a circle.

Review Exercises for Chapter 11

1. P=(1,2),0 = (41),R = (5,4) 8. Looking towards the xy-plane from the positive z-axis.
o The point is either in the second quadrant (x <0,y > 0)
@ uw="P0={4-11-2)=(3-I)

- or in the fourth quadrant (x > 0,y < 0).The
v=PR=(5-14-2)=(42)

z-coordinate can be any number.

(b) u=3-j 2
15

(© HVH=\/m:\/E:2\E 9-(x—3)2+(y+2)2+(z_6)2:(?j

d 2 =2(3,-1) + (4,2) = (10,0

@ 2u+v =23,-1) +(4,2) = (10,0) 10. Center:(0+4}(0;6j’[4;0J:(2,3,2)

»rotanes (5’_1),R ) (2,4) Radius:
(a) u:iT?:<7,0> \/(2*0)2+(3*0)2+(274)2:\/m:\/ﬁ
v = PR = (4,5) (-2 4 (3 4 (=2 =17
b) u=7
© |vl=V#+5 = Va1 1. (x* —4x +4)+ (> -6y +9)+ 22 = 4+4+9

Il
el

(1672)2 +(yf3)3 + 22
Center: (2,3,0)
3. v =|v|(cos @i + sin 6 j) Radius: 3
= 8(cos 60°i + sin 60° j)

_ S[Ii + \f] =di+ 43 = (4.43)

(d) 2u+ v =2(7,0)+ (4,5 = (18,5)

2

4. v =|v|cos @i +|v|sin

= 1 cos 225° + 1 sin 225°j
2 2

12, (¥ —10x + 25) + (y2 + 6y +9)

5

= ——j - —"j=
! 4 4

2 2 +(zz—4z+4)=—34+25+9+4

(=5 +(r+3) +(z-20 =4
5.z=0,y =4,x =-5: (—5, 4, 0) Center: (5’ 3, 2)

6. x=z=0,y=-7:(0,-7,0) Radius: 2
7. Looking down from the positive x-axis towards the

yz-plane, the point is either in the first quadrant
(¥ > 0,z > 0) or in the third quadrant (y < 0,z < 0).

The x-coordinate can be any number. Q-ﬁ__ L
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13. (a), (d)

14. (a), (d) 5, _5,5)2

15.

16.

(b)
(©

(b)
©

2,-1,3)3

v=(4-24-(-1),-7-3) = (2,5-10)

v = 2i + 5j — 10k

-

x (6.2,0)

v=3-6-3-28-0) =(3-538)
v = -3i - 5j + 8k

v=(1-36-49+1) =(-4,210)

w

=(5-33-4,-6+1) =(2,-1,-5)

Because —2w = v, the points lie in a straight line.

\4

w

=(8-5-5+45-7) =(3,-1,-2)

=(11-56+4,3-7) =(6,10,-4)

Because v and w are not parallel, the points do not lie in
a straight line.

17. Unit vector: —— = <2’3’5> - < 2 3 5 >
Jul ~\/38/  \\/38"/38 /38
18. 8<6’\;j_’92> = %(6, 3,2) = <§,_§, §>
19. P = (5,0,0),0 = (4,4,0), R = (2,0,6)
(@ u = PO =(-1,4,0)
v = PR = (-3,0,6)

(b)
(©)

u-v= (—1)(—3)+4(0)+0(6) =3
v.-v=9+36=45

21.

22.

23.

24,

25.

26.

Review Exercises for Chapter 11 69

. P =(2,-1,3),0 = (0,51),R = (5,5,0)

u=(7,-2,3),v = (-1,4,5)

Because u - v = 0, the vectors are orthogonal.

u = (-4,3,-6), v = (16,12, 24)

Because v = —4u, the vectors are parallel.

[ 37, .3;:,] SN2
= 5/ cos =i + sin —j| = [-i + j]
4 4 2

=
|

<
|

2 .2
= 2(c0s?ﬂi+sm?ﬂjj = 7i+\/§j

J2
u.v:¥(1+ﬁ)

Jul=5 " Ivl=2
R R I G e B RN
[ullv] 5(2) 4
6= arcosM =15° [or,3—” 2z - rlSO}
4 4 3 12
u = 6i+2j—-3k,v =-i+35j
-y |6+ 10] 4
cosf = = =
[ullvl V49v/26 7426
6 ~ 83.6°
u = (10,-5,15), v = (-2,1,-3)
u = —5v = uis parallel to v and in the opposite
direction.
0=rx
u= <1, 0, —3>
vV = (2, -2, 1)
u-v=-1
Jul = Vo
[vl=3
\u : v\ 1
cosf = ——8 = ——
[ulllv] - 3+/10
0 ~ 83.9°
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70 Chapter 11 Vectors and the Geometry of Space
27. There are many correct answers. i j k
For example: v = i<6, -5, 0>. B.n=vxw=|2 -4 -3|=-2i-j
o o -1 2 2
28. W = F - PO = |F||PQcos & = (75)(8) cos 30° In] = <5
= 300~/3 ft-Ib n 1 1
— = —=(—2i — j), unit vector or—=(2i + j
H“H \/g( J) \E( J)
In Exercises 29-38, u = (3,-2,1), v = (2,-4,-3),
w = (-1,2,2). (i j K]
34, uxv=|3 -2 1|=10i +11j -8k
20, u-u = 3(3) + (2)(-2) + (1)) PR
= 14 = (VIa) = |uf’ 0]
vxu=|2 -4 -3|=-10i —11j + 8k
u - vl 11 3 -2 1
30. cos @ = = L -
H“HHVH V1429 So, u x v =—(v><u)
11
0 = — | ® 56.9°
arccos(\/ﬁ\/ﬁj 35. V = fu- (vxw) =[3-21)(-2,-1,0) = |-4 = 4
u-w 36. ux (v+w)=(3-21)x(,-2-1)
31. proj, w = > [u . .
[l ik
=3 -2 1|=4i+4j-4k
= —i<3, -2,1) e
14 1 -2 -1
_ <_E 1o _i> i ok
14714 14 uxv=1|3 -2 1|=10i+11j- 8k
_ <_E 5 _i> 2 -4 3
N\ 147 14
i jk
32. Work=u-w=-3-4+2=-5 uxw=|3 -2 1|=-6i—-7j+4k
-1 2 2
(uxv)+(uxw)=4i+4j-4k =ux(v+w)
37. Area parallelogram = [u x v| = [(10,11, -8)| = \/10* + 11 + (-8)" (See Exercises 34, 36)
= /285
38. Area triangle = %Hv xw|= % (—2)2 + (—l)2 = ?(See Exercise 33)
39. F = c(cos 20°j + sin 20°k)
PO = 2k
i i k .
- PO
PO xF =10 0 2 = —2c¢ cos 20° Zoo N

0 ¢ cos20° csin20°
200 = HFQ X FH = 2c¢ cos 20°
100

= X

cos 20°

F = COISOSO"(COS 20°j + sin 20°k) = 100(j + tan 20°k)

|F| = 100v/1 + tan®20° = 100 sec 20° ~ 106.4 Ib
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40.

41.

42.

43.

44.

1
2

2
Vz‘u-(v'w)‘z 0
0 -1

0
1[=2(5 =10
2

v=(9-311-0,6-2) =(6114)

(a) Parametric equations:
x=3+6t,y =11t,z =2+ 4

(b) Symmetric equations: d - % _z-2

4

v=(8+110-45-3)=(96,2)

(a) Parametric equations:
x=-14+9%y=4+6tz=3+2t

+1 y-4 z-3

(b) Symmetric equations: o 5 5

v=j

@ x=Ly=2+tz=3
(b) None

Direction numbers: 1, 1, 1

@ x=1+t,y=2+t,z=3+1¢
b)) x-1=y-2=2z-3

(©)

2

46.

Review Exercises for Chapter 11 71

. 3x -3y -Tz=-4x-y+2z=3

Solving simultaneously, you have z = 1. Substituting
z = linto the second equation, you have y = x — 1.
Substituting for x in this equation you obtain two points
on the line of intersection, (0, -1, 1), (1, 0, 1), The
direction vector of the line of intersectionisv = i + j.

(@ x=ty=-1+tz=1

®) x=y+Lz=1

(©)
o
| -4
271 -3
-4 -3 -2 1 | 2 3 4 4
3
4 -2
x -3
4T
i jk
uxv=|2 -5 1|=-21li-11j-13k
-3 1 4

Direction numbers: 21,11,13
(@ x=2lt,y =1+11t,z =4+ 13¢

X y-1 z-4

(b)

21 11 13

(©

J
8 1| =-27i - 4j - 32k
5

Il
(=}

“27(x +3) - 4(y + 4) - 32(z - 2)
27x + 4y + 32z = =33
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72 Chapter 11 Vectors and the Geometry of Space

48. n=3i-j+k
3(x+2)—1(y—3)+1(z—l):0
3x—-y+z+8=0

49. The two lines are parallel as they have the same direction
numbers, —2, 1, 1. Therefore, a vector parallel to the

planeis v = —2i + j + k. A point on the first line

is (1,0, 1) and a point on the second line is (-1, 1, 2). The
vectoru = 2i — j — 3k connecting these two points is
also parallel to the plane. Therefore, a normal to the

plane is
i j k
vxu=|-2 1 1
2 -1 3

= 20 - 4j = —2(i + 2j)
Equation of the plane: (x — 1) + 2y = 0
x+2y =1

50. Let v = (5 - 2,1+ 2,3 —1) = (3,3,2) be the direction
vector for the line through the two points. Let
n = <2, 1, —1> be the normal vector to the plane. Then

i j k
vxn=|3 3 2|=(57-3)
2 1 -l

is the normal to the unknown plane.
Sx=5)+7(y-1)-3z-3)=0
Sx+7y-3z+27=0

51. O(1,0,2) point
2x -3y +6z=6
A point P on the plane is (3, 0, 0).
PO = (-2,0,2)
n = <2, -3, 6> normal to plane

PO -n| g

a7
52. 0(3,-2, 4) point
2x -5y +z =10
A point P on the plane is (5, 0, 0).
PO = (-2,-2,4)
n = (2,-5,1) normal to plane

_[Po-nl 10 30

o] 303

53. The normal vectors to the planes are the same,
n = (5-3,1)

Choose a point in the first plane P(0, 0, 2). Choose a
point in the second plane, Q(O, 0, —3).
PO = (0,0,-5)

oM g s 3

[n] ~ 35 35 7
54. Q(—S, 1 3) point
u = <1, -2, —1> direction vector
P(l, 3, 5) point on line

PQ = (-6,-2,-2)

i j Kk
POxu=|-6 -2 -2|=(-2,-814)
1 -2 -

D:‘

PO
| quH:\/264 Uil
[ul 6

55. x+2y+3z=6

Plane
Intercepts: (6, 0, 0), (0, 3, 0), (0, 0, 2),
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56. y = z*

Because the x-coordinate is missing, you have a
cylindrical surface with rulings parallel to the x-axis.

The generating curve is a parabola in the yz-coordinate

plane.

57. y = %z

Plane with rulings parallel to the x-axis.

58. y = cosz

Because the x-coordinate is missing, you have a
cylindrical surface with rulings parallel to the x-axis.
The generating curve is y = cos z.

Ellipsoid

xy-trace: — +

xz-trace: — + z° =1

yz-trace:

Review Exercises for Chapter 11

60. 16x* +16y* — 92> = 0
Cone

xy-trace: point (0, 0, 0)

xz-trace: z = iﬂ
3
4

yz-trace: z = i—Ty

2 2
61. = -2 2=
16 9
X .y
9 16
Hyperboloid of two sheets
2 2
y x
-trace: — — — =1
i 9 16

xz-trace: None

yz-trace: % -z22 =1

62. =+ 2
25 4 100
Hyperboloid of one sheet

2 2
-trace: — + — =1
v 25 4

2 Z2

xz-trace: — — —
25 100

2 2
z
yz-trace: y _Z

4

100

=1

73
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74 Chapter 11 Vectors and the Geometry of Space

63. x> + z° = 4.

Cylinder of radius 2 about y-axis

LZL“ -

‘ _2‘. _-H|.I T ¥

64. > + 2% = 16.

Cylinder of radius 4 about x-axis

65. Lety = r(x) = 2/ and revolve the curve about the
X-axis.
66. x> +2y? + 22 = 3y
x? + 22 =3y — 2y?
Let x> = 3y — 2y?(Trace in xy-plane)

Thenx = /3y — 2)? is a generating curve. Revolve
the curve about the y-axis.

67. z* = 2y revolved about y-axis

68. 2x + 3z = 1revolved about the x-axis
1-2x
z =

¥+ 2 = [r(x)]z = (1 — 2sz,Cone
3

69. (72\/5 s 22 s 2), rectangular

@@ r = \/(—2ﬁ)2 + (2\/5)2 - 4,

0 = arctan(-1) = —,z = 2,

(4, 37”, 2), cylindrical

b) p= \/ (72\/5)2 + (2\/5)2 +(2) = 25,
3 ¢ = arccos 2 = arccos L
4’ NE NG

(2\/3 ) 37”, arccos \ég} spherical

0 =

4°4 2

n[P.225

J, rectangular

@ = [ﬁj " [3j -3

4 4 2

0 = arctan/3 = %,

33 (3 7 33 o
z = ——,| —,—=,—— |, cylindrical
2 2 2 2
2 5 2
) p= V3L (3, (33 :\/30’9:?
4 4 2 2 3

¢ = arccos 35 N30z arccos 3& spherical

10 2 2 2 3 2 ]0 >

71. (100, f%, so), cylindrical

p =~100% + 50 = 50-/5

0=-=
6

50 1
= arccos| —~ | = arccos| — | ~ 63.4° or 1.107
’ (50\/3 j (\E J
(50\/3 , —%, 63.4°), sperical or (50\/5, —%, 1.1071)

72. (81, —%”, 27\6), cylindrical

p =~/6561+ 2187 = 54/3

g=-2
6

¢ = arccos 2773 = arccos 1.z
54/3 2 3

(54\/— s —5?”, %j, spherical
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78.
73. | 25, —z, 3—”), spherical
4’ 4
2
rr =125 sin(z[j = r = M
4 2

0=-="

4

25V2
2

z =pcos¢g = 2500537”

252 1 2542 L
S T, , cylindrical

74. (12,

) ﬁ’ 2—”], spherical
23

= (12 sin(zgzDZ =r=6/3

r2
0 =-2
2

z=pcosg = IZCOS[Z{j = -6

(6\/— , —%, —6], cylindrical
75. x2 — y? = 2z
(a) Cylindrical:

r?cos’ @ — r?sin* @ = 2z = r?cos20 = 2z
(b) Spherical:

p? sin? g cos? @— p*sin? psin’ @ = 2pcos ¢

psin® ¢cos20 —2cosg =0

p = 2sec 20 cos g csc’ ¢

76. x* + y? + 22 =16
(a) Cylindrical: 7> + z* = 16

(b) Spherical: p = 4

77. r = 5cos 0, cylindrical equation

r? = 5rcos 6
x? + y? = 5x
25

25
X —5x+ =+ =
47 T

2 2
5 2 5 3
(x — Ej + 3y = [Ej , rectangular equation

79.

80.

Review Exercises for Chapter 11 75

= 4, cylindrical equation

N
|

= 4, rectangular equation

N
|

0 = %, spherical coordinates
tan 6 = tan > = 1
4

Y
X

y = x,x 2 0, rectangular coordinates, half-plane

p = 3 cos 0, spherical coordinates
3

N . —

NS e

¥ +y?+z2-32=0

2 2
x2+ 7+ (z - %] = [%j , rectangular coordinates, sphere
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76 Chapter 11 Vectors and the Geometry of Space

Problem Solving for Chapter 11

1. a+b+c=0 3. Label the figure as indicated.
b x (a +b + c) =0 From the figure, you see that
(bxa)+(bxe)=0 S—:%a—%b:R—Qandﬁ:%a+%b:P—Q.

[axb]=]b>xef
[b > e =[b]]e]sin 4
|a < b] = af[b] sinC

Because SP = RO and SR = PQ,
PSRQ is a parallelogram.

Then,
sind Hb X cH
[l lafllb]]e]
_ laxn]
lallibffe]
_sinC
B W 4. Label the figure as indicated.
PR=a+b
SO=b-a

(a+b)-(b-a)= HbH2 ,HaHZ = 0, because

|a| =|[b] in a rhombus.

sin A sinB. . .
= is similar.
lal ] s R

The other case,

2 f(x) = [Nt +1a a

(a) ’ P ]

5.(a) u= <0, 1, 1> is the direction vector of the line

B I determined by P, and P,.
/]
_Fe)
]

© fx) = Va4 |20, (0.1.]

=&
o

=
1]
S

g
L

+

Qo
SN—

|

/\

o o £.L)
2 2

(d) Thelineisy = x: x =t,y = t.

(b) The shortest distance to the line segment

is|Po| = [2.0.-D)] = /5.
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Problem Solving for Chapter 11 77

6. (n+ PPo) L (n - PPo) 9.(a) p=2sing
Figure is a square. Torus
So, || PPy || = | n| and the points P form a circle of radius

||n|| in the plane with center at P,.

n+ PP, n-PP,

VAL

o - (b) p = 2cos¢
7. () V = 72'-[0(\/;) dz = |:7Z'ZZ:| = - Sphere

0
Note'1 (base)(altitude) = l7z(1) = 17[
2 2 2

2 2
(b) x—z + Z—Q = z:(sliceatz = c)
x2

N

2
>+ A > =1
(Vea)”  (Neb)
At z = c, figure is ellipse of area

ﬁ(\/Za)(\/Eb) = zabc. 10. (@) r =2cos@

Cylinder
k
Vo= '[kﬂabc de = {m’bcz} _ mabk’ (b) z =r’cos28
0 2], 2 22 = % - 2
1 1 ) Hyperbolic paraboloid
= —(7a = —
O 2( bk )k 5 (area of base)(height)
11. From Exercise 66, Section 11.4,
p 37" uxv)x(wxz)=|(uxv)-zlw-|(uxvVv) wlz
8. () V= 2'[0”(}’2 - xz)dx = 27r|:r2x - );} = %7[73 ( ) ( ) [( ) ] [( ) J
0
1
(b) Atheight z = d > 0, 12. x = -t+3,y = Et +1L,z=2t-10 = (4,3,5)
xi + Z’% + dzz =1 (a) u = <—2, 1, 4> direction vector for line
a c
2y R P = (3,1,-1) point on line
STl e 5 -
0 =(,2,s+1)
X’ v -
az(cz _ dz) bz(cz _ dz) L 1)
= + = =1 POxu=|1 2 s+1
21 4
22 _ 32 22 _ 32
Area = ﬂ\/[a (C ; d )](b (C ; d )] :Lc;b(cz _dz) - (7 _ S)i + (—6 _ 2S)j + 5k
c c c
?qu" \/(7—s)2+(—6—2s)2+25
_ (e mab; , B D = " _
V—20 c2 (C —d)dd "u" \/ﬁ
3 4
= 2”?17{ 2d — d} = —mabc
3 0
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78 Chapter 11

(b)

Vectors and the Geometry of Space

The minimum is D ~ 2.236l ats = —I.

(c) Yes, there are slant asymptotes. Using s = x, you have

1 NE NA 2 5
D(s) = —~5x2 + 10x + 110 = ——/x> +2x+22 = —J(x+ 1) +21 > +, [—(x + 1
() = V3 +10x N NALRE V)

105

y==z

(s + 1) slant asymptotes.

13. (@) u =|u|(cos 0i + sin0j) =|uli

Downward forcew = —j

T =|T|(cos(90° + O)i + sin(90° + 6)j)

=|T|(-sin @i + cos 6 j)

0=u+w+T=|uli—j+|T|(-sin &i + cos 8 )

[u] = sin &] T
1 = cos HHTH

2

110 = 30°Jul- (2T and 1 = (V/2)|T] = |T]= F= = 11547 and fu] - ;(ﬁ] ~ 05774 b

(b) From part (a),

(©

(d)

u H: tan ¢ andH TH: sec 4.

Domain: 0 < 6 < 90°

6 | 0° 10° 20° 30° 40° 50° 60°
T | 1 | 1.0154 | 1.0642 | 1.1547 | 13054 | 1.5557 2
Ju| | O | 0.1763 | 0.3640 | 0.5774 | 0.8391 | 1.1918 | 1.7321

25

[lul]

60

[t

(e) Both are increasing functions.

®

lim _T = o and

0—>m/2

61,

lim Hqu 0.
.

Yes. As 6 increases, both 7 and | u|increase.
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14.

15.

16.

Problem Solving for Chapter 11 79

(a) The tension T is the same in each tow line.
6000i = T(cos 20° + cos(—20))i + T(sin 20° + sin(~20°));]
2T cos 20°1

7= 99 3051
2 cos 20°

(b) Asinpart (a), 6000i = 27 cos 6

T 3000

cos &

Domain: 0 < 8 < 90°

(©
o 10° 20° 30° 40° 50° 60°
T 3046.3 | 3192.5 | 3464.1 3916.2 | 4667.2 6000.0
(d) 10,000
0 9

(e) As @ increases, there is less force applied in the direction of motion.

Letd = a — p, the angle between u and v. Then

uxv| [vxu

sin(a - f) = |

Fullivl Tulvl

Foru = <cos a,sin a, 0> andv = <cos B, sin S, 0>, uH = HVH = land
i i K
vxu=|cosf sinfB 0 = (sinacos B — cos a sin f)k.
cosa sina O

So,sin (& — B) =|v x u| = sin @ cosB — cos a sin .

(a) Los Angeles: (4000, —118.24°,55.95°) Rio de Janeiro: (4000, —43.23°,112.90°)
(b) Los Angeles: x = 4000 sin(55.95°)cos(—118.24°) Rio de Janeiro: x = 4000 sin(112.90°)cos(—43.23°)
¥ = 4000 sin(55.95)sin(—118.24°) ¥ = 4000 sin(112.90°)sin(~43.23°)
2 = 4000 cos(55.95°) 2 = 4000 cos(112.90°)
(x..2) ~ (~-1568.2,-2919.7,2239.7) (x..2) ~ (2684.7,-2523.8, ~1556.5)
© cosg - Y (I5682)(26847) + (-29197)(-25238) + (22307)(-15563) _ 0
[ulllv] (4000)(4000)

0 ~ 91.17° or 1.59 radians
d s =r0 = 4000(1.59) ~ 6360 miles
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80 Chapter 11 Vectors and the Geometry of Space

(e) For Boston and Honolulu:
a. Boston: (4000, —71.06°, 47.64°)

Honolulu: (4000, -157.86°, 68.69°)

b. Boston: x = 4000 sin 47.64° cos(—71.06°)  Honolulu: x = 4000 sin 68.69° cos(~157.86°)

¥ = 4000 sin 47.64° sin(—71.06°)
z = 4000 cos 47.64°
(959.4, -2795.7, 2695.1)

u-v o (959.4)(-3451.7) + (-2795.7)(~1404.4) + (2695.1)(1453.7)

y = 4000 sin 68.69° sin(~157.86°)
z = 4000 cos 68.69°
(-3451.7, -1404.4,1453.7)

c. cos @ = HUHHVH = (4000)(4000) ~ 0.28329
6 = 73.54° or 1.28 radians
d. s = r@ = 4000(1.28) ~ 5120 miles
17. From Theorem 11.13 and Theorem 11.7 (6) you have 19. x> + )2 =1 cylinder
B ‘FQ : n‘ z =2y plane
B H n H Introduce a coordinate system in the plane z = 2y.
~ ‘w (ux v)‘ ~ ‘(u X V) w‘ ‘u (v x w)‘ The new u-axis is the original x-axis.
- Ju s v - Jux v [ux v The new v-axis is the linez = 2y, x = 0.

18. Assume one of a, b, ¢, is not zero, say a. Choose a point
in the first plane such as (—d, /a, 0, 0). The distance
between this point and the second plane is

D ‘a(—dl/a) + b(0) + ¢(0) + dz‘
\/ a? + b+
_ d, + d,| _ ldy — dy
Ja i+t e v p el

Then the intersection of the cylinder and plane satisfies
the equation of an ellipse:

¥+ =1
z 2
x2+(5j :1
2
x? o+ % =1 ellipse

20. Essay.
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CHAPTER 12
Vector-Valued Functions

Section 12.1 Vector-Valued Functions

1or(f) = ——i + Lj - 3k 3. r(r) = Indi —€lj - 1k
relo 2 Component functions: f(7) = In¢
Component functions: f(r) = b :
P ' t+1 g(t) = —e
t h(t) = —t
« -1 . ¥
Domain: (0, «)
h(t) = =3t
Domain: (o0, 1) U (=1, ) 4. r(r) = sindi + 4cos fj + ik
Component functions: f (t) = sin ¢
2. r(t) = N4 - 7i+ °j - 6k af) = 4 cost
Component functions: /(1) = /4 — ¢ h(i) =1
glr) =12 Domain: (—o0, o)
h(t) = -6t

Domain: [-2, 2]

5. r(t) = F(r) + G(1) = (cos fi —sintj + \/?k) + (cos #i + sin #j) = 2cos i + ik

Domain: [0, o)

6. r(t) = F(t) - G(r) = (ndi + 56 - 3°Kk) — (i + 4 - 3¢K)
= (Inz—1)i + (5t — 40)j + (32 + 3°)k = (Ins - 1)i + 4

Domain: (0, oo)

i ik
7. r(t) = F(1) x G(t) =|sinz cost 0 |= cos’ i — sin’cosfj + sin® tk
0 sint cost
Domain: (-, ®)
i j k
3
8 r(f) = F)x G =" T T |= —t(t+2)—tj_1
NG 1 t+2
t+1
Domain: (-0, -1), (-1, =)
9. r(t) = 1fi - (t - 1)j
(@ r(l) = 4i
() r(0) = j
© r(s+1) = Ls + D'i— (s +1=1)j = L(s + 1)%i - s
@ r(2+A) = r(2) = 42+ A% - (2 A= 1)j - (20 - ) = (24 280 + 480 )i - (1 + A0 - 20+

= (ZAt + %(At)2)i - (Ar)j = JA(Ar + 4)i - A

82
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Section 12.1 Vector-Valued Functions 83

10. r() = cos i + 2sin ¢
(a) r(0) =
(b) @——Hﬂ

(c) r(H ) = cos( )i +2 sin(B - ﬂ')j = —cos 0i — 2sin 6]
@ r (ﬁ + At) (7) = cos( + At) +2 sm[ + At]j - (cos(”]i + 2sin ”j]
6 6 6 6 6

11. r(r) = Indi + ;j + 3tk
(@) r(2) =In2i+ %j + 6k

(b) r(-3)is not defined. (ln (—3) does not exist.)

@)ro-4):m@_4ﬁ+ti4j+xt-@k

(@ r(1+Ar) -r(l) = In(1 + Ar)i +

1Atj+ 31+ Ak — (0i + j + 3K) = 1n(1+At)i+( = ]j+(3Af)k

1+ At

12. 1(f) = Jri + %) + ek

(@) r(0) =k

(b) r(4) =2i+8j+e'k

© r(c+2) =~Je+2i+(c+2)f+ el

(A r(9+ A1) = r(9) = (VO + Ar)i + (9 + A+ Pk — (3 + 27j + k)

= (Vo+ar - 3)i+ ((9 + ) - 27)j + (e*f(“”/ﬂ - e’9/4k)

13, r(r) = /ri + 3 - 4rk 17. P(-2,5,-3),0(-1,4,9)

[ = (V) + i) + (40 v =P0 = (L-112)

_Jitor + 167 = \/t(l +250) r(f)=(2+0)i+(5-1)j+(-3+120k,0<r<1
x=—2+ty—5—tz——3+12t

14. r(t) = sin 3 + cos 34j + 7k 0 < ¢ < 1, Parametric equation

H H \/ (sin 3t + (cos 31)2 +12 =1+ 7 (Answers may vary)
15. P(0,0,0),0(3,1,2) 18. P(1,-6,8),0(-3,-2,5)

v="P0 =312

v = PO = (-4,4,-3)
r(r) =3+ 6+2k 0<r<1
r(t) = (1-4)i+ (-6 +4)j+(8-3)k,0<7<1
x =3ty =tz =2t0 <t <1, Parametric equation
x=1-4,y=-6+4t z=8-73t,

Answers may va
( y vary) 0 < ¢ < 1, Parametric equation

16. P(0,2,-1),0(4,7,2) (Answers may vary)
PO = <4’ 5.3) 19. 1) - u(t) = (3¢ - () + (2°)-8) + 4()
(): +(2+50)j+ (-1+3)k, 0<7<1

=382 — > -2 + 4 = 58 — £, ascalar.

X 4y=2+5t,z=—1+3t, . .
. . No, the dot product is a scalar-valued function.
0 < ¢ < 1, Parametric equation

(Answers may vary)
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84  Chapter 12 Vector-Valued Functions

20. r(¢) - u(t) = (3cost)(4sins) + (2sin)(—6 cosr) + (¢ — 2)(t2) = £ — 2¢%,a scalar.

No, the dot product is a scalar-valued function.

21, r(1) =6+ 2+ °k, -2 < 1 <2
x=ty=2z=¢
So, z = x*. Matches (b)

22. r(t) = cos(zt)i + sin(zt)j + £’k, -1 < ¢t < 1
x = cos(wt), y = sin(xt), z = 1*

So, x* + y* = 1. Matches (c)

26. r(t) = fi + fj + 2K
xX=ty=tz=2=>x=y

(@ (0,0,20) (b) (10,0,0)

27 x =L == ax
4

y=t-1

y =4x -1
4
3
!

By I A
-2

28 x=5—-t=>t=5-x y

y=At ]
y=~5-x 67

Domain: t > 0 47

23.

24.

25.

29.

30.

r(t) =di+ 7j+ "k, -2 <1 <2

x=ty=1z=e"

So, y = x*. Matches (d)
. .2
r(r) = t1+lntj+?k,0.l <t<5
x=ty=Int,z= 2
’y b 3
So, z = 2xand y = In x. Matches (a)

(a) View from the negative x-axis: (—20, 0, 0)
(b) View from above the first octant: (10, 20,10)
(c) View from the z-axis: (0, 0, 20)

(d) View from the positive x-axis: (20,0, 0)

© (55.9)

2
X = t3,y =1
2/3
y =x"
y
.1
Pt
pui
i
34
o1
>
-5-4-3-2-1 1123 435
s
3t

x=0r+ty=1 -1
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Section 12.1 Vector-Valued Functions 85

31. x =cosf,y = 3sinf y 37. x = 2cost,y = 2sint,z =t
2 2
x? + % = 1, Ellipse Al x + 22
1+ 4 4
— > z =1
-3 -2 2 3
\/ Circular helix —
32 = 2cost B 38. x =,y =3cost,z = 3sint
y = 2sint y2+22:(3cost)3+(3sint)3:9
2 2 _ : 1
¥+ y" =4 circle I\ Circular helix along cylinder y* + z*> = 9
O _J :
it
33. x =3secd,y = 2tan 0 y
PR 12+
— = =— + 1, Hyperbola T
9 4 P o
e T s 39. x = 2sint,y = 2cost,z = e’
—2-9-6/ | N\Ne 9 12
—6+ ¥+ =4
ol
-t z=e"'

2
y 3
X==—z==
4 4y
t| 2] -1 [0]1 2
x| 4 1 0] 1 4
35. x =t +1
V= 442 y| 4|2 102 |4
z=2t+3 z -3 _% 0 % 3
Line passing through

the points: (0, 6,5),(1,2,3)

36. x =t
y=2t-5
y =3t
Line passing through
the points: (0, -5,0), (%, 0, %)
-6
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86  Chapter 12 Vector-Valued Functions

41. x =ty =1,z =27
rELY TS 43. (1) = Loy fj - ﬁtzk
y =22z =2 2 2
’ 3
Parabola
t -2 -1 011 2
x| -2 -1 011 2
v 4 prgopt g s v — - Ly Lok
Sl 2 | 2 o] 2| 2 2
2 3 3 3 Parabola
%)
-3
(2.4.-1) 45. r(s) = sindi + ﬁcost—ltj+ lcost+£k
3 2 2 2 2
Helix

42. x = cost + tsint
y =sint — tcost
z =1
4=+t =1+ 22

or x*» + 2 —z% =1

z =1t

Helix along a hyperboloid of one sheet
clix aong a yperbolold o one shee 46. r(f) = —/2 sindi + 2 cos £j + ~/2 sin 7k

Ellipse

47. (b) (©)

The helix is translated 2 The height of the helix The orientation of the
units back on the x-axis. increases at a faster rate. helix is reversed.

(d)

The axis of the The radius of the helix is
helix is the x-axis. increased from 2 to 6.
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48. r(t) = 1i + °j + 1r'h

@)

(b)

(©)

(d)

(e)

2
3
45

u(t) = r(t) — 2jisa
translation 2 units to the
left along the y-axis.

u(t) = i+ G+ ik
has the roles of x and y
interchanged. The graph

is a reflection in the
plane x = y.

u(t) = r(r) + 4k is

an upward shift 4 units.

u(r) =4+ %+ 4k
shrinks the z-value by a

factor of 4. The curve
rises more slowly.

u(r) = r(—t) reverses

the orientation.

49.

50.

51.

52.

53.

54.

SS.

56.

57.

Section 12.1 Vector-Valued Functions

y=x+5

Let x = t,then y = ¢t + 5
r(r) = di + (1 + 5)j

2x -3y +5=0

Let x = ¢, then y = %(21+5).

r(t) = 4 + 32t + 5)j

y=(x-2f
Let x = t,then y = (¢ - 2)2.

r(r) = di + (r — 2)’j

y=4-x
Let x = t,then y = 4 — £,

r(t) = fi + (4 - £)j

2+ y? =25
Let x = Scost,then y = Ssint.

r(r) = 5cos i + 5sin

(x—2)2 +yP =4
Let x —2 = 2cost,y = 2sint.

r(r) = (2 + 2cos )i + 2sin¢j

E

16 4
Let x = 4sect,y = 2tant.

r(r) = 4secri + 2 tan fj

Let x = 3costand y = 4sint

2 2
Then 2= + 2= = cos? ¢ + sin?7 = 1
9 16

r(r) = 3cosfi + 4sin

n() =d+2,0<r<2(y=x)
() =(2-1i+4j,0<1<2
r(t)=(4-1j0<t<4

(Other answers possible)

87
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88  Chapter 12 Vector-Valued Functions

58. r(t) = 4,0 < ¢ < 10(r(0) = 0,r,(10) = 10i) 60. z = x? + )%z =4
r,(1) = 10(cos fi + sin #j), So, x> + y* = 4or 6‘.
0<r< % (rz(O) = IOi,rz(%j = 52i + sﬁjj X = 2c0st, y = 2sint,z = 4.

r(r) = 2cosdi + 2sinj + 4k

r5(r) = 5v/2(1 - 0)i + 5V/2(1 - 0)j,
0211 (r(0) = 5v2i + 52 m(1) = 0 61. x> +)? =4,z =x

(Other answers possible) x = 2sint,y = 2cost

2

2 Aain?
5. z=x>+32,x+y=0 Z =X = dsinty

Let x = t,then y = —x = —¢ (ol Z T T 3z x

and z = x* + y? = 2%, 6 4 2 4

So, x =t,y = ~t,z = 212 x|0|1 V22 | V2 o

r(r) = fi — fj + 20k y[2| B2 0 | V2|2
2o 2 4 |2 0

Va-vad) s} (vavEe

62. 4x* + 4y* + 22 = 16,x = z*

If z = r,then x = Pand y = /16 — 4% - 7.

t | -13 | -1.2 | -1 0|1 1.2
x | 1.69 1.44 1 0|1 1.44
y | 0.85 1.25 1.66 | 2 | 1.66 | 1.25
z | =13 | =12 | -1 0|1 1.2

(1) = i+ 3V16 — 4t — 2+ ik

63. X+’ +22=4x+z=2

Let x =1+ sint,then z =2 —x =1-sinzand x* + y* + 22 = 4.
P I I I z z
(1+sint)2+y2+(l—sint)2=2+25in2t+y2=4 2 6 6 2
1 3
32 = 2cos’t,y = +-/2 cos ¢ x 10 2 1 Py 2
x =1+sint,y = +~/2 cos ¢ J6 J6
. 0 +— | =2 | =— | 0
z=1-sint Y 2 \/_ 2
r(r) = (1 +sin7)i + V2 cos it - (1 - sin 7)k and 212 % 1 % 0

r() = (1 + sin 7)i — ~/2 cos fj + (1 - sin 7)k
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64. x2+y2+22:10,x+y:4

Let x = 2 +sint,then y = 2 —sintand z = 4/2(1—sin2t) = /2 cost.

T T T T
tl =1 -2 1o z z z
2 6 6 2
x |1 3 2 Bl 3 2
2 2
5 3
3 2 2 Z 1 2
Y 2 2
z |0 N V2 N 0 2
2 2
r(r) = (2 + sin2)i + (2 — sin7)j + /2 cos /k

65. x* + 2> =4,y + 22 =4

Subtracting, you have x> — y* = Oor y = *x.

So, in the first octant, if youlet x = f,then x = ¢, y = ¢, z =

r(r) = d+ 4 +

4 — 2k

66. x* + y*> + z* =16, xy = 4 (first octant)

Section 12.1

Letx=t,theny=§andx2+y2+zz=t2+1—26+22:16. 4T
1 4 2 o
2= =t e - 16
(\/874\/§£t£\/8+4\/§) -
‘ 8+4v3 | 152 |25(30 |35 8 + 43
x| 1.0 1502 |25]30 |35 |39
y |39 2712 |16]13 [ 1.1 |10
2|0 26282723 [16 |0
. 4. 1 4 2
r(t):n+?]+; —t* + 161> — 16k
67. y* + 2% = (2rcost) + (2sing) = 4% = 43> 68. x> + )7 =
-
-«
120 80

e

Vector-Valued Functions 89

.
e

cos 1)2 + (e” sin t)z = =2

69. lim (7i + coszj + sin k) = 7zi — j

>

70. lim

t—2

(3ti + 2
t

21

j+lkj:6i+gj+lk
t 3 2

© 2010 Brooks/Cole, Cengage Learning



90

71.

72.

73.

74.

75.

76.

77.

78.

79.

80.

Chapter 12 Vector-Valued Functions

lim[ﬂi + 3 + I’%S’k} -0

t—0
because

1= . si .
hmﬂ = thnt = 0. (L'Hépltal‘s Rule)
10 t =0 ]

lim[\/;iJr 2‘“’1j+—1 kj
t —

t—1 t—1

does not exist because lim does not exist.

=1 f —

t—0

lim[e’i ML e”k} —itjrk
t

because
limSI—nt = lim&St =1 (L'HGpital's Rule)
t—0 t—»0 ]

lim{e"i Pt k} -0
>0 t - +1

because

lime™ =0, liml = 0,and lim

10 1w f > 2

+1

r() = ti+%j

Continuous on (-, 0), (0, =)

r(r) = i + V1 - 1j

Continuous on [1, »)

r(t) = fi + arcsin #j + (t - l)k

Continuous on [-1,1]

r(t) = <26”, e, In(r - 1)>

Continuous on # —1 > Oor ¢ > 1: (1, ).
r(r) = <e",tz, tan t>

. . V1
Discontinuous at ¢ = 5 + nrw

. T Vs
Continuous on _E + nr, 5 + nrw

r(0) = (8,0, 3/1)

Continuous on [0, %)

83.

84.

Lr() =i+ (1 -3)j+ ik

(@) s(r) =r()+3k =i+ (1 - 3)j+ (1 + 3k
(b) s(t) = r(e) = 2i = (2 = 2)i + (¢ = 3)j + &k
)

+5j =i+ (t+2)j+k

. A vector-valued function r is continuous at ¢ = a if the

limit of r(¢) exists as 7 — a and 11513 r(7) = r(a).

i+j 22
-i+j t<2

The function r(t) = is not continuous at
t =0.
One possible answer is

r(r) = 1.5cos fi + 1.5sin4j + ltk,O <t <2x
P

Note that r(27) = 1.5i + 2k.

(@ x=-3cost+1,y=5sint+2,z=4

2 2
(x—91) +(y;52) —lz=4
) x =4,y =-3cost+1, z=>5sint +2
2 2
(ygl) +(Z;52) lx=4

(¢) x =3cost -1, y=-5sint—-2,z=4

+) 2

=1,z=4
9 25
(d x =-3cos2t+1, y =5sin2t+2,z=4
2 2
-1 -2
G 0= Ly
9 25

(a) and (d) represent the same graph
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Section 12.1 Vector-Valued Functions 91

85. Let r(r) = xi(¢)i + »1(2)j + z(r)k and u(r) = x,(¢)i + y,(¢)j + z,(r)k. Then:

lim [r(t) X u(t)] = }1361 {[yl(t)zz(t) - yz(t)zl(t)]i - [xl(t)zz(t) - xz(t)zl(tﬂj + [xl(t)yz(t) - xz(t)yl(t)]k}

t—>c

= [1m 3,(e) lim 25(e) = Tim () lim 2,(1) i = [1im 30 im 2,(0) = lim (1) i (1) i

t—=c t—c t—c c

+ [lim (1) lim , (£) — Tim x,(¢) lim yl(t)}k
t—>c t—>c t—>c

t—>c
- [}133 5 (0 + lim a (1) + lim zl(t)k} x DLm Xo(1)i + lim y,(1)j + lim 2, (t)k}
= }1_1;1;1 r(1) x lim u(7)

86. Let r(r) = xi(¢)i + »1(¢)j + zi(r)k and u(r) = x,(¢)i + »,(¢)j + z5(¢)k. Then:

tim (1) - (1] = lim [5(0)5(0) + (020 + 2(0)22(0)]

= lim xl(t) }I—IB xz(t) + }1_r)1;1 yl(t) }1_r)1;1 yz(t) + }1_r)1;1 z (t) }1_1)1‘(1 zz(t)

t—c

= [t (o) + im 3y (1) + lim 2,(1)k | - T 2,0} + Tim v, (0)j + lim 2, (0)k

t—c

= limr(z) - lim u(z)

t—c 1—>c
87. Let r(r) = x(1)i + y(1)j + z(¢)k. Because r is 90. r(r) = d + %j + £’k
continuous at ¢ = ¢, then }gr(l r(7) = r(c). u(s) = (<25 + 3)i + 8sj + (125 + 2)k
r(c) = x(c)i + y(c)j + z(c)k = x(c), ¥(c), z(c) Equating components
t=-25s+3
are defined at c.
£? = 8s

el = ) + () + (=) £ =125 42
tim ] = \J(x(0)) + (@) + () =]r(0)] (25 +3)" = 8s

1—c
45 — 125 + 9 = 8s

So, | r| is continuous at ¢ .
457 = 20s +9 =0
88. Let (25 - )25 — 1) = 0
1) = 1,%f120 Fors =4, 1=-24)+3=2
-1, ift <0 ;

For s = 2, ¢t = —2(%)+3 = —6and
and r(¢) = f(7)i. Then r is not continuous at

j=]

, whereas,

c = r H = lis continuous for all 7.
The paths intersect at (2, 4, 8), but at different times

89. r(r) = /i + (9 - 20)j + I’k
u(s) = (3s + 4)i + 8%+ (5s - 4)k.

Equating components:

(t =2ands = %) No collision.

91. No, not necessarily. See Exercise 90.

2 =35+ 4 92. Yes. See Exercise 89.
9t — 20 = s? 93. True
t? =55 -4

94. False. The graph of x = y = z = £* represents a line.
So,3s+4=5-4=s5=4

9 -20=s5>=16 =1 = 4.
The paths intersect at the same time ¢ = 4 at the point 96. True. y* + 22 = 2sin2¢ + 2 cos’t = 12 = x
(16,16,16). The particles collide.

95. True. See Exercises 89 and 90.
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Section 12.2 Differentiation and Integration of Vector-Valued Functions

Lox(t) = i+t =2 y 5. r(r) = cosdi + sintj, 1, = z y

x(t) = 2, y(1) = ¢t a1 2

, + @y X x(t) = cost, y(t) = sint
X =y 2F

s r =
r(2) = 4i + 2j Ve
r(f) =24+ 5 (%j
r'(2) = 4i+j L (0 - it cossi

r —sin fi + cos
r'(1y) is tangent to the curve at 7, ,( 7[]
2

v

) r to) is tangent to the curve at ¢.

x(t) =t,p(1) = -1
y=x -1 6. r(t):3sinti+4costj,t()=%
r(l) =i

t) = 3sint, y(t) = 4 t
v) = + 24 — — x(¢) sin 7, y(7) cos

2 2

r’(l) =i+ 2j j [gj + (ﬁj = 1, ellipse
r'(1y) is tangent to the curve at #,.

3.r(r) =i+ %j, ty =2

L L
r(2) =4i + 5] i 2 7.
r'(r) = 24 - tizj 1
) .1
r'(2) = 4i — —j

4

r'(z,) is tangent to the curve at 7.

4. () r(t)=(1+0i+7j1 =1
x =1+t
y=t3=(xfl)3

®) r(l) = 2i+j

r(f) = i + 3%

(
r'(l) =i+ 3j
(

r'(1y) is tangent to the curve at 7.
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8. r(r) = <e”,e’>, th =0 y 15.
M) = e = ei W) = ¢ i
| A4 N\
y=—x>0 " 16.
x : —
-1 1 2
r(0) = (1, 1) N
r'(r) = < >
r'(0) = (-1, > 17.
r'(1,) is tangent to the curve at 7.
9. (a) and (b) r(r) = 2cos i + 2sinj + rk, 1, = 37” 18.
X2 +yP=4z=1
r'(r) = —2sindi + 2cosj + k
(37”] =-2j+ —k
19.
'(3—”] 2i + k
2
10. x(r) = fi+ 2 + 3k, 1 = 2 20.
y=x*z= %
r'(f) =i+ 24 21.
r(2) = 2i + 4j + 3k *
F(2) = i+ 4] . ”.
11. r(r) = £i - 3
r'(t) = 3% - 3j
12. 1(1) = Vi + (1 - £)j 23.
1
(¢) = i— 3%
r'(7) 2\/?1 j
13. r(r) = (2cost,5sin7)
r'(t) = (-2sin¢,5cos 1)
24. r
14. r(r) = (tcost,~2sin )
r'(r) = <—t sint + cos ¢, —2 cos t>
25. r(t) = 4costi + 4sin ¢

Section 12.2 Differentiation and Integration of Vector-Valued Functions

(a) r'(r) = —4sindi + 4cos fj
(b) r”(t) = —4costi — 4sin

(¢) r'(¢)-r"(r) = (~4sinr)(—4 cost) + 4 cos t(—4sin7) = 0

r(t) = 66 — 71%j + '’k
r'(t) = 6i — 144 + 3’k
1 r
=-i+ 166 + —k
r(7) o + 164 + 3
r'(r) = —tizi +16j + tk

r(t) = acos’fi + asin®#j + k

r'(t) = —3acos’ 1 sin fi + 3asin® 1 cos fj

r(r) = 4/ri + 21 + Inr’k

r'(r) = %i + ( t 2iz/;jj + %k

2 222
—i+5 j+?k

Jt 2

r(r) = i + 4j + 5te'k

r(r) = —ei + (Se’ + 5te’)k

r(r) = <t3, cos 3¢, sin 3t>
r'(r) = <312, —3sin 3¢, 3 cos 3t>

r(r) = (rsint,tcos1,1)

r' t) = <sint+tcost,cost—tsint,l>

r(r) = (arcsin 7, arccos 7, 0)

f0 = <\/11—z2’ \/11—t2’0>

_ o, Lo
r(7) tl+2t]

(@) r'(r) =3+ 14
(®) r'(c) = 64 + j
(

() r'(r)-r"(r) = 36%(61) + 1 = 18 + ¢

= (7 )i (7 )i
(a) r’(t) (2t + 1)1 + (2t = 1)j
®) r(r) = 2i
() r'(r)-r'"(r) = (2[ +1)(2) + (21 - 1)(2) = 8¢

93
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94  Chapter 12 Vector-Valued Functions

26. r(r) = 8cosi + 3sin
(a) r'(r) = —8sinti + 3cosfj
(b) r'(r) = —8cos i — 3singj
(¢) r'(¢t)-x"(r) = (-8sinr)(—8cost) + 3cos#(-3sint) = 55sincos ¢

27. x(1) = %tzi -+ %ﬁk

@ r()=1d-j+ %ﬂk

) r'(t) =i+k

© r(0)-r'(e) = «(1) - 1(0) + %lz(z‘) - L
28. r(r) =di+ (2t +3)j+ (3r -5k

(@ r(r) =i+2j+3k

®) r'(f)=0

© r() () =0
29. r(t) = (cost + tsint,sint — t cost, 1)

(a) r(t) < sint + sin¢ + £ cos#,cost — cost + tsint, 1> <tcost,tsint,1>

(b) r”(t) <cost — tsint,sint + t cos t, O>

(¢) r(r)-r"(r) = (tcost)(cost — tsint) + (tsint)(sint + tcost) = ¢
30. r <e ? tan >
(a) r’(t)

(b) r'(r) = <e”, 2,2 sec? ¢ tan t>

< -1, 2t, sec t>

(¢) r'(r)-r"(r) = —e™ + 4r + 2sec* rtan ¢

31 r(r) = cos(mt)i + sin(zt)j + °K, 1, = _i

r'(r) = -z sin(mt)i + 7 cos(mt)j + 2k
r’[*l — @' 2z !
4

i+ ——j—- =k
2 2 2

(1 NN NG 1y 1 47? +1
r[ZJ :\/(2J +{2] +[_5j - - 2
r:g_iég "7 1 1(\/Em' + /27 - K)
r\- 7+
r"(t) = —x* cos(zt)i — 77 sin(xt)j + 2k
r”[—l = - 2”zi + 27 ; + 2k )
4) 2 2 !
S 1 V272 ’ NEY= ’ 2 2
r(‘J:\/( 5 J +[ 5 J +(2) =7t +4
”(1/4 ! \/—7Z'l+\/—ﬂ]+4k)

NI

g Naid

SE
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33.

34.

35s.

36.

37.

Section 12.2 Differentiation and Integration of Vector-Valued Functions

r(r) = %ti + P+ ek, ) = —
r'(t) = %i + 24 — 7'k, r[ij = %i + %j + ek
r'(l =Zi+—j-eVk
4 2
r'[lj -2 + 1 +e? = l\/10 + 4e72
4 4 4 2
r'(1/4) _ 3 - 1 - 214 |
P 10+ 40 10+ 40T 10 + 46
(1) = 2j + ek, r"Gj =2j+e Mk
vv[;) /4 + 671/2
(1)
4 2 71/4 K
”[l) \/4 + e“/2 \/4 +e'?
4
r(r) = i + £

r'(r) = 24 + 3%
r'(0) =0

Smooth on (-, 0), (0, o0)

1
i+ 3¢
_1 ]

1
- i+ 3j
(e -1y’
Not continuous when ¢ = 1
Smooth on (-0, 1), (1, )
r(6) = 2cos’ Oi + 3sin’ Gj
r'(0)

r'(ﬂj =0
2

Smooth on {”2”, M

= —6cos? Osin Gi + 9sin? 4 cos b

3 j, n any integer.

r(0) = (6 + sin )i + (1 — cos 0)j
r'(6) = (1 + cos O)i + sin )
r'((2n - 1)7:) = 0, n any integer

Smooth on ((2}1 - 1)71', (Zn + 1)7[)

r(0) = (0 — 2sin Q)i + (1 — 2 cos 6)j
r’(@) = (1 — 2cos 9)i + (2 sin 9)]
r'(6) # 0 for any value of 6

Smooth on (-0, )

38.

39.

40.

42. r

95

o) = 2w 2
8§+ 847
, 16 — 4¢3, 32t — 2t*,
t) = 51+ >
(t3+8) (t3+8)

r'(r) # 0 for any value of 7.

r is not continuous when ¢ = 2.
Smooth on (-0, —2), (-2, )

r(t) = (c - )i + h_ﬁk

r'(1) :i—tlzj—2tk # 0

ris smooth orall # # 0: (-0, 0), (0, )
r(r) = ei—e’j+ 3k
r(f)=¢i+e’j+3k =0

r is smooth for all 7: (—o0, o)

. r(r) = fi = 34 + tan /k

r'(t) =i-3j+sec’k =0
2n +1
.
2

. V1
r is smooth for all ¢ # By + nr =

Smooth on intervals of form [—% + mr,% + nﬂj,

n is an integer.

rlr) = /i + (i = 1) + gk
r'(r) = z\l/;i + 24 + %k =0

r is smooth for all # > 0: (0, «)
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43.

44.

45.

Chapter 12 Vector-Valued Functions

r(t) = 4 + 36 + °k, u(r) = 4d + ’j + '’k
(@) r(f) = i+3j+ 2k
) r'(f) = 2k
(¢) r(t)-u(t) =4 +3° + ¢
D[r(r) - u(t)] = 8¢ + 9 + 5¢*
(@ 3r(r) —u(r) = =+ (9% - 2)j + (32 - £k
D,[3r(r) —u(r)] = =i + (9 - 20)j + (6 - 37 )k
@ r(r)xu(t) =2e%i = (* = 42)j+ (£ — 127 )k
D[ x(r)x ()] = 8% + (12¢* — 4r%)j + (32 - 24¢)k
®) |r(0)| = V102 + 14 = 10 + 2
10 + 277

p[[r®)]] = N

r(r) = fi + 2singj + 2 cos 7k

u(t) = %i + 2sin #j + 2 cos k

(@) r'(t) =i+ 2cossj— 2sinrk

(b) r"(r) = —2sintj — 2 cos tk

(¢) r(#)-u(r) =1+ 4sin*¢+4cos’t =5
D[r(r)-u(r)] = 0,2 %0

(d) 3r(r) —u(r) = [St - %)1 + 4sin tj + 4 cos k

1 .
D,[Sr(t) - u(t)] = [3 - [—2]1 + 4 cos tj — 4sin tk
i j k
Zsint 2cost | _ 2005t6—t]j+2sint(f—3k

2sint 2cost
Dlr(f) - u(e)] = {-z sin zG - z) + 2cos t(_tiz - 1}} + {2 cos ;[z - 3 + 2sin ;(1
©) @] = 7+ 4
D([r(0)]) = 3 + 4)

|t
(e) r(r)xu(r) = |

-1/2 t

?+4

(2t) =

r(r) = d + 2% + P’k u(r) = 'k
(@ r(t)-u) =1
() D[r(r)-u(r)] = 74

(i1) Alternate Solution:

ol

D[x(e) - u(t)] = r(t) - w'(e) + ¥'(t) - u(r) = (i + 267) + £K) - (4K) + (i + 44 + 3K) - (') = 46 + 36° = 74
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46.

47.

Section 12.2 Differentiation and Integration of Vector-Valued Functions

i j ok
) r())xu(r)=|r 22 £|=2C% - 1j
0 0 ¢

() D[r(r) x u(r)] = 12¢% — 5¢j
i j Kk i j k
(ii) Alternate Solution: D,[r(r) x u(t)] = r(t) x w'(e) x ¥'(¢) x u(t) =t 20> £l+|1 4 37| = 126 - 5t
0 0 47 0 0
r(r) = cosdi + singj + 1k, u(r) = j+ /k
(@ r(t)-u(t) =sinr + 1
@) D,[r(t) . u(t)] = cost + 2t
(i1) Alternate Solution:

D,[r(t) . u(t)] =r(r) - u'(z) + r'(r) - u(r)

(cosdi + sinsj + k) - k + (—sin#i + cos#j + k) - (j+ 1k) = ¢ + cost + ¢ = 2t + cos¢

i j k
(b) r(t) X u(t) =|cost sint t|= (t sint — t)i - (t cos t)j + cos 7k
0 1 ¢

(i) D,[r(t) x u(t)} = (fcost + sint — 1)i — (cos ¢ — sin ¢)j — sin 7k

(ii) Alternate Solution:

D, [r(t) x u(t)]

r(7) x w'(r) + r'(r) x u(?)

i j k i j k
=|cost sint t|+|-sint cost 1
0 0 1 0 1 t

= (sint+tcost—l)i+(tsint—cost)j—sintk

r(r) = 3sindi + 4cos fj
r'(r) = 3cos i — 4sin ¢
r(t) . r'(t) = 9sinfcost —16costsint = —7sinzcost
r(r)-r'(e) ~7 sin £ cos ¢
EOINEG] - \/9 sin? ¢ + 16 cos’ t\/9 cos? ¢t + 16sin* ¢

0 = arccos _Tsintcost I SN N
\/(9 sin? ¢ + 16 cos? t)\/(9 cos? t + 165sin® t)

cosd =

-1 7

6 = 1.855 maximum at ¢ = 3.927 = (Sj”j and 1 = 0.785 = (%J

6 = 1.287 minimum at ¢t = 2.356 = (37”} and ¢t = 5.498 = (77”]

0 =2 - (@157 forr =2 0 =0,1,2,3,...
2 2

97
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98  Chapter 12 Vector-Valued Functions

48. r(t

H Jar 11 0 .

263 + ¢t —05

NN

268 + ¢
6 = arccos
L/# + 24+ 1}
V2

0 = 0.340(~ 19.47°) maximum at ¢ = 0.707 = (2]

cos 0 =

0 + %for any z.

[3(c+ Ay + 2i + [1= (e a0 [ = (31 + 2)i = (1 - 2);

49. v(1) = lim re+ A - ()

= lim
Al—0 At Ar—0 At
3Ati—(Zt Af) + (A1 2)j
= A1imo( ) (At Al lim 3i — (21 + Ar)j = 3i - 21
Lind r—

50. v/(1) - fim " A0 =10

At—0 At
. . 3. 3 3
i+ Ario+ 2t+Atk}—[\/?1+—]—2tk] 3
:lim|: A t = lim V”A SIS EIVTE

At—0 At Ar—0 At

= lim Al SA ok | = fim ! S jook|=—lli-Sj-2k
A0 At(\/t + AL+ \/') (t + At)t(At)J a0 Jt+ A+ \f (t + Az)zJ NG i

51. r'(r) = lim w

At—0 At
<(t + A1), 0,2(t + At)> (2,0, 21) <21At + (ar)’,0, 2At>
= lim = lim = lim (2r + A1, 0,2) = (21,0,2)
At—0 At At—0 At At—>0

52. () - fim r(e+ A —x() (0,sin(r + At), 4(t + Ar)) — (0,sin 1, 41)

Al—0 At At—0 At
i <0, sin 7 - cos(Ar) + sin(Af)cos 7 — sin ¢, 4At> ~tim <0’ sin t(cos(At) - 1) + cos {sin(At)} 4>
At—0 At At—0 At

= <0,0 + cost, 4> = <0, cos t, 4>
53. j(2ﬁ+j+k)dz:zzi+zj+zk+c

54. [(48% + 6 — a/rk)dr = 1% + 3% - 3% + C
Lo ca 2
55._[;1+J—tkdt:1nt1+tj—§tk+C

56. J.{lnti+%j+k}dt = (tnt—1)i +Ingj+k + C

(Integration by parts)
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57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

[=))

67.

68.

69.

Section 12.2 Differentiation and Integration of Vector-Valued Functions 99

fle

sec fl+

]

" ]}dt = tan #i + arctan #j + C

—t

J[e" sinfi + e cos thdt = %Gsint — cos 7)i +

1

Lo, . al 2, 1 . 1.
.[0 (8 + 4 — k) dr = [4121J0 " {ZJ} =[], = 4+ - k

0

P 1 4 1 1
jll(ti + 255 + i/;k) dt = {ti} + {tj} + Pt“”k}
- 2| 4], e

j(:r/z [(acost)i + (asint)j + k|dt = [asin ti]g/z B

1+4t]+3\/—kJ = (P —t)i+rfj+ 2077k + C

J[e’l + sin #j + cos tk]dt =¢€'i —costj + sink + C

—t

e—fcost+sintj+C
2

-1

[a cos tj]g/2 +

[K]7* = ai + aj + %k

J:M [(secttan t)i + (tan t)j + (2 sin 7 cos t)k] dt = [secti + ln‘sect‘j + sin? thZM = (\/5 - l)i + ln\/zj + Iik

2

joz (i +e'j — k) dr = {’221} 4 [e’jlz) [ - 1)efk]; =2i+ (e 1) (& + 1)k

0

Hti + tsz: N N T

Placs i = P an = [30 )] -

r(f) = [(4e¥i + 3¢'f) dr = 2¢i + 3¢'j + C
r(0) = 2i +3j+ C = 2i = C = -3j
r(r) = 2¢™i + 3(¢' - 1)

r(t) = _[(3t2j + 6\/;1() dt = £j + 43%k + C
r(0) = C =i+ 2j
r(f) =i+ (2 i ,3)]- + 483K

= [-32jdr = 32+ C,

= C, = 600~/3i + 600j

r'(r) = 600~/3i + (600 — 32¢)j

= [[600+/3i + (600 — 321)j]at
= 600~/3i + (600f — 16%)j + C

r(0)=C=0

r(f) = 600/3i + (600¢ — 167%)j

-
=
|

0

o

~1)

70. r"(r) = —4cos fj — 3sin k
r'(r) = —4singj + 3costk + C,
r(0)=3k =3k + C, = C, = 0
r(r) = 4costj + 3sintk + C,
r0) =4j+C, =4j = C, = 0
r(r) = 4 costj + 3sink

7L r(e) = Jlee i e+ k) = —%e”zi teljik+C

r(O):f%i+j+C:%ifj+k:>C:i72j+k
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72.

73.

78.

79.

80.

81.

82.

Chapter 12 Vector-Valued Functions

74. To find the integral of a vector-valued function, you
l'(t):'[ l+2]+kdl : h fi H 1 h
1+ £ integrate each component function separately. The
constant of integration C is a constant vector.

1
= arctanti — -j+ Intk + C
i 75. At t = t,, the graph of u(t) is increasing in the x, y,

r(1) = i j+C=2i=C= (2 _ ﬁ}i +j and z directions simultaneously.
4 4

o 1 76. The graph of u(t) does not change position relative to
r(l) = [2 — — + arctan t}i + [l - Jj + In 7k

4 ¢ the xy-plane.
See “Definition of the Derivative of a Vector-Valued 77. Let x(r) = x(t)i + y(1)j + z(t)k. Then
Function” and Figure 12.8 on page 842. cr(t) = ex(t)i + oy(t)j + cz(t)k and

D,[cr( ] = cx( ) + cy( )_] +cz (t)k
= c[x j+ 2 k] =cr (t)

Let r(f) = x(0)i + n(1)i + 2()k and u(t) = x,(0)i + ()i + 22(0)k.
(1) = x@)]i + [n(0) £ »a()]i + [2() + 2()

£ (O)]i+ [0 2w O]i+[70) £ 20k

)0+ 0 (07 + 2 (O | £ [0/ (01 + 2 (05 + 2/ (0] = () + w(r)

Let r(r) = x(t)i + y( )j z(r)k, then w(r)r(r) = w(t)x(2)i + w(t)y(2)j + w()z(1)k.
L] = [0 OO [ + A » (010 + wOOHO

= w(t [x i+ y(z)j + 2Ok + w(e) x(2)i + p(0)j + 2(e)k ] = w(e)'(e) + w(o)r(r)

(
(1) < u(t) = [n(0)22(0) = 2(Oa(0)]i = [a()20) = 2 (0)]i + (0200 = 3(e)xale)Jk
Dr(t) x u(0)] = [(0)2(0) + 3 (022(0) = 2102 (1) = 2Ol i = [0 () + 5/ ()=e) = 200 () = 2 ()ale)
+ [0 (0) + 5 (a0) = 7O (1) = 7 (0)ale)
= {10=(0) - o(ﬂnpm (1) - vmm}{mwmwMMﬁMq
{MU () i = [ (1)l z@j+pmm@_ﬂmmﬂq
=r()xu(s)+r (z) X u(t)
Let r(t) = x(¢)i + y(r)j + z(t)k. Then r(w(r))
Dr(w(r))] = ¥ (w(w(e)i + ¥ (W) ()i + =(w(e
= (> (w(o))i + (w(e))i + 2 ()] = W (o' ((0)
La() x(1)i + 0 (WTmnﬂ)=f0'
xo [0 V(O] = [3(0)2 (1) = =i + [+(0)y'(r) = »(0)(0) ]k
Wr r(1)] = [(0)z 0 W@wOJiDHWWW%MW%MMh

+ [x(t)y”( y() (0)x"(r) = ¥'(0)x ]k
= [2(0)2"(t) = 2(e)y" () Ji = [x(2)2"(e) = 2(e)x"(e) )i + [x(e)y" () — (e)x"(e) J e = () x ¥"(¢)

t))i + y(w(t))j + Z(w(t))k and

)w'(t)k (Chain Rule)

— +{m
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Section 12.2 Differentiation and Integration of Vector-Valued Functions 101

83. Let r(r) = xi(1)i + »(0)j + z(1)k, u(r) = x3(¢)i + y2(1)j + z2(¢)k, and v(r) = x;(2)i + y3(¢)j + z3()k. Then:
r(7) - [u(t) x v(1)] = x () 32(0)z3(2) = 22(e)3() ] = 21 () 22 (t)23(¢) = 22(2)xs(2) | + 2 () 2 ()3 (8) = 22 (8)3(1) ]
Dz[r(’) - (u(r) V(’))J a(0)a(0)z3'(2) + xi (1) (1)z3(2) + () (2)2 (’) (f)yS(f) (1)
»(

2 (05 (0ns(0) = 32 (0)(0)]
[ (s(0) = 22 (00 )

84. Let r(r) = x(1)i + y(1)j + z(¢)k. If r(¢) - r(r) is constant, then:
Xt) + yH 1)+ 2(1) = C
[Xz(’)+y() ()] = D|[C]

2[rt)'r )] = 0.
So, r(t) - r'(r) = 0.

85. r(r) = (r —sin¢)i + (1 - cos t)j 86. r(r) = 2costi + 3sinfj

(@ 2 (a) Ellipse

° t t X
The curve is a cycloid. \ j 3

(b) r t = —2sin fi + 3cos tj

(b) r( ) (1 cos t)i + sin 4j

(t) sin fi + cos tj

Hr(t H: \/1 —2cost + cos’t + sin’ ¢

= \/m r'(f) = -2 cosfi — 3sinfj
[¢'(1)] = J4sin® £ + 9 cos® ¢

Minimum of Hr'(t)H is2, (1 = 7/2).

Minimum of H r’(t)H is0, (1 = 0).
Maximum of Hr’(t)His 2, (1 = 7).

Maximum of | r'(¢)|is 3, (¢ = 0).
[()] = NJsin £ + cos? 1 = 1 ximum of |r'(7) [is 3, (¢ = 0)

Minimum and maximum of H r'(7) H is 1.
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102 Chapter 12 Vector-Valued Functions

87. r(r) = ¢ sindi + €' cos fj
r'(r) = (¢ cost + ¢ sint)i + (¢' cos ¢ — ¢ sin ¢)j
(1) = (—e’ sint + e cost + e sint + e cos t)i + (e’ cost — e sint — € sint — e cos t)j = 2¢' cos fi — 2€' sin ¢
r(r) - r'(r) = 2¢* sint cos t — 2¢* sint cost = 0

So, r(t) is always perpendicular to r"(¢).

88. (a) r(r) =+ (4-7)j 89. True
f 90. False. The definite integral is a vector, not a real number.
s
) 91. False. Letr(r) = cos i + sin ¢j + k.
N
2 r(1.25) H )H J2
i r(1.25) —r(l)
;/ =N \; ' d,[H )] =o
) (1) = i + 3i r'(r) = —sin ti + cos 7j
r(1.25) = 1.25i + 2.4375] r()]=
r(1.25) - r(1) = 0.25i — 0.5625j 92. TFalse.
(©) r'(f) =i - 24 D[r(t) . u(t)] =r(r) - () + r'(r) - u(r)
r(l) =i-2j (See Theorem 2.2, part 4)
r(1.25) - r(l) _ 0.25i - 0.5625) _ . 225
1.25 -1 0.25
This vector approximates r’(l).
Section 12.3 Velocity and Acceleration
. 3.r(t) =ri+1 ‘
2 v(t) = r'(r) = 24 + j N
ao L a(r) = r"(r) = 2i 1 42 - -
—+ x 2 2
4 6 xX=t,y=4Lx=Yy
{7 t ; t _11 t (1 t é
At (4,2),1 = .
- v(2) =4i+j N
a(2) = 2i
4 r(t) =f+ (—t2 + 4)]
v(t) =r'(f) =i -2
a(t) = r'(1) = -2j
x=ty=-t+4=4-%
At (1,3 , =1, v(l) =1i- 2j, a(l) = -2j
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x=%t3+1,y=t3x=iy3+l

At (3,2),1 = 2,v(2) = 3i + j,a(2) = 3i

T \J
3.2)

. r(f) = 3cosdi + 2sinfj
v(f) = —3sindi + 2 cos fj

a(t) = —3costi — 2sintj
x =3cost,y = 2s1nt

At (3,0),7 = 0.

S i
4]
6
. r(r) = 2cos fi + 2 sin ¢
v(t) = r'(r) = 2sindi + 2 cos j
a(r) = r"(r) = 2 cosfi — 2sin fj
x = 2cost,y = 2sint, x* + y?
At (\/— \/E)t—z
4
(e
\ORRERE
4

= 1 Ellipse

v

_y(‘,

3,0)

x

Section 12.3 Velocity and Acceleration 103

9.

11.

12. r

13.

14.

~

v(t) = r'(7)

r() -

<t —sint,1 — cos t>

= <1 — cos t, sin t>

a(r) = r"(r) = (sin,cos 1)

x =t—sint,y =1— cost (cycloid)

At (7,2),t =
v(;z') = <2, O> =2i
a(z) = (0,-1)

fi + 5t + 3tk
i+5j+3k

=1+5 +3 =35

46 + 4t + 21k

=4i + 4j + 2k

=[v()| =16 +16+4 =6

tZ
+ %+ =k
2

i+ 24

+ tk

(t)H: J+42+ 72

=1+ 52
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15.

16.

17.

18.

19.

20.

Chapter 12 Vector-Valued Functions

r(f) =d + 6+ N9 -’k

vit) =i+j-
(1) —

t 18 — ¢
0 == 1 o = [

r(f) = i + 6 + 207k

v(r) = 24 + j + 31k

s(t) = v(e)| = V4Z + 1+ 9 =4 + 91+ 1
3
t kK
a(1) + i

r(t) = <4t, 3cost,3sin t>
v(t) = <4, —3sint, 3 cos t> = 4i — 3sintj + 3cos 7k

=HV(1)H= \/16 +9sin’t +9cos’t =5

= <0, -3 cos ¢, =3 sin t> = —3costj — 3sin 7k

r(t) = <2 cost,2sint, t2>
v(t) = (-2 sin ¢, 2 cos 1, 21)

) :HV(Z‘)H: \/4 sin? 7 + 4 cos? £ + 4% = 23/1 + 12
a(r) = (2 cos t, -2 sin 1, 2)
r(r) = <e’ cos t, e’ sin ¢, e’>
v(t) = (e’ cos ¢ — €' sin t)i + (e’ sint + €' cos t)j + €'k
s(0) = v()]
= \/ez’(cost — sin 1)2 + e
N

a(r) = —2¢' sin i + 2¢' cos fj + €'k

r(r) = <ln t, % t4>

v(t) = <1, —tiz, 4t3>

t

(cos ¢ + sin 1)2 + e

1
“

+16¢°

s(0) =[v()]= |5 +
a(r) = <—ti2 % 12t2>

= iz\/l + 12 + 161"
t

21.

22.

23.

24.

(@ r(r) = <z, —z2,i>, th =1

r'(r) = < -2, f>
r(1) = <1, 2, %>

x=1+t,y=-1-2tz=—+~t

A
Slw

3

20)

®) r(l+0.1) <+01—1—201)%
= (.

100, —1.200, 0.325)

@ r(r) = (125 -2 25— ) = 3

r(r) = <1’ \/2:_ 2 \/2:— t2>

() r(3+0.1) ~ <3 +0.1,4 - %(0.1), 4 - %(0.1)>
= (3.100,3.925, 3.925)

0.r(0) = 0

fi+tj+tk+C

() =i+ V() =
v(t)z Ii+]+k)d
v(0) = C =0,v(r) = di + j + 1k, v(¢)

2

%(i+j+k)+C

=i+ j+k)
r(r) = f(zi + 1+ k)dt =

(0) = € = 0.x(1) = g(i +j+K)

-

—
(V]

~—
Il

20+ j+ k) =2i+2j+2k

k, v(0) = 4j,r(0) = 0
v(t) = J’(zn +3K)dr = 26 + 3tk + C

v(0) = C = 4j = v(r) = 24 + 4j + 3tk

r(r) = j(zzi + 4 + 3K)dr = 1% + 46 + 3’k + C
r(0) = C =0 = r(t) = 77i + 4 + 3°k

r(2) = 4i + 8j + 6k
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25S.

26.

27.

28.

a(r) = 4+ &k, v(1) = 5j,r(1) = 0

1
v(1) =

2 2

9 21
vit) =|=—+=li+t|=——-=-1]k

Section 12.3 Velocity and Acceleration

2 2 3 3
r(r) = IK; + ij + [’2 - ;]k}dt = [[6 + 2t}| + { - t]k +C
r(l):EJ—lk+C:03C:—EJ+lk
3 3

r(r) = [t L 14}] + [t _L 1jk

6 2 3 6 2 3

17 2

2) = —j+ =k

r(2) PR
a(r) = 32k
V(1) = [-32kdr = 32tk + C

V(O):C:3i—2j+k:>v(t):Si—2j+(1—32t)k

r(f) = [[3i - 2j + (1= 320k Jdr = 3d - 2 + (¢ - 1622 )k + C
r(0) = C = 5j+ 2k = r(t) = 3 + (5 - 20)j + (2 + ¢ — 1677 )k
r(2) = 6i + j - 60k

a(r) = —cos#i — sinzj, v(0) = j+ k,r(0) = i
I(—costi — sin tj) dt = —sinti + costj + C
vi0)=j+C=j+k=>C=k

v(f) = —sindi + cos#j + k

-
[\)
~—
Il
—_
(e}
]
7]
\S]
~—
=
+
—_
2]
-
=)
[\
~—
—
+
[\®)
~

V(1) = [(¢'i - 8K)dr = e'i - 8tk + C
v(0) =i

v(t) = (¢ + 1)i + 3j + (1 - 80)k

r(e) = [[(¢ + V)i + 3i+ (1 - 80)k |ar

= (e +1)i + 3 + (¢ - 4%)k + C

+C=2i+3j+k=C=i+3j+k

r(0)=i+C=0=C=-i
r(t) = (¢ + ¢ = 1)i + 34 + (1 - 47)k

29. r(r) =

50

105

(88 cos 30°)di + [10 + (88 sin 30°) — 1612 )

443 + (10 + 441 - 161%)j

300
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Chapter 12 Vector-Valued Functions

30. r(r) = (900 cos 45°)ri + 3 + (900 sin 45°)r — 162 j = 450/2¢i + (3 + 450321 — 1617

31.

32.

33.

The maximum height occurs when y’(t) = 4502 — 32t = 0, which implies that ¢ = (225\/5)/16.

The maximum height reached by the projectile is

2
y=3+ 450\/5[22;/5] - 16[22;/5] = 50’:49 = 6331.125 fect.

The range is determined by setting y(r) = 3 + 450~/2¢ — 16> = 0 which implies that

| _ —450V2 *2 405192 39779 seconds

-3

Range: x = 450\/5(_450\/— _3V405’192] ~ 25,315.500 feet

2
r(t) = (vy cos O)ri + [h + (v sin )t — lgtz}j S I g (3 + - 1612jj
2 2 2
Vo Yo 2
—=t = 300 when 3 + —=¢ — 16+ = 3.
V2 V2
2
300%(32
t:300\/5’ v (300v/2) | (30072 _ 0, 300 - 2( ) _ o
Vo J2 Vo Vo Vo

Ve = 300(32), vy = /9600 = 40/6, v, = 40/6 ~ 97.98 ft/sec

The maximum height is reached when the derivative of the vertical component is zero.

o 5 40-/6 R 5
) =3+—-L 16/ =3+ 1 =16/ = 3 + 40</31 — 161
) 72 g
V() = 4083 - 32t = 0
403 53
32 4
2
Maximum height: y[ijJ =3+ 40\/5(5;6j - 16[5;/5] = 78 feet
220

50 mi/h = = ft/sec

(@ cos 15°jti +15+ (@ sin 15°)t — 16¢% |j
3 3
27

The ball is 90 feet from where it is thrown when x = Ecos 15°t = 90 => t = ————— ~ 1.2706 seconds.
3 22 cos 15°

r(7)

2
The height of the ball at this timeis y = 5 + 220 sin 15° 27 - 16 27 ~ 3.286 feet.
3 22 cos 15° 22 cos 15°

x(t) = t(vo cos 9) ort = ol

vy cos @
w(1) = t(vysin 6) — 16> + h
2

X . X 16
= vy sin@) — 16| ——— |+ h = (tan O)x — | —sec® @ |x* + h
7 Vo COS 6’( 0 ) (v& cos? 6] ( ) [vé j
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34. y = x — 0.005x? 35. r(r) = fi + (—0.004z2 +0.37¢ + 6)j
From Exercise 33 we know that tan & is the coefficient

= ~0.004x> + 0.
ofx. So,tan § =1, = (7/4)rad = 45°. Also @ ¥ 0.004x7 + 0.37x + 6

(b) 18
g sec? @ =negative of coefficient of x?
Vo
16
—(2) = 0.005 or v, = 80 ft/sec

2 0 120
v 0
r(t) = (40\/§t)i + (40\/52‘ - 16tz)j. Position function (c) y' = —-0.008x + 037 = 0 = x = 45.8375
d y(45.8375) = 14.56 ft
When 40/2¢ = 60, and y( )
- 60 32 (d) From Exercise 33, tan € = 0.3667 = 0 = 20.14°
=== 2 2
402 4 16sezc 0 _ 0004 = 2 = 16520 _ 40(2)09
V(1) = 403/2i + (4032 - 321) Yo 0.004  cos
= vy = 67.4ft/sec.

{3\?] = 40721 + (4072 - 2442);

36. r(t) = 140(cos 22°)d + (2.5 + 140(sin 22°)¢ — 16%)j

= 8\/5(5i + Zj) Direction When x = 375’ ¢ ~ 2.889 60
and y = 20.47 feet.
Speed =|v N2 8/2~/25 + 4 = 8/58 fi/sec
4 So, the ball clears
the 10-foot fence. . 150
0
37. 100mi/h = 100 | 5280 ) /3600 5% | = 4405 e
hr mile hour 3

(@ r(t) = (? cos Hojti + {3 + (? sin 90)1 - 16t2}j

Graphing these curves together with y = 10 shows that 6, = 20°.
(b) 100

0,=20 6)=25

A
0 \ 500

0 f,=10 g,=15

(¢) You want

x(t) = [? cos Hjt > 400and y(r) = 3 + (? sin 9} — 16 > 10.

From x(r), the minimum angle occurs when 7 = 30/(11 cos ). Substituting this for 7 in y(r) yields:

2
3+ ﬂsin9 30 - 16 30 =10
3 11cos @ 11cos @

14,400

400 tan € — ec’ 0 =

|
]

14,400
121
14,400 tan? & — 48,400 tan & + 15,247 = 0

48,400 £ /48,400> — 4(14,400)(15,247)

(1 + tan? 9)—400tan¢9+7 0

tan @ =
2(14,400)
0 — tan-! 48,400 — /1,464,332,800 ~ 19.38°
28,800
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38. h = 7 feet, & = 35°, 30 yards = 90 feet
r() = (vo cos 35°) + [ 7 + (vy sin 35°) — 16¢ |

(@) vycos35°% = 90 when 7 + (v, sin 35°)r — 16/° = 4

[ = 90
v, cos 35°
7 + (v sin 35°) 20 T —— 2—4
0 v, cos 35° v, cos 35°
12
90 tan 35° + 3 = %
vy cos” 35°
) 129,600
Vo = 2 o, o
cos” 35°(90 tan 35° + 3)
vy ~ 54.088 ft/sec

(b) The maximum height occurs when y'(t) = v, sin 35° — 32¢ = 0.

= S35 6969 sec
32

At this time, the height is y(0.969) ~ 22.0ft.
() x(t) =90 = (vo cos 35°)t =90

90

t=————— ~ 20sec
54.088 cos 35°

39. r() = (v cos O)i + [ (vsin O) — 161 ]j
(a) You want to find the minimum initial speed v as a function of the angle 6. Because the bale must be thrown to the position
(1 6, 8), you have
16 = (vcos O)
8 = (v sin H)t — 162

t = 16/ (v cos 9) from the first equation. Substituting into the second equation and solving for v, you obtain:

2
= (vsin 6) 16 |_ 16 16
vcos v cos @
| =2 sin @ _ 512 1
cos 6 v? cos? @

512212 :2s1n9 1
V- cos” @ cos ¢

1 (2 sing l\cos2 0 _ 2sin@cosd — cos? 6
cos6 ) 512 512

, 512

2sin @ cos @ — cos? 6

o 512
You minimize f(6) = 25sin @ cos & — cos? 6’

0
|

2cos? @ — 2sin? @ + 2sin A cos
(2 sin @ cos 6 — cos? 6‘)2
/(6) = 0 = 2cos(26) + sin(26) = 0
tan(26) = -2
6 ~ 1.01722 ~ 58.28°
Substituting into the equation for v,v ~ 28.78 ft/sec.

() = =512
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(b) If @ = 45°,

16 = (vcos O)r = v?t

NG

8 = (vsin @) — 16> = vt - 1677

From part (a), v = >12 32 1024 = v = 32 ft/sec.

o(V2)V2) - (V2 V2

40. Place the origin directly below the plane. Then 8 = 0, v, = 792 and
r(f) = (v cos O)i + (30,000 + (v, sin O) — 16:7)j = 7924 + (30,000 — 16¢*)
v(t) = 792i — 32ij.

At time of impact, 30,000 — 161> = 0 = > = 1875 = ¢ ~ 43.3 seconds.

@ - - — ===
’

r(43.3) = 34,294 .6i 30,000

v(43.3) = 792i - 1385.6j
|¥(43.3)[ = 1596 fi/sec = 1088 mi/h 0.0) 34295

tan ¢ = 30,000 ~ 0.8748 = o ~ 0.7187(41.18°)
34,294.6
41. r(r) = (vy cos )i + |:(V0 sin Q) — 16t2]j 42. From Exercise 41, the range is
2
. _
(vp sin O) — 16 = Owhen 7 = Oand ¢ = %. X = 5,20
2
The range is So, x = 200 = ;—;sin (24°)
vosin@  v@ .

x = (vo cos 9)t = (vo cos 9) 0 6 = 3—;sm 20. =2 = 6400/sin(24°)
So, = v, = 1254 ft/sec

12002
X =

sin(26) = 3000 = sin 26 = % =0 ~191°.

43. (@) 0 = 10°, v, = 66 fi/sec

r(t) = (66.cos 10°)di + [0 + (66 sin 10°)r — 16¢* ]

r() ~ (65¢)i + (11.461 — 16¢%)]

Maximum height: 2.052 feet
Range: 46.557 feet °5 %
(b) 6 =10°, v, = 146 ft/sec

r(t) = (146 cos 10°)di + [0 + (146 sin 10°)¢ — 16/ 15

r(6) ~ (143.781)i + (25.35¢ — 16¢%)]

Maximum height: 10.043 feet
Range: 227.828 feet o 200
(c) @ = 45°,v, = 66 ft/sec

40

r(t) = (66 cos 45°)i + [0 + (66 sin 45°)¢ — 161 |

r(t) ~ (46.670)i + (46.67¢ — 161*)j

Maximum height: 34.031 feet 0 200
Range: 136.125 feet
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(d) 0 = 45° v, = 146 ft/sec
r(f) = (146 cos 45°)i + [0 + (146 sin 45°) — 161 |
r(f) ~ (103.24¢)i + (103.247 — 1617}

Maximum height: 166.531 feet
Range: 666.125 feet
(e) 6 = 60°,v, = 66 ft/sec

r(t) = (66.cos 60°)i + [0 + (66 sin 60°)¢ — 16¢* |
r(t) ~ (33¢)i + (57.161 — 161 )

Maximum height: 51.047 feet
Range: 117.888 feet
(f) 6 = 60°,v, = 146 ft/sec

r(t) = (146 cos 60°)i + [0 + (146 sin 60°)r — 1612
r(6) ~ (73¢)i + (126.44¢ — 161%)j

Maximum height: 249.797 feet
Range: 576.881 feet

44. (@) r(r) = (v cos O)i + (tvy sin @ — 1617)]

{(v sin @ — 16¢) = O when ¢ = 22 ?16“ 0
: 2

Range: x = v, cos 0, Y sin 0 =22 lsin20
32 32

The range will be maximum when

2
@: v—0200s29=0
dt 32

or

20 =20 = X rad.
2 4

() ¥(t) = vy sin 6 — 167
b = vy, sin@ — 32t = Owhen ¢t = M.
dt 32
Maximum height:

vosin@) _visin® @ 16\/02 sin? @ _ v sin? 0
32 32 322 64
Minimum height when sin 8 = 1,0or § = %

46. x(1) = (vo cos O)ii + [ + (v, sin O)r — 4.9¢7 j

= (vo cos 8°)ti + [(vo sin 8°)t - 4.9t2Jj

x = 50 when (v, cos 8°)t = 50 = ¢ =

Vo COS
2
(vp sin 8% —2 | 49— | _
0 v, cos 8° "\ v cos 8°
R (4.9)(2500)
50 tan 8° = m

200

0 800
0
60
0 140
0
300
0 600

45. x(t) = (vo cos O)ei + [ + (v sin ) — 4.9 j
= (100 cos 30°)i + [1.5 + (100 sin 30°)¢ — 4.9/ ]

The projectile hits the ground when
~4.92 +100(1)r + 1.5 = 0 = ¢ ~ 10.234 seconds.

So the range is (100 cos 30°)(10.234) ~ 886.3 meters.
The maximum height occurs when dy/dt = 0.

100sin 30 = 9.8t = ¢ ~ 5.102 sec

The maximum height is
y = 1.5+ (100 sin 30°)(5.102) - 4.9(5.102)2

~ 129.1 meters.

5700. For this value of 7, y = 0:

(4.9)50

W ~ 1777.698 = Vo ~ 42.2 m/SeC
an COs
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47. r(t) = b(wt — sin wi)i + b(1 — cos wi)j
v(t) = b(w — @ cos wi)i + b sin w1j = bw(l — cos )i + bw sin wij
a(r) = (ba)2 sin a)t)i + (ba)2 cos a)t)j = ba)z[sin(a)t)i + cos(a)t)j]

‘ = V2bo 1 - cos(@r)
Ha(t)H = bo?

()

(a) H V(Z)H = Owhen wt = 0,27, 4, ....
(b) H V(Z)H is maximum when ot = 7,37, ..., then H V(Z)H = 2bo.
48. r(r) = b(wt — sin wt)i + b(1 — cos wr)j
V(1) = bw[(l — cos wi)i + (sin a)t)j]
Speed = Hv(t)H = ba)\/l — 2cos @t + cos®> wt + sin ot = /2 bo /1 — cos wt.

The speed has a maximum value of 2b@w when wt = 7,37, ...

60 mi/h = 88 ft/sec = 88 rad/sec (since b = 1).
So, the maximum speed of a point on the tire is twice the speed of the car:
2(88) ft/sec = 120 mi/h
49, v(t) = —bw sin(wi)i + bw cos(wt)j
r(t) - v(1) = —b*w sin(w1) cos(wt) + b*w sin(vr) cos(wt) = 0

So, r(r)and v(r) are orthogonal.

50. (a) Speed = HVH = \/bzwz sinz(a)t) + b*a? cosz(a)t) = \/bza)z[sinz(a)t) + cosz(wtﬂ = bw
(b) 10

S

~10
The graphing utility draws the circle faster for greater values of w.

51. a(r) = —be’ cos(wt)i — ba? sin(wt)j = —bw*[cos(w1)i + sin(w?)j] = —r(r)

a(7) is a negative multiple of a unit vector from (0, 0) to (cos w1, sin w¢) and so a(¢) is directed toward the origin.

52. Ha(t)H = bwzHcos(a)t)i + sin(vt)jH = bw? 54. Hvt H = 30 mi/h = 44 ft/sec
53. |a(t)| = @®b, b = 2 H H rad/sec
1= m(32) Ha(t)H - b’
F = m(&’b) = 5(20%) = 10 3400 4V 2057
o = 410 rad/sec HFH - m(ba)z) 32 (300)(300j le
HV(Z)H = bw = 810 ft/sec Let 7 be normal to the road.
HanosH = 3400
n[sine = 2257
3
Dividing, tan 8 = 121
600
0 ~114°
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5S.

56.

57.

Chapter 12 Vector-Valued Functions

To find the range, set
w(1) = h + (v sin O)r — %gt2 = 0 then

0= [; Jt — (o sin @)t — h. By the Quadratic

Formula, (discount the negative value)

vosin 6 + \(-vy sin 6)° — 4[(1/2)g ()
A (1/2)¢]

Vp sin @ + /v sin? @ + 2gh

= second.
g

At this time,

1) = v cos ({vo sin @ + /v sin® 6 + 2gh
g

_ M cost Vo sin @ + | vé (sin2 0 + 2g2h]
g Vo
2
= VOCOSH[Sin 6 + |sin? @ + 2g2hJ feet.
g Vo

h = 6feet, v, = 45 feet per second, 8 = 42.5°. From

Exercise 55,

N—

| 45sin42.5° + \/(45)2 sin® 42.5° + 2(32)(6)
- 32

14

2.08 seconds.

At this time, x(¢) ~ 69.02 feet.

r(t) = x(t)i + (t)] + Z(t)k Position vector
o) = X0+ (03 +
a(r) = x"(1)i + ()i +

Speed = [v(1)] = J¥()* + ¥ + (1)

= C, Cis a constant.

( )k Velocity vector

(t)k Acceleration vector

Orthogonal

59.

60.

61.

r(7) = x(2)i + y(1)j
() = m(x(t)) + b, mand b are constants.
r(t) = x(t)i + [m(x(t)) + b]j

v(t) = x'(t)i + mx'(t)j

s(r) = \/[ ] + [mx ] = C, Cis a constant.

, C
So. ¥0) =
x”(t) 0

a(r) = x"(¢)i + mx"(1)j = 0.
r(r) = 6costi + 3singj
(@ v(r) =r'(r) =
N Nerrarer=r
3J4sin’ 1 + cos> 1 = 34/3sin?7 + 1
a(r) = v/(t) = —6cos i — 3sin fj

—6 sin i 3 cos tj

(b)

V4 V1 2z

t 0| — — _ V4
4 2 3
3 3

Speed 3 E\/ 10 6 E\/ 13 3

(d) The speed is increasing when the angle between
v and ais in the interval

The speed is decreasing when the angle is in the interval

o

r(7) = acos wti + bsinwt
(@) r'(r) = v(t) = —awsin oti + bw cos wij
Speed = HV(I)H = \/aza)z

(b) a(r) = v'(r) = —aw® cos wti — bw’ sin wij

sin? ot + b*w? cos® wt

@*(~a cos wti — b sin wt j)

-’ r(t)

The velocity of an object involves both magnitude and
direction of motion, whereas speed involves only
magnitude.
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Section 12.4 Tangent Vectors and Normal Vectors 113

62. (a) The speed is increasing. 64. a(r) = sinzi — cos fj
(b) The speed is decreasing. v(t) = I a(f) dr = —cos#i = sinj + C,
63. (a) r(t) = x(0)i + y(0)j + =(0)k V) =-i=-i+C=¢C=0
5(0) = 1(2) v(¢) = —cos i — sin fj
Velocity: 1y'(r) = 2r/(2¢) :((é; Z JJ V:(tiit; ;Sinél;:czs e
Acceleration: r,"(f) = 4n"(2t) r(7) = —sin#i + cos fj
(b) In general, if ry(r) = r(w?), then: The path is a circle.
Velocity: 1/(1) = wr(wr) 65. False. The acceleration is the derivative of the velocity.
Acceleration: r;"(1) = o’r"(wr) 66. True
67. True

68. False. For example, 6/r(r) = £i.Then v(¢) = 3r*iand
a(f) = 6ri. v(7) is not orthogonal to a(z).

Section 12.4 Tangent Vectors and Normal Vectors
1. 5.r(t) = 2% + 2,1 = 1
r'(e) = 24 + 2j, |r'(0)] = V42 + 4 = 2/ + 1

U RS S S PR

T(1) = N&
o r'(1)] B
6. r(r) = rli +27%j
2. '() = 3% + 4
H Jort + 168
r'(1) -
T(1) = = 3i + 4i) = Ji + —
0 r'(1)]| 9 16(l+ =5t
7. r(t) = 4cosii + 4sing, 1 = %

3 . r'(t) = —4sindi + 4 cos fj

(’)H: \/16Sin2t +16cos’t = 4

S )- 8 S

4

8. r(t) = 6costi + 2sinj

r'(f) = —6sindi + 2cos fj

r'(t)| = \/36sin’ 1 + 4cos’ ¢

T
NN rr[ﬁ)
3

N T(fj ) r,[gJ B \/3;(33/\25):F (1;/4) = \/12—8(*3x/§i+j)
3

—~
|
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9.

10.

11.

12.

13.

Chapter 12 Vector-Valued Functions

r() =3t —Ingj, 1 = e
1
"(£) = 3i - —j
r'(7) i--i
1
' = 3i - =j
r'(e) i ej
r'(e)
T(e) =
r'(e)]
1
3i- .
_ e _ 3471 09926 - 0.1217]
\/9+ 1 V9 + 1
2
e
r(r) = € costi+ e, 1 =0
r'(t)z(e cost — e sint)i+e’j
r'(0) =i+ j
1(0) = r(0 :i+j:£i+£j

ZO) NI

r(t) = i + °j + 1k, P(0,0,0)

() =i+2+k

When ¢ = 0, r'(0) = i + k, [+ = 0at(0,0,0)]

_rOo _ V2,
—T)“—T(l+k)

Direction numbers: a =1, b = 0, ¢ =1

Parametric equations: x = ¢, y =0,z = ¢
4 4
t)="ri++-k PLL—
r(7) i+ i+ [ 3)
r'(r) = 24+ j
When ¢ = 1, r'(r) = r'(1) = 2i + j {z =lat [1, 1, :H
r'(l) 21 + J 5

0l S

T(1) =

Direction numbers: a = 2, b =1, ¢ =0

. . 4
Parametric equations: x = 2t +1, y =t + 1, z = 3

r(r) = 3cosfi + 3sintj + k, P(3,0,0)
r'(t) = -3sindi + 3cosfj + k

¢ = 0at P(3,0,0)

r'(0) = 3j + K

3]+k

Direction numbers: a = 0, b = 3, ¢ =1

Parametric equations: x = 3, y =3¢, z = ¢

14.

15.

16.

17. r

r(r) = <t, N4 -1
t
(6) = (1,1,-
r(t) < > 4 _ t2>
When ¢ = 1, r'(1) = <1, 1, 1>, r=1at (L1, \/3)}

~—

, P(l, 1, \/5)

3

T(l) = & = “21<1’ 1’_1>

r(l)H 7 3

1
Direction numbers: a = 1,b = 1,¢ = —=
a NE)

Parametric equations: x = ¢+ 1, y =t + 1,

1

=—++-3

z \/5

r(t) = (2cos,2sint,4), P(\/E, V2, 4)

r'(1) = (-2sint,2 cos 1, 0)

When 7 = %, r'[%) = (/2,/2,0),
= Ea(VEVE)|

3=

Direction numbers: a =

<ff0>

—2,b=~2,c=0
:\/El+\/5,

Parametric equations: x = 7\/51 + \/5 , Y
z =4

r(t) = <2 sin 7,2 cos t, 4 sin® t>, P(l, \/5, 1)

r'(t) = <2 cos t,—2sin t, 8 sin ¢ cos t>

When ¢ = %, r’[%j = <\/§, -1, 2\@>,

[z = %at (1, 3, 1)}
T@ ~ r(z/e) IV

r'(;z/6)H
Direction numbers: a = \/5, b=-1c¢c= 23
Parametric equations: x = V3t + L, y=—-t+ \/5,

z =23t +1

-3
3
8
= (1,21, 2¢) b
9
When ¢ = 3, r'(3) = (1,6,18), S
9 6
[ = 3at(3,9,18)] s G
(3) = r(3 1 lL68)

Direction numbers: a = 1, b = 6, ¢ = 18

Parametric equations: x =7+ 3, y =6+ 9, z =18 + 18
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18. r(r) = 3cosdi + 4sintj + %k

19.

20.

21.

r'(r) = 3sind + 4 cos tj + %k

When ¢ = E, r'(z
2 2

] = -3i + lk,
2

z:ﬁat(o,4,5]. #45 ;
2 4

T(%J = :Ezgg = %{—31 + %kj = %(—ﬁ +K)

Direction numbers: a = -6, b = 0,¢c =1

. . V1
Parametric equations: x = —6¢, y = 4,z =t + y

r(f) = d+ Ingj+ ik, 1, = 1
r'(t):i+%j+ L r’(l):i+j+%k

NG

() = (e) i+ (1/2k 2, +%j +lk

r@) ey 37373

. 1
Tangentline: x = 1+¢, y =14, z :1+Et

r(ty + 0.1) = r(1.1) = LIi + 0.1j + 1.05k

= (1.1,0.1,1.05)
r(r) = e'i + 2costj + 2sintk,f, = 0
r'(t) = =i — 2sin4j + 2 cos tk

r(0) =i+ 2j, r'(0) =

(o) V5

(0) = r'(0) _ i+ 2K
O s

Parametric equations:

x(s) =1-u3, y(s) =2, z(s) = 2s

r(ty + 0.1) = r(0 + 0.1)

(1-0.1,2,2(0.1))

14

=(0.9,2,0.2)
r(4) = (2,16,2)
u(8) = (2,16,2)

So the curves intersect.

v(1) = <1, 2, %> r(4) = <1, 8, %>
A
) .

(8)

(8 16.29167 _
H

cos @ =
u'(8 H 1629513

22. r(0) =

23.

24.

Section 12.4 Tangent Vectors and Normal Vectors 115

(0,1,0)

u(0) = (0,1,0)

So the curves intersect.

r'(¢) = (1, —sin 7, cos 7), r'(0) =

(1,0,1)

u'(s) = <7sin S COS S — COS S, —Sin § COS § — COS s,
1
—cos 2s + l
2 2

u'(0) = (-1,0,1)

Cosﬁzr(o).:gg))=02>92

r(t) = di + %tzj,t =2

r(e) =i+

1) - e -

T

T(2) = o5 +

NG) =) 18 - i) - *25ﬁ i+ %

H‘
—_~
~
=
|
-
|
o

o X _ L PR
T v N (36/)\ zj

Gl )
(.6
4+ 36 )

2 124 i
(¢t + 36)3/ (A 36)3/ ?

T'(z) =

, 144 . 96 .
@ = st + 5l
T'(2) 1o .
N(2) = ‘ T'(2)H + \/E(?)l +2j)
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116 Chapter 12 Vector-Valued Functions

25. r(r) = Indi + (1 + 1)j,z = 2

v = Si+j

26. r(r) = mcosti + zsintj, 1 = %

p r’(t) = —zsinfi + 7z cos fj
- H: z
r'(z S i+
T(¢) = = =
(¥ r’(t)H 1 NIz T(¢) = ) _ —sin fi + cos fj
t—2+1 H
- T'(t) = —cosfi —sintj, | T'(¢)| = 1
(1) = ,2 i 12 i (1) cos fi — sin #j ()H
) NE
- 6 2 2
T(2) = Ssﬁl 53/2-l T ﬂ'j
() - T(2) _z\/§i+£j N(z} _ \e) _ N3 L
‘T'(z)H 5 5 6 2 2

27. r(t) =di+ Pj+ Intk,1 =1
r'(r) =i+ 24+ ;k

o]
O AT B R

() = 1 — 4+ - 263 + 4¢ i+ -8 — ¢
(4t4 + 12+ 1)3/2 (4t4 + 12+ 1)3/2 (414 + 12+ 1)

1
32

, -3, 6. -9 3. .
T(I)ZWI+W‘]+6?§7]( :W[71+2173k]

N(l) i s 2j -3k _ 14, N 214, 314

= i - Tk
V14 14 14 1
28. r(t) =2+ ejrek, 1 =0

/t — 2- s 7tk
r() Vaiseli-e r'(r) = —6sinfi + 6 cos fj

r(t)H: N2+ e e = «/(e’ +e")2 =e +e” r’(

T( ) = H —sin fi + cos #j
_r 1) _ V2i+ ej- ek

29. r(r) = 6cosdi + 6sindj + Kk, ¢ = 37”

r t)H e+ e T'(f) = —cos #i — sin fj, T’(I)H =1
o le-e) 2 ) - TOm 3
T() = ———i+ jr—5k 4 ) T [TER4) R
Cre)  (@re) (@re)
T'(O):lj-k—lk 30. r(r) = cos3i + 2sin3fj+ k, t = 7
22 r() = =3sin 3 + 6 cos 34j
N(0) = i I 7k () - r'(7) —3sin 3fi + 6 cos 3fj

(O] fosin® 3 + 36 cos? 3¢

The normal vector is perpendicular to T(r) and points

toward the z-axis:

N(t) _ —6 cos 3#i — 3 sin 3¢j

J9sin? 3¢ + 36 cos? 3t

Nr) = -3

36
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31. r(r) = 4i
v(t) = 4i
a(r) =0
RN
0 ) s
T'(r) = 0
T'(r) .
N(t) = ‘W‘ is undefined.

The path is a line and the speed is constant.

32. r(t) = 44 — 21
V(1) = 4i - 2j
a(t) =0
M)
T(t) = HV(I)H = \/5(2 i)
T(t) =0

(1)
MO

H is undefined.

The path is a line and the speed is constant.

33. r(r) = 4%
v(t) = 8i
a(r) = 8i
() - V(1) _ 8
O
T(t) =0
N(r) = T'(I) is undefined.
[Tl
The path is a line and the speed is variable.
34. r(1) =j+k
v(t) = 24
a(r) = 2j
T(t) = V(1) _ 2
e 2
T(t) =0
N(t) = T'i is undefined.
[Tl

The path is a line and the speed is variable.

Section 12.4 Tangent Vectors and Normal Vectors

%.dﬁzﬁ+%}%0—i—%L%U:i—L
a(r) = t%j, a(l) = 2j
M) 2 (i1
R 7 {131 g
) = ol ) = - )
2t ; 2¢ i
OGRS SRS
N = ) - z
(t“ + 1)
= t41+ 1(1 + tzj)
NO) = i) = )
ar =a-T = —\/5
ay =a-N = V2
36. r(r) = i + 26,1 = 1
V(1) = 24 + 2, v(1) = 2i + 2j
ar) = () = 2i
T(¢) :‘ H NI (2ti +2j) — 1(ti
un—V%@+g—\f}+f?j
1 - —t |
N G G
MO ) 1
2 +1
B 2+ 1(i 1)
N(1) = %i - %j
ar =a-T = V2
ay =a-N = \/5

117

+ )
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118 Chapter 12 Vector-Valued Functions

37. r(t) = (t —P)i + 20,1 = 1 38. r(t) = (£ —4t)i+ (2 - 1)t =0
v(t) = (1 - 3;2)1 + 44, v(1) = -2i + 4j v(t) = (3t - 4)i + 26, v(0) = —4i
at) = —6fi + 4j,a(1) = —6i + 4j a(t) = 6f + 2j,a(0) = 2
32 — 4)i + 24
10 Vi) (1-32)i + 4 T,:Vg:j’4 ﬁ; 1
1) = = v(t 9r* — 20¢% + 16
IO ot + 102 +1 . 4 o+
T(0) = —H _
S R - 5 %) N
- - - (i -
% \/g > T'( ) 41(31‘2 + 4) . 32 —18#4 .
t) = i+ j
(1) = S63e + ) PP Sk AN (9 =202 +16)"" (or* - 20 + 16)"
(0 + 102 + 1) (ort + 1022 + 1) om0
64, -32 T = 1gmi = 3}
T = gprt + gpeed N =i
—2i—j ap=a-T=0
N(1) =
() NG ay =a-N = V2
ap = a T:%(6+8):¥ 39. (t):e1+e’2’J,t:O
NG v(t) = €'i - 2¢? v(O):i—2j
oy =a-N=—(12-4) =5 de 2 a(0) i+ 4
NG 5 a(t) = ei + 4ej,a(0) = i + 4j

() - ( ) eli-2e?j

MOl Ve e
i—-2j
T(0) =
0=
2i + j
N(0) =
-2
ar = a T:%(I—S) #
ay = a N:%(Z 4)_6\55
40. r(1) =i+ e’j+ kit =0
V(1) = el—e]+k,v(0):i—j+k
af) = i+ e’j,a0) =i+ j
() ei—e’j+k
T(¢
R N N P
i-j+k
05
) ez’(ez’ +2) . ez’(Zez’ +1) . e’l—e‘")
T(t): Lt 321 3/2!‘
(e4’+e2’+1) (e4’+ 2‘Jrl) (4‘+ 2’+1)
, 3, .
T(O):WI‘FW‘]
ap =a-T=0
ay =a-N =2
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Section 12.4 Tangent Vectors and Normal Vectors 119

41. (1) = (e’ cos t)i + (e’ sin t)j

43.

44.

45.

V(1) =
a(r) =

Atr=2T=
2

¢'(cos 7 — sint)i + €'(cos 7 + sin7)j

¢'(-2sin7)i + €'(2 cos 1)j

v 1, N2

— = —(—di + j) = —(-i + j).
I VAR
Motion along r is counterclockwise. So,

1

V2
N Logownl N2 oo
U= i)
ap =a-T = /2e72
ay =a- N = /272
r(1

) =
v(ty) = (w2t0 cos wto)i + (a)210 sin a)to)j
)

a(fo 2[(cos wly — oty sin of)i

) = =

Motion along r is counterclockwise. So

(cos w1y)i + (sin w1y)j
N(#) = (-sin @ty )i + (cos wty)j.

ap =a-T = &*

ay = a-N = o(01) = @’y

r(ty) = (wty — sin wt,)i
v(ty) = [( — cos @iy )i +
a(fy) = 2[ (sin wt,)i +

v (1= coswn)i + (sin wr)j
- \M\ - \/5\/1 — COS W1,
Motion along r is clockwise. So,
sin @1y)i — (1 — cos a)to)j

\/_\/1 — cos wt,

+ (1 = cos wty)j
(sin wto)j]

(cos wiy) j]

oL

@” sin wiy 2,/1+ cos wt,
a =
' f«/l—coswto \/5 0
@®
ay =a-N = T«/lfcosa)to
2

r(t) = acos oti + asin wtj

v(t) = —awsin wfi + aw cos wij
a(r) = —aw’ cos i — aw’ sin wij
T(t) =

‘ = —sin wfi + cos wij

H )\
T'(¢)
T(0)

N(?) ‘ = —cos wfi — sin wij

(cos @1y + oty sin wty)i + (sin wt, — Wty cos wiy)j

42. r(1) = acos(wt)i + bsin(wi)j

v(t) = —aw sin(wt)i + bo cos(wt)j
v(0) = bwj

a(1) = —aw® cos(w1)i — ba’ sin(wt)j
a(0) = —aw’i

Motion along r(t) is counterclockwise . So, N
ar =a-T=0

ay = a-N = ao’

+ (wt, cos w1y + sin a)to)j]

46. T(t) points in the direction that r is moving. N(t) points

in the direction that r is turning, toward the concave side
of the curve.

47. Speed: Hv(t)H = aw
The speed is constant because ay = 0.

48. If the angular velocity @ is halved,

2 2
o = d2) - e
N 2 4

ay is changed by a factor of i
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120 Chapter 12 Vector-Valued Functions

49. r(r) = i + 1j, fy =2

t
1
x=t,y:;3xy=1
, 1
r'(s) = )
-
T(z) =
N
i+ 2%
N(?) =
) 41 y
L1
r(2)=21+51
Nt
T(2) =~ 4 - )
N(2):\{17—7(i+4j)

50. r(r) = Fi+ .1 =1
x=t3,y=t:>x=y30ry:xl/3

r'(f) =3+

-

(t):ﬂ: 3% +
0] Vor 1

3i+j
Tl = 2
) = 2 T

(1,1
_ Wi, o 9%
10 10! } }
- 1

N(1) - V1o, 310, /

10 10

51. r(r) = 44 + 4%, 1, = % )

x = 4t,

L 484 i+ 24
V16 + 642 "1+ 4

i+1j _2i+j_2ﬁ=+£j

T[D:\/H; J5 5 s

52. r(t) = (20 + 1)i — 2,1y = 2

x =2t+1,

2
x -1
= 2 = |
g (2J

r(2) = 5i - 4

r'(r) = 2i - 24

2i — 24 i—1i
T(z) = =
) Jatar i+
i—2j
() =
-2i—j .
N(Z) = NG , perpendicular to T(2)

53. r(r) = 2cosdi + 2sintj, f, = %

x = 2cost, y = 2sint = x> + y* = 4

r'(r) = —2sindi + 2cos fj
T(z) = %(—2 sini + 2 cos #j) = —sinfi + cos

N(¢) = —cos fi — sin j y

Ni) -5

54. r(t) = 3cosdi + 2sintj,ty = 7

2 2
X cos t, Y osinr=> 2+ X = 1, Ellipse
3 2 9

4
r'(t) = -3sindi + 2 cos fj y
r'(z) = -2j = T(z) = —j

N(z) =i
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SS.

56.

58.

r(r) = i + 26 — 3k, 1 = 1

v(t) =i+ 2j-3k

a(r) =0
0~y
- ﬁ(i +2j - 3k)
Jia

=0 (i+2j-3k)="T()

N(t) = L is undefined.

I

ar, ay are not defined.

r(r) = 44 — 41j + 2tk
v(r) = 4i — 4j + 2k

a(r) =0
1
T(1) = — = ~(2i - 2j + k)
Ivl 3
N(t) = L: is undefined.
||
ar, ay are not defined.

r(t) = 34 — fj + 'k, t = -1

v(f) = 3i v(t)| = V10 + 422
a(r) = =2
_ov(f) 3+ 2k
O[] Viora
a(-1) = 2k, T(-1) = jﬁ(si _j-2K)
-4
ar = o) T() = L

JIal=ai = \Ja- 15 =5 =252
14 7

Section 12.4 Tangent Vectors and Normal Vectors 121

57. r(r) = cosfi + sinfj + 2k, 1 = %

v(t) = —sindi + costj + 2k

a(r) = —cos i — sin4j, ||a] = 1
Hv(t H /sin’ ¢ + cos t+4—\/_
( ) V(t) —sinfi + costj + Zk)

ar = a(t) . T(t) -0
ax = Jla- @ = T=0 =1
T(fj = 1(\/§i + L. 2k]

3 5l 2 2
az :—li—ﬁj:aTT+anN=N
3 2 2

a =2k = a;T + axN = %{ﬁ(ﬁ —-j- 21()} + 2“735
N = [21( + (31 -j- 2k)} 35[& - Ej Qk}
24/3 07 77
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122 Chapter 12 Vector-Valued Functions

) 61.

2
59. r(1) = ti+t2j+%k,t =1

v(t) =i+ 2+ /k

a(r) = 2j+k
T() = L= (i + 24 + 1K)
vl V1452
T(1) = \/g(i+2j+k)
=54 + 2j+ k
oarArk
N = T (1+57)" si+2j+k
Il V5 NS
1+ 562
N(1) = \/3—0(—5i+2j+k)
ar = T =ﬂ
6
ay =a-N =@

60. r(r) = (2t —1)i + j — 4k, t = 2
v(t) = 2i + 24 — 4k,

[v(n)]| = 20 + 42 = 25+ 72

a(r) = 2j, |a| = 2

2i + 24j — 4k 1 S
T(¢) = = (i+14-2k
) 25 + 12 N )

#@ZZLH@:§@+%—2M

w:a@-ﬂ@:?

ay = f[af* - @’ =
: 4 2

a:2j:aTT+aNN:5(1+2]—2k)+§\/§N

3 4

—=_12j— 2(i+2j- 2k

N RR R

/5. 5. 4S5

—i+—j+—Kk

15 3 ! 15

N =

62.

r(r) = ¢ sindi + ¢’ cos fj + €'k
v(t) = (e‘ cost + e sin t)i + (7e‘ sint + e cos t)j +e'k
viO)=i+j+k
a(r) = 2¢' cosfi — 2¢' sinfj + €'k
a(0) = 2i + k
() =
[v]
= %[(cost +sin7)i + (-sin 7 + cos?)j + k]
T(0) = %[1 +j+K]
N(t) = \/IE[(—sint + cos t)i + (—cos t — sin t)j]
2. V2
N(0) = M5 - M2
(0) = —i-—-i
ar =a-T = \/5
ay =a-N =2

r(f) =i+ 2+e'k, t =0

v(t) = €i+2j- ek, V(’)H —J + 4+
al) = ¢i + ek, Ja()]| = Ve v e

v(0) = i+2j -k a(0) =i+k

i+2j-k
=T

ap =a-T=0

o = [al=af = V2

a=i+k=aT+aN =~2N
S N=(i+k)

V2
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63. r(1) = 41 + 3cosj + 3sin ik, 1 :%

v(f) = 4i — 3sinj + 3cos k

T(r) = ‘ﬁ‘ = é(4i — 3singj + 3 cos k)

TE%] - é(4i - 3j)

’

N(t) = — = —cos fj — sin tk
g
N(f)z—k
2
ar =a-T=0
ay =a-N=3

64. r(t) = (2 + cos t)i + (1 — sin t)j + ék, t=nm

v(t) = —sinfi — costj + %k, v(t)H = @
|
v(z) = j+ Ek
a(f) = —cos i + sin fj
a(r) =i
T(r) = Yo 3,\/E[—sin fi —costj+ lk]
Iv] 10 3
7(x) = 3\1/(:—0(,- + %k)
N T 3\1?(—%5 fi + sin fj) o
(1) = HT'H = WIT = —cos ti + sin #j
10
N(?Z') =i

ar =a-T=0,ay =a-N=1

2
65. r(r) = fi + 3% + %k
v(t) =i + 6 + ik

v(2) =i +12j + 2k

a(f) = 6j + k
() = — = ;(i + 61j + 1k)
Ivl /1 +372
T(2) = ﬁ(i £ 12j + 2K)
TV
N(t) = i—
|
1 L
B J37
1+ 372
1 L
1
N(2) = ———[-74i + 6j + k
®) = Frrl 01K
1
= —— (-74i + 6j + k
\/5513( i+ 0j+ k)
74
—a.-T=——+(_
= 149
aw = a-N = 37 - ﬂ
N V3513 149
66. r(r) = ’i+j+ 2k, 1 =1
v(t) = 24 + 2k
v(1) = 2i + 2k
a(t) = 2i
A 1 i+ k
T() = — = 26 + 2Kk) =
e T i v
(1) = %(i k)

32

T (iftk)/(t2+l) i -k

- \/1+t2/(1‘2 +1)3/2 ) NI
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124 Chapter 12 Vector-Valued Functions

67. Let C be a smooth curve represented by r on an open
interval 7. The unit tangent vector T(¢) at  is defined as

T() - :8 K(e) # 0.

The principal unit normal vector N(t) at 7 is defined as

()

N() = ey T # 0.

[T()f

The tangential and normal components of acceleration
are defined as a(r) = ayT(r) + ayN(¢).

71. x(t) = (xt — sin 71,1 — cos 1)
The graph is a cycloid.

(@) r(r) = (mt - sin 71, 1 - cos i)
v(t) = (z — 7 cos xt, 7 sin i)
a(t) = <71'2 sin 7t, 7% cos 7z't>
1

_ M) _
)Mol R )

N T'(?) _ 1
NG) ‘ T'(’)H \/2(1 — cos 1)

(1 - cos t, sin 7f)

<sin zt,—1 + cos 71't>

68. The unit tangent vector points in the direction of motion.
69. (a) If ay = 0, then the motion is in a straight line.

(b) If ar = 0, then the speed is constant.
70. r(r) = 3d + 44j

V()= o516 - 5

T'(r) = 0 = N() does not exist.

The path is a line. The speed is constant (5).

5 .
aT:a‘T=%izzsinm(lfcosm)+7rzcos7rtsin7rtJ=Lﬂm
2(1 — cos m) 2(1 — cos m)
’(1- 2. /21 - t
ay =a-N :%[ﬂ'z sin® 7t + 7% cos i 1+cos7rt] c0s7z't) _r (1 - cos 7t)
2(1 - cos ) \/2 — cos 7t) 2
1 NG = 272 ,
Whent:E:aT:%f ZH’GN: 2” y

When ¢t = L: ap = 0, ay = 72

2 2
Whentzé ar = ﬁﬂ,aN :\/Eﬁ
2 2 2
(b) Speed: s = H H = 74 /2 1 — cos m)
ds 7% sin 7t
— = —F/—————— = ay
dt 2(1 - cos 1)
2
When ¢ = %: ar = \/gﬂ > 0 = the speed in increasing.
When ¢ = 1I: ay = 0 = the height is maximum.
2
When ¢ = %: ar = f\/g” < 0 = the speed is decreasing.
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72. (a) r(r) = (cos zt + xtsin xt, sin 7t — 7t cos i)

73.

74.

(b)

v(t) = <—7r sin 7zt + 7z sin 7zt + 72t cos zt, 7 cos xt — 7 cos 7t + 7wt sin m> = <7r21 cos 7t, 7t sin 7rt>

a(t) = <71'2 cos zt — 7t sin xt, 7% sin zt + 7t cos m>

T(t) = ‘ V(t) = <cos 7t, sin 7rt>

Mol

ar = a-T = cos m(;rz cos 7t — 7t sin m) + sin 7[1(72’2 sin 7wt + 7t cos m) =7’

\/HaHH ar’ = \/ﬂ4(1 + ;zztz) [

When ¢t = 1, ap = 72, ay = 7°.When t = 2, ar = 72, ay = 27°.

an

Because ay = 72 > 0 for all values of 7, the speed is increasing when ¢ = land ¢ = 2.

. t
r(r) = 2cosdi +251ntj+5k, t :%

. 1
r'(r) = —2sindi + 2cos fj + —k
2

T(t) = W[—Z sinfi + 2costj + lkj
17 2
N(#) = —cos i — sin

T(ZJ — Nﬁ(_zl lkj — \/ﬁ(_4l + k)
2 17 2
T
TN
[2j !
1 ] k
B[EJ:T(”ij(sz w17 0 \/ﬁ:\/ﬁn;‘\/ﬁk:\/ﬁ(nm{)
2 2 2 17 17 17 17 7
0 -1 0
t3
r(t):ti+tzj+§k,tozl
r'(r) =i+ 2+ 1’k
1
T(1) = ———=i + 2j + I’k
O = frrar )
1 |— 3\ 4\ 3
N(?) = 2t =i+ (1-¢)j+ (¢t +2°)k
¢ \/1+4t2+t4\/1+12+t4L( ) ( ) ( )J
r(l):i+j+lk
3
1
T(1) = —=(i +2j+ k
() \/g(‘ ) )
! V2
N(1) = ———=(-3i + 3k) = ~“(-i + k
0= ZHPrM =700
i ik
Vo o Vol s A B 3
BI) =T)xN() =| "6 3 6 |=5i-—git S k=""(i-i+K)
N2 A2
2 2

125
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126 Chapter 12 Vector-Valued Functions

75. r(r) = i+ singj + costk, ) = %

r'(t) = cos fj — sin /K,
@)=
(fJ ( A

4 2

( ) = —sin #j — cos 7k,

Vi

i i Kk
) A)-p £ 2
o Y2 V2
2 2

76. r(r) = 2€'i + €' costj + €' sintk, {, = 0
r'(f) = 2¢'i + (e’ cost — €' sin t)j + (e’ sint + e’ cos t)k
r’(O):2i+j+k3T(O):%(2i+j+k)

r’(t)H2 = 4e* + ¥ cos? t + ¥ sin® t — 2e* costsint + e* sin® ¢ + €* cos® ¢ + 2¢* sinf cost

= 4¢¥ + 2@2’(cos2 t + sin? t) = 6e*

[21 (cos? — sin¢)j + (sin 7 + cos t)k]

H
= %[(—sint — cos 7)j + (cos 7 — sin )k |

T(0) = =i+ K = N0 = L2
i j k
L = A A BB
BO) = T(0)« NO) = V6 o 6|= L Lj- i
) 2 o2
2 2

© 2010 Brooks/Cole, Cengage Learning



Section 12.4 Tangent Vectors and Normal Vectors 127

77. x(r) = 4sindi + 4costj + 2/k, 1, = %

78.

r'(t) = 4costi — 4sintj + 2k,

r'(r)] = \/16cos? 1 + 16sin* 1 + 4 = /20 = 2/5
r(%] = 2i - 2/3j + 2k
T(:;j :72\/5(21—2\/5‘]"’21() = ?l—?‘]*’?k :T(l_\/g_]"’k)
T'(r) = %(—4 sin i — 4 cos 1)
N(ﬂ-j — _£1 — l]
3 2 2
i i K
(2)-afz)er(z)-| 5 25 Ly Sy
3) 73 3) 7| 3 S R T T TR T !
V3 1
N2
2 2
r(r) = 3cos 26 + 3sin 26 + 1K, 1 = —
r'(t) = —6sin 2i + 6 cos 2tj + k
r’(t)H = /37
r'(ﬁ = —6i + k
4
() = :8 = %(76 sin 21i + 6 cos 24j + k)
T'(¢) = %(712 cos 24 — 12 sin 2¢j)
T 1
T = | = —(-6i + k
5)-Ftaw
T'(¢) o
N(t) = = —cos 24 — sin 2¢j
[T
T
N
(J ’
ik
V4 V4 V4 -6 1 1 6
BZ|=T=|xNZX|= = i+ ——k
(4) (4j g (4J /37 3T W37 3T
0 -1 0
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79. From Theorem 12.3 you have:

80.

81.

r(t) = (vt cos )i + (h + vyt sin 0 — 16¢7)j

v(t) = vy cos i + (vy sin @ — 32¢)j

a(r) = -32j

T = (vo cos O)i + (v, sin @ — 327)j
\/voz cos® 0 + (v sin 6 — 32¢)’

(vo sin @ — 32¢)i — v, cos 6j

N(t) = (Motion is clockwise.)
. 2
\/voz cos? 6 + (vo sin 6 — 32t)
—32(v, sin 8 — 32¢
ar =a-T = \/ - 2( 0 : ) >
vy cos” @ + (vo sin 6 — 321‘)
ay —a-N = 32v, cos @

\/vo2 cos® @ + (v sin 6 — 32t)2
Maximum height when v, sin § — 32¢ = 0, (vertical component of velocity)

At maximum height, a; = Oand ay = 32.
6 = 45°, v, =150
vy cos @ = 150~% = 752

J2

Vo sin @ — 32t = 150~72—32t = 752 - 32t

-32(754/2 - 321) 16320 - 75v/2)

ar = =
\/11250 - (1532 - 32 25612 — 12005/2t + 5625

32(75\/5) _ 1200~/2
\/11250 + (75\/5 _ 321)2 \/256t2 — 1200\/51 + 5625

an =

At the maximum height, a; = Oand ay = 32.
(@) r(t) = (v cos O)i + [h + (v sin Q)¢ — %gﬂ]j

= (120 cos 30°)i + [5 + (120 sin 30°)¢ — 16¢* |j = 60</31i + [5 + 60¢ — 1617
(b)

0
Maximum height ~ 61.25 feet

range ~ 398.2 feet

(© v(f) = 60~/3i + (60 — 32¢)j

Speed = | v(1)| = \/ 3600(3) + (60 — 321)° = 8/16r* — 60r + 225

a(r) = 32
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@7 0.5

1.0

1.5

2.0

2.5

3.0

Speed | 112.85

107.63

104.61

104.0

105.83

109.98

(e) From Exercise 79, using v, = 120 and 6 = 30°,

~32(60 — 321)

"o \/(60\6)2 + (60 — 321)°
32(60:/3)

anN =

40

’ :::
ap

-20

\/ (60\/5)2 + (60 — 32¢)°

At t = 1.875, apr = 0 and the projectile is at its maximum height. When ay and ay have opposite signs, the speed is

decreasing.

82. (a) r(¢) = (v cos O)di + [h + (vo sin Q)¢ — %gtﬂj

(b) 4s0

0
-10

Maximum height ~ 382.125at ¢+ = 4.86

Range ~ 1516.4

1800

(220 cos 45°)ri + [4 + (220 sin 45°)¢ — 161
110~/24 + [4 +110/21 — 16:2]j

© v(r) = 1102 + [110\/5 - 32:}1'
[v()] = \/(110J5)2 + (11032 - 324)
a(r) = -32j

@r, 0.5 1.0 15 2.0 25 3.0
Speed | 208.99 | 198.67 | 189.13 | 180.51 | 172.94 | 166.58

83. r(r) = (10 cos 107,10 sin 10777, 4 + 41),0 < ¢ < -}

=20

(@ r(t) = (-1007 sin(1077), 1007 cos (1071), 4)

¥ (1)) = \/(1007)? sin®(1071) + (1007)" cos*(1071) + 16

= /(1007)" +16 = 4/6252> + 1 ~ 314 mi/h

(b) ar = 0and ay = 100072

ar

= 0 because the speed is constant.
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130 Chapter 12 Vector-Valued Functions

84. 600 mi/h = 880 ft/sec 86. r(r) = (r cos wt)i + (rsin wr)j
r(r) = 880 + (_16’2 + 36’000)j v(t) = (-resin wt)i + (ro cos or)j
v(z) = 880i — 324 OE ro1 = ro = v
a(t) = 32 a(r) = (-re’ cos wti + (ro cos wi)j
880i — 32fj 551 — 24
T = 163/4¢2 + 3(:25 NN 30125 J=()] = ro?
Motion aloinzgtir_isscslg)ckwise, therefore @) F = mHa(t)H _ m(ra)z) _ %(rzwz) _ mTv2
N(t) - m (b) By Newton’s Law:

641 m?  GMm , GM GM

- = Vv = -

ar=a-T=——20 V=
! 4?2 + 3025 r r? r r
1760
ay =a-N= —— 4
Jar? + 3025 87. v = M _ 256X 107 e mifsec

r N 4000 + 115

85. r(t) = (acos wt)i + (asin wt)j

i 88. v =, /—GM =, l79'56 X100 4.75 mi/sec
From Exercise 45, we know a - T = 0 and . , 4000 + 245

a-N = ao’.

a) Let wy, = 2w. Then 4

(@ 0 89. v =, IM ~ 4.67 mi/sec
a-N = a0} = a(20) = 4ao’ 4385

or the centripetal acceleration is increased by a factor
of 4 when the velocity is doubled.

(b) Let a, = a/2. Then

a-N =g = [ﬂjwz = (ljaa)z
2 2

or the centripetal acceleration is halved when the
radius is halved.

90. Let x = distance from the satellite to the center of the earth (x =r+ 4000). Then:

v Zﬂ _ 2mx 956 x 10*
t 24(3600) X

47252 _ 9.56 x 10*
(24)*(3600)° x
9.56 x 10*)(24)°(3600)’
x3:( - 4)(2)( ) = x =~ 26,245 mi
T
~ 2;4((2366,(2)3? ~ 1.92 mi/sec ~ 6871 mi/h

91. False. You could be turning.
92. True. All the motion is in the tangential direction.
93. (a) r(r) = cosh(bt)i + sinh(br)j, b > 0
x = cosh(bt), y = sinh(br)
x* — y? = cosh?(br) - sinh®(br) = 1, hyperbola
() v(r) = bsinh(br)i + b cosh(br)j

a(r) = b* cosh(bt)i + b sinh(bt)j = br(r)
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Section 12.5 Arc Length and Curvature 131

94. Let T(¢) = cos ¢i + sin ¢j be the unit tangent vector. 96. Using a = ;T + ayN, Tx T = 0,and |T x N| =1,
Then you have:
() = ‘thT vxa =||v|T x (aT + ayN)
dT dg dp _ g = [ v]lar(T x T) + | v|ax(T x N)
= ——— = —(sin ¢i — cos ¢j)— = ~
d¢ d dt dt = v[lan(T x N)
M = —sin gi + cos dj Hv X aH = HvHaNHT x NH - HVH”N

= cos[¢ + (72'/2):|i + sin[¢ + (72'/2)]J

and is rotated counterclockwise through an angle of v
7/2 from T.

97. |a* =a-
If d¢/dt > 0, then the curve bends to the left and H 2 H a-a

M has the same direction as T'. » = (aTT + aNN) ' (aTT + aNN)
So,p M has the same = ay’|T|* + 2araxT - N + ay’||N|?
direction as 2 )

- = ap” + ay

= — 2 _ 2 2

o o =[a- @
which is toward the . Because ay > 0, we have ay = /|a|*~ ar*.
concave side of the curve.
If dg/dr < 0, then the curve bends to the right and 98. F = ma = (1)@ av Force
M has the opposite direction y dr dr
as T'. Thus, X = at + bt* + cf®

Tl
N = — :ﬁ:a+2bt+3ct2

T dt
again points to the v _ 2b + 6¢t
concave side of the curve. ‘ dt

F? = 4b% + 24bct + 36¢%1%
95. r(t) = x(1)i + ¥(1)i 4b* + 12¢ + (2bt + 3cr?)

(1) 4b* +12¢ + (v - a)

r(7) i + [m ) + b}j F = f(v) = +\/4b* — 12ac + 12cv

v(t) = ( )i + mx'(¢)j The sign of the radical is the sign of 2b + 6¢t, which

V(0| = JIXOT + [m()] -
V(t) i(i + mj)

ol Ve

So, T'(¢) = 0.

( ( )) + b, m and b are constants.

cannot change.
2

x’(t)‘ 1+ m

, constant

Section 12.5 Arc Length and Curvature

1. r(c) = 34 — 4, [0,3] .

d vk
dt T dt " dt 00

s= N = (Vi) - v T~
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r(t) = i + 7j

d_g g E
dt dt dt

s = j:\/l + 422 dt

4
:i[Zt 1+4t2+1n‘2t+\/1+4tﬂ -
0

%m(\/ﬁ + 12) + 3145

i[&/@ +1n(8 + \/65)] ~ 1681

= 2%(133/2 - 8) ~ 1.4397

= 12a J.Oﬂ/z sinfcostdt = 3a L:[/z 2sin 2t dt = [-3a cos 2t]g/2

. r(f) = acosidi + asinfj
dx . dy
= = —gsint,= = acost
dt t

27 - 2z 2
S:J. \/azsmzt-kazcosztdt:.[ adt:[at]”:Zﬁa
0 0 0

r(r) = £i + £2),[0,1]
@ = 32 dl =21, é =0
dt " dt T dt
s = j; Nort + 4 dr = j; NIy
1
-1 181) dr = —| (97 43/1
-[ ( ) 27[( i ) 0
. r(t):(t+1)i+t2j,0§ts 6
Yy
dt dt
s= ['Nivad ar
6
= Bln(\/w 1+ 2;) + %t\/4t2 + 1} -
0
. r(t) = acos’ i + asin® £
& _ —3a cos? ¢ sin t,@ = 3asin®tcost
dt
s =

= 4_"0”/2\/[730 cos? ¢ sin IT + [Sa sin? £ cos t]z dt —*

= 6a

9

1,1

0.0 i

—+—
-1 112345678

—a

p
-

. (@ r(r) = (v cos O)ii + [h + (vo sin Q)¢ — %gtz}j

= (100 cos 45°)i + [3 + (100 sin 45°)7 — %(32);2}' = 502 + [3 + 50521 - 1672 j

(®) V(1) = 50:/2i + (50\/5 - 32t)j

252

5042 -32t =0 ¢ = "

Maximum height: 3 + 50\/—[25\/—J - 16(15\/—J = 81.125ft
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(¢) 34502t 1662 =0 = ¢ ~ 44614
Range: 50~/2(4.4614) ~ 315.5 feet

@ s = j;'%”\/(soﬁ) +(50v2 - 321) ~ 362.9 feet

8. (a) r(r) = (v cos O)i + [(vo sin 0)r — %gtz}j

y(t) = (vo sin 9)t - %gt2

v, sin @

g

V(1) = vysin@ — gt = O when ¢ =

Maximum height when sin 8 = 1,or § = %

2v, sin 6

(®) ¥(r) = (v sin O)r — %gtz =0=1t=
g

- 2
Range: x() = (v, cos 9)(2%51119} =Y sin20
g g
The range x(7) is a maximum for sin 20 = 1,0r 6 = %
(¢) x'(t) = vy cos @
(t) sin @ — gt
(t)2 ( ) = v cos” 8 + (v, sin 0 — gt)2 = v,2 cos® @ + v,* sin® @ — 2v,%g sin Ot + g*t* = vy* — 2vyg sin Ot + g2t>
s(@) = JOZVO windle [voz — 2v,g sin 6f + gztzJi:
Because v, = 96 ft/sec, you have
s(0) = [ [96> ~ (6144'sin O)r + 10242 ]"".
Using a computer algebra system, s(6) is a maximum for 6 ~ 0.9855 ~ 56.5°.
9. r(t) = —i + 44 + 3k, [0,1]

b bk
dt dt dt

s= [NTH16+9d = [V26i] = /26

=3

10. r(r) =i + 1% + £k, [0, 2]

A

,— = 3t?
dr dt dt

I
Il

J’ 462 + 94

1 2 1
[ a+oria = 440 9)’ l} 27(403/2 47 = 2—7[80\/5 - 8]
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11. r(r) = (41, —cos t,sin 1), [O 37”}

ax_ 4,Q = sint,é = cost
dt dt dt

s = I;”/z \/16 +sin ¢ + cos® ¢ dt = j;”/z \/ﬁdt = [\/ﬁtJ 30”/2 = %Jﬁ

(6m,0,-1) -12

12. r(r) = (2sint,5t,2 cos 1), [0, 7]

ﬁ = 2cost, Q = @ = -2sin¢
dt dt " dt

s:'[oﬂ\/4cos2t+25+4sin2tdt I\/—dt 297

13. r(f) = acosdi + asintj + bk

.0, 27
dx . dy dz @0.270) oy
— = —gsint,— = acost,— = b

dt dt

dt

27 -
s = IO \/ar2 sin? £ + a® cos® t + b* dt

T 2z
[N Ra-[Nav ] sy
0

y

14. r(r) = <cost + tsint,sint — tcost, t2>

dx dy . dz
— =tcost, — = tsint,— = 2t
dt t dt

jO”/z \/ (7 cos t)2 + (7sin t)2 + (2t)2 dt

. 272 2

= jo/z 502 dt = \/E’Z} = NEs
0

[
I

8

15. r(t) = i + ¢ + Intk

b b ]

dt R

2
S—J dt—j /4t+t+1d_ 4t4;t+ldtz8.37

16. r(7) = sin 7fi + cos zfj + r'k

&

dx . dz )
— = 7 cos xt, = —zsinxt, — = 3t
dt dt

s = Iz \/(z cos 1)’ + (— sin zt)’ + (3t2)2dt = Iz 7ot dt ~ 1115
0 0
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17. x(t) = di+ (4= 2)j+ £k, 0 < 1 <2

18. r(f) = 6cos[%tji + 2sin(%’)j F K0 <1 <2
(@) r(0) = (0,4,0),r(2) = (2,0,8)

(@) r(0) = 6i = (6,0,0)

distance = /22 + 4% + 87 = /84 r(2) = 2j+ 2k =(0,2,2)
= 2/21 ~ 9.165 distance = /62 + 2% + 22 = /44
(b) r(0) = (0,4,0) = 211 = 6.633
r(0.5) = (0.5,3.75,0.125) (b) r(0) = (6,0,0)
r(1) = {1L3.1) r(0.5) = (5.543,0.765,0.5)
r(1.5) = (1.5,1.75,3.375) r(1.0) = (4.243,1.414,1.0)
r(2) = (2,0.8) r(1.5) = (2.296,1.848,1.5)
distance ~ /(0.5)" + (0.25)" + (0.125)’ r(2.0) = (0,2,2)
+J(0.5) + (0.75) + (0.875)’ distance ~ 6.9698

( ) ( (c) Increase the number of line segments.
(0.5)2 + (1 .25)2 + (2.375)2 (d) Using a graphing utility, you obtain
) )

2 2

(05 + (1.75) + (4.625) (1)]dr ~ 7.0105.

~ 0.5728 + 1.2562 + 2.7300 + 4.9702
~ 9.529
(c) Increase the number of line segments.

(d) Using a graphing utility, you obtain 9.57057.
19. r(r) = (2cost,2sint, 1)
(@ s = L; \/[x'(u)]z + [y’(u)]2 +[ ] du = I \/ ZSlnu (2 cos u) (1)2 du = L; 5 du = [\/gul NG

(b)

-

x = 2c0s(%j,y = 2sin[%}z = %
r(s) = 2 cos(%ji +2 sin(%)j + %k

(c) When s = 5 x = 2cos1 ~ 1.081 When s = 4: x = 2005i ~ —0.433
. 5
y =2sinl ~ 1.683 4
— = 2sin— =~ 1.953

z=1 g N

(1 .081,1.683,1.000) 4
z = — ~ 1.789

NG

(~0.433,1.953,1.789)
ot [l el - -
20. r(r) = <4(sint — tcost),4(cost + sin 1), %t2>

(@) s = J.t\/[x'(uﬂz + [y'(u)}z + [z'(u)}z du
= J \/ 4u smu 4u cos u) + (314)2 du = J.(i N16u + 9u® du = J; Sudu = %tz
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136 Chapter 12

) t = 2s
2s 2s 2s
x = 4 sin /—— = cos, [—
[ 5 5 5
2s 2s 2s
y = 4| cos, [— + ,[— sin
( 5 5

Vector-Valued Functions

2 B} A )

(c) When s =
x =4 sin\/z\/g - \/2\/3 cos 2\/§ ~ —1.030
5 5 5
y=4 cos\/Z\/g + /s sin\/Z\/g ~ 5.408
5 5 5
N NN
5
(—1 .030, 5.408, 1.342)
When s = 4:
x =4 sin\/g - \/gcos\/g ~ 2.291
5 5 5
y =4 cos\/g + \/gsin\/g ~ 6.029
5 5 5

5
(2.291, 6.029, 2.400)

16 9

— +
25 25

SN

23. r(s) = 2 cos[%]i +2 sin(%jj + %k

T(s) =

21. r(s) = [l + \fsji + [l - \/Esjj
r'(s) = ?i - %j and r’(s)H =
s) = r'(s) =r(s
T( ) rr(s)H ( )
T(9) = 0 = K =[]
22, r(s) = (3 + s)i +j
r'(s) = iand Hr'(s)H =1
T(s) = r’(s)
T'(s) =0= K = (S)H =0 (The curve isaline.)

:‘T

r'(s)

% o e e G+ g
o) - Zeof G- 2o )

s>H:§

© 2010 Brooks/Cole, Cengage Learning



Section 12.5 Arc Length and Curvature 137

T'(s) = 4 icos §1 A4S sin léj
25V 2s 5 25V 2s 5
, 4[5 2J10s
K=|TOl = 5\% = 55,
r(r) = 4 - 21 28. r(f) =4 + é?j
v(t) = 4i - 2

16 5
T(t) =0 v(2) =i+ =i, v(z)H = 1+ o =3
|T'()] 2
K=t—"- a(r) = =i
0| (1) =3
(The curve is a line.) a(2) = ﬂj
r(t) = i+ . ltzj
3 3 3i + £
i) = 2 ) = { e Jo+
T(t) =1 + 3
T’(t) =0 T(2) _ 3i + 4j
, 5
Tl _ 4 + 3§
r'(7)] N(2) = —
Y _a-N_ 45 36
Sr() = K=IVF "9 125
v(t) =i - tizj 29. r(r) = <t, sin t>
V(]) =i—j r'(t) = <1, cos t>, r'(t)H = /1 + cos® ¢
2., () _ {7 Z
alr) = i r(i] = (1,0), r(J 1
1) = 2j
a(l) ! a(r) = (0, —sinr), a[gj =(0,-1)
T() = i—j
o+ T(¢) = 1 1
( \/1+c052t<,COSt>
N(t) = 1/2(i + tzj)
*+1 V4
( T[—j = (1,0)
1 2
N(l) = —=(i +j
=i+ )
koA N V2
2 eomN 1
[v* 1
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138 Chapter 12 Vector-Valued Functions

30. r(r) = (Scost,4sint),1 = z

x(t) = 5cost, y(t) = 4sint

xvyvr _ yrxrr‘
[+ (]
‘(75 sin 7)(—4sin 1) — (4 cos t)(—5 cos t)‘
) [25 sin® ¢ + 16 cos? tT/2
20

[25 sin? # + 16 cos® tT/z

7\ 20 160-/91
K[E) - [25(3/4) + 16(1/4)3/2} 8281

K =

31. r(r) = 4 cos 2z + 4 sin 27ij
r'(t) = —8x sin 2zfi + 87 cos 27ij
T(r) = —sin 2 zfi + cos 2¢j

T'(t) = =27 cos 2zti — 27 sin 27tj

O] _27 _1
r’(t)H 87z 4

32. r(r) = 2cos zfi + sin i

r'(t) = =2z sin 7fi + 7 cos xtj
r'(t)H = z<J4sin® 7t + cos®
T(t) —2sin i + cos 7tj

\/4 sin® 7zt + cos® 7zt

T’(t) _ —27 cos ti — 4x sin 7t

(4 sin? 7t + cos? 771)3/2

o
K - ‘ T'(’)H _ 4 sin® 7t + cos® xt
(1) 72'\/4 sin? 7t + cos® 7t

2

(4 sin? 7zt + cos® 7rt)3/2

33. r(t) = acos oti + asin wtj

r'(t) = —awsin wfi + aw cos wij
T(r) = —sin wii + cos wij

T'(t) = —w cos wii — wsin wij

T/(¢)| o 1

r'(7) H aw a

x|

34. r(r) = acos(wt)i + bsin(wi)j

3s.

36.

37.

r'(1) = —awsin(wt)i + bw cos(wi)j

(V) - —asin(wt)i + b cos(w1)j
\/az sin’(@t) + b* cos*(wr)

—ab’w cos(wt)i — a*bw sin(wt)j

T'( = 32
) [az sin®(or) + b cosz(a)t)]/

abw
T'(¢ a® sin*(wt) + b? cos*(wt
Tl (1) (1)
[¥()] onJa® sin*(1) + b cos’(w1)
_ ab
[az sinz(a)t) + b2 cosz(a)tﬂ}/2
r(t) = <a(wt — sin a)t), a(l — cos a)t)>

From Exercise 44, Section 12.4, we have:
a-N —ﬂzw/l—cosa}t
V2
L al) N

[vOl?
e,

2a’w*(1 — cos 1) - 4a\/l — cos wt

r(t) = (cos ot + wt sin wt, sin wt — wt cos wr)
From Exercise 43, Section 12.4, we have:
a-N=ot

a(7)-N(t) o 1

K =

M T w" W

2
r(f) = fi+ 2% + %k

r'(f) =i+ 24+ k

i+ 24+ 1k

T() = ————
) N1+ 522

, =54+ 2j+ k
T(t): N2
(1+5%)

5

()] (1+52) NG

r(@)] - i+ se (1+ 512)3/2

x|
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38. r(r) = 2¢% + 4 + %tzk

r'(c) = 4+ j+ ik

44 + j+ 1k

T(t) =
( 1+ 1742
T'(t) 4i - 174 + k
(1+17¢ )

@] _ 2802 +17 / « 17¢)

vl (1+177)

(1+17z)

40. r(r) = i + €* cos j + €* sink

Section 12.5 Arc Length and Curvature 139

39. r(r) = 44 + 3costj + 3sinrk

r'(r) = 4i — 3sin4j + 3cos tk

T(¢) = %[4i — 3sin#j + 3 cos /K|

T'(¢) = é[% cos 7j — 3sin 7k]

[Tl _3s _ 3

_
K= "5 s

r'(r) = 2% + (2e " cost — e sin t)j + (2@2’ sint + e* cos t)k = ¢¥[2i + (2cost — sin#)j + (2sint + cos )k |

T'(r) = —gsint—lcostj+ Ecost—lsintk
3 3 3 3
4 1 4 4 1 4 s
T’(t)Hz (fsinzt+7c0s2t+fsintcostj+(fcoszt+7sin2t—7c0stsint] = —
9 9 9 9 9 3

41. r(t) = 34 + 2%, P(-3,2) = 1 = -1
x=3,x=3x"=0

y=20y =41 )" =4

P i I E O R
- 2 ,23/2* L2
[+ O] [0+ @]

Atr=-1L k=12 12

(9 +16)7 125
2. v(r) = i + 444, P(1,0) = 1 = 0

y=4t,y =43y"=0
Xy = ¥ [0 — 4] 4

K = =

(@) +p]" g™ 17?

r’(t)H = ez’[4 + (4 cos? ¢t — 4costsint + sin® t) + (4 sin? ¢t + 4sintcost + cos> I)T/Z = ez’[9]l/2 = 3

3
3. (1) = i + 1] +tzk, P(2,4,2) =t =2
' . .3,
r(t):1+2t]+ztk

r'(2) = r'(2)H = /26
3

" — 2. —k
(1) j+ 21
r'(2) = 2j + 3k

i j k
r'(2)><r'(2): 1 4 3|=6i-3j+2k

0 2 3

2)|= /49 =7

e 7 7%

K = =
Ie|l> 267 676

© 2010 Brooks/Cole, Cengage Learning



140 Chapter 12 Vector-Valued Functions

44, r(t) = ¢ costi + € sintj + €k, P(l, 0, 1) =1t=0

45.

46.

47.

48.

r'(r) = (e’ cost — e’ sin t)i + (e’ sint + €' cos t)j + ek

T(r) = %[(cost —sin#)i + (sin + cos7)j + kJ

T'(¢) = %[(—sint — cos t)i + (cost — sin t)j}

r(0) =i+ j+k = |r0)=~/3

, L. , V2
T(O) = ﬁ(—l + ]) 3‘T(0)H = ﬁ
« _|TOI_v2/v3 2

r'(0)] NG 3

y=3x-2
Because " = 0, K = 0, and the radius of curvature is
undefined.
y=mx+b

Because y" = 0, K = 0, and the radius of curvature is

undefined.

y=2x"+3x=-1

y' = 4x

y” — 4

K = 4 — = 17‘;2 ~ 0.057
[1 + (-4) }

1 172

— ~ 17.523 (radius ofcurvature)
K 4

4
y=2x+—x=1
x

X
8
"o_ =, ") = 8
Y=
~ ‘y//‘ B 8 B
ey
1 53/2
— = —— (radius of curvature
= g ( )

49. y = cos2x,x =
y' = —2sin 2x
y" = —4cos2x

50.

51.

r'(t)H = e’\/(cos2 t — 2costsint + sin? t) + (sin2 t + 2sintcost + cos? t) +1 =3¢

2z

Atx=27r,y:1,y’:0,y":_4

P s I
[I+OZT/2

L

K 4

y=e¥x=0

yr _ 3e3x,yrr — 9e3x

Atx=0,y=1)y =3,y"=9

9 9
K=— _=_"_
|:1 + 32:|3/2 103/2
1 10~/10
K 9
y=~a*-x*x=0
¥ =
a® — x?
&
V' = 32
(- )"
Atx =0 )" =0
" 1
yo=-
a
l/a 1
K =y = =
(1+0) a

E =a (radius of curvature)
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52. y = %\/16 - x2

O
Y 16y
o+ (16v)’]
7T 16y
Atx =0y =0
" — _i
T
-3/16 3
K = ﬁ = g
(1+0%)
i = E(radius of curvature)
K 3

53. y=x* x=2

54.

5S.

¥ =3x%y" = 6x
Atx =2, y=8 )y =12, )" =12

12 12
K = -
32 32

[1+ @27 (49
1 145V/145
K 12
y=x",x=1,n2=22
yv — nxnfl
yn — n(n _ l)xnfl

Atx=1y=1) =ny" =n(n-1)

K - n(n - 1)
[l + nzf/z

(a) Point on circle: [%, lj

Center: Ez, O)
2

2
Equation: (x - %j +y2 =1

(b) The circles have different radii because the curvature

is different and » = i
K

Section 12.5 Arc Length and Curvature

2
56.(a)y:xz4x+3

= 24x

(x2+3)2
72(1 — x2
y”: ( x})
(x2+3)

Atx =0y =0
w_ 12 _8
27 3
83 8
K—(1+02)3/2 3
1 3
P
K 8

Center: (O, é}
8

2
3 9

Equation: x> + |y —-=| = =
a (y 8) 64

141

(b) The circles have different radii since the curvature is

different and » = i
K

1, 2
o

57. y:x+l,y':
x x x

K=—2 _ —2a(12)

(1+07)

Radius of curvature = 1/2. Because the tangent line is

horizontal at (1, 2), the normal line is vertical. The center

of the circle is 1/2 unit above the point (1, 2)at (1, 5/2).

5\2
Circle: (x - 1)2 + (y - Ej = -
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142  Chapter 12 Vector-Valued Functions

58. y =Inux, x =1

|-1] 1 1

S B B S X A N £)
32 20 !’

(t+ )" 2 K

The slope of the tangent line at (1, O) is y’(l) = 1.
The slope of the normal line is —1.

Equation of normal line: y = —(x —1) = —x + 1

The center of the circle is on the normal line 2~/2 units
away from the point (1, 0).

Ji-x+(0-y} =22

(1-x +(x-1)7" =8 s
2 —4x+2-=8 el
2x? - 2x-3)=0 U
2x—3)x+1) =0 1
x=3o0orx = -1
Because the circle is below the curve, x = 3and y = 2.

Center of circle: (3, —2)

Equation of circle: (x - 3)2 + (y + 2)2 =8

59. y = ¢, =0

1 1 N

1
:m:fﬁ:m,}’:E:

The slope of the tangent line at (0, 1) is y'(O) =1.

The slope of the normal line is —1.

Equation of normal line: y — 1 = —xor y = —x + 1

The center of the circle is on the normal line 2~/2 units
away from the point (0, 1).

JO-xP+ (1= =242

2

X2 +x*=8
x2 =4
6
x =12

Because the circle is above
the curve, x = -2 and y = 3.

0, 1)

Center of circle: (-2, 3) - 0

Equation of circle: (x + 2)2 + (y - 3)2 =38

60.y:§x,x:1

2 1 1
k-2 -1, 1_p5
) 2K

The slope of the tangent line at [1,% is y'(l) =1.

The slope of the normal line is —1.

Equation of normal line: y — % =—(x-1or y=—-x+ %
The center of the circle is on the normal line ~/2 units

away from the point (1, %)

Joor o] -
(1-x) +(x-17 =2
(x-17° =1

x =0orx =2

Because the circle is above the curve, x = 0 and

4 3
Yy = 5 /—"
Center of circle: (0, g) 5 \ ©.D

2
Equation of circle: x* + (y - gj =2

61. 1

63. y=(x—-17+3, ) =2x-1), y =2
2 2

@+p@fgff2:@+4@_nﬂm

(a) K is maximum when x = 1or at the vertex (1, 3).

(b) limK =0

xX—>00
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64.

65.

66.

69.

y=x,) =3 ) =6x

6x

K=|—
(1 + 9)64)3/2

. . 1 1 -1 -1
a) K is maximum at ) N X .
© [\/“ 45 Y 4s3j [\/4 45 3 453]

(b) imK =0

xX—>00

y=xB = %x—lﬁ’ = —%x"‘“
K = (_2/9)){4/3 2| T ¢ 32
[l + (4/9)x’2/3J/ )51/3(9x2/3 + 4)/

(a) K —> was x - 0.No maximum
(b) imK =0
X—0
1 2
, Y = - y' = —- Assume x > 0.
X

1
y ==
X X

y 22| 2

|:1 R (y’)2:|3/2 - (1 N l/x4)3/2 - (x4 + 1)3/2
dK 6x2(1 - x4)
dr (x4 + 1)5/2
(a) Khasamaximumat x =1
(andx = —1by symmetry).
(b) IimK =0
X—0

K =

y = sinh x, y' = cosh x, y" = sinh x
|sinh x|

K=—"""1
/
[l + (cosh x)z}3 ’

(a) By symmetry, consider x > 0, so ‘sinh x‘ = sinh x:

K' =

2732 . 2
[l + (cosh x) } cosh x — (sinh x)%(l + (cosh x) )

Section 12.5 Arc Length and Curvature
67. y =Inx, y' = l, y' = —Lz
x X
K - —1/x? - X
L2 5 32
[ ] ] ()
dK -2x% + 1
de ()
(a) K has a maximum when x = L
NF

(b) imK =0

xX—>00

(a) 1—262"=0:>e“:l:x=lln£lj=
2 2

2
K has maximum curvature at x = —% In 2.
(b) limK =0
X—0

/2
2 sinh x cosh x

[l + (cosh x)z}3
Setting K' = 0:
|1+ (cosh %) Joosh x = (sinh x)* 3 cosh x
1+ (cosh x)* = 3(sinh x)°

1+ (1 + sinh? x) = 3sinh? x

sinh? (x) =1

x = arcsinh(l) ~ 0.8814, Maximum

Also, x = —arcsinh(1)
Maximum curvature at (iarcsinh(l), 1)

(b) limK =0

xX—>00

143

—l In2
2
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144 Chapter 12 Vector-Valued Functions

70. y = cosh x, y' = sinh x, " = cosh x 74. y =sinx, y' = cosx, y' = —sinx
K cosh x cosh x 1 © sin x| 0 f
= = = =——— — =0for x = nz.
[l + sinhsz/z [cosh2 xT/z cosh? x (1 + cos’ x)3/2
(@) K' = -2 sir13h X — 0 when x = 0, Maximum Curvature is 0 for x = nz: (nz, 0)
cosh” x
(b) limK =0 75. (a) s = _[:\/x’(t)2 + (e + 2(0) dr = (0)] a
Loy = 1-x, ) = 3¢, y" = —6x (b) Plane: K = H H
TR (o100
= T'(¢ ) x r(2)
[l + 9x4]3/2 Space: K =
(Gl r'(f)H3
Curvature is 0 at x = 0: (0, 1). .
Answers will vary
72y = (x— 1)3 +3, ) =3(x- 1)2, V' =6(x —1) 76. The curve is a line.
" 6(x —1 "
K = Y 7T = ‘(x )‘3/2:Oatx=1. 77_[(:%
N2 4 2732
[+ [reotx-] 1+ ()]
Curvature is 0 at (1, 3). At the smooth relative extremum )’ = 0,s0 K =|y"|.
73. y = cosx, y’ = —sinx, ' = —cos x Yes, for example, y = x* has a curvature of 0 at its
relative minimum (O, 0). The curvature is positive at any
| —cos x|
L 2 0 for other point on the curve.
[ } 1 + sin x)
x=2Z+Kn
2

Curvature is 0 at [% + K, OJ.

78. r(t) = i + %

L
21,2y
()dt dt

[N+ 4 an = %j{f\/l T 42 (2) dt(u = 21) = ; ;[2 T+ 4+ Inf2 4 T+ 48 H Theorem 8.2)
HA/W +nl4+ \/ﬁu ~ 4.647

[
Il

(b) Let y = x%, y' = 2x, y' =2
Atr=0,x=0y=01 =0 )" =2 K =2

[1+0]* =
Att=1L,x=1,y=1y =2,y"=2
K=—2 2 0179

[1+ (Z)ZT/2 o

Att=2,x=2,y=4,y =4)y"=2
3 2 2
[t+16] 177

(c) Astchanges from 0 to 2, the curvature decreases.

~ 0.0285
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79. Endpoints of the major axis: (+2, 0)

Endpoints of the minor axis: (0, il)

x2 +4y? =4
2x + 8y =0
o _x
y = 4y
= @ED = (9(4r)
16y°
B —4y —(xz/y) B —(4y2 + xz) B ;1
- 16> 16yt 4y}
K = [-1/4y°| - |-16] :
32 32
[+ (] (1675 9)
_ 16 _ 16
(122 + 4" (16-32)"

So, because -2 < x < 2, K is largest when x = £2 and

smallest when x = 0.

X

80. y :ax(b—x),y2 :x+2

You observe that (0, 0) is a solution point to both

equations. So, the point P is origin.

»n = ax(b - x), W = a(b - Zx), W = 2a
Y2 = x,J’2I: 22,y2”:_743
X+ 2 (x + 2) (x + 2)

2 1

AtP, y/(0) = aband y,'(0) = m -

Because the curves have a common tangent at P,
»'(0) = »,/(0)or ab = % So, »/(0) = % Because the

curves have the same curvature at P, K,(0) = K,(0).

K](O) = )’1”(0) B = “2a P2
o) ]| [ 02)]
K,(0) = 20 72| = /2 7

1+ 2y

So, 2a = ié or a = i%. In order that the curves

intersect at only one point, the parabola
must be concave downward. So, y

a:landb=—=2. ¥, |
4 2a y

ylzix(2—x)andy2:x o }

Section 12.5 Arc Length and Curvature 145

81. f(x) = x* — ¥?
2\6x2 —1\
\16x6 —16x* + 4x% + 1\3/2

(b) For x = 0, K = 2. f(0) = 0. At (0,0), the circle

(@ K =

of curvature has radius % Using the symmetry of

2
the graph of f, you obtain x2 + (y + lj = l

2) T4
For x = 1,K = (2/5) /5. /(1) = 0.At (1,0), the

~—

. . 1
circle of curvature has radius = —

i
Using the graph of f; you see that the center of

~|G

curvature is [0, %j So,

2
f+[ﬁ_5 -
Y By

i
3
To graph these circles, use >
1 1 1 5
=—=*,[--x*and y = — £, [> - x%.
7 2 4 7 2 4

(c) The curvature tends to be greatest near the extrema
of £, and K decreases as x — too.f and K,
however, do not have the same critical numbers.
Critical numbers of f:

5
x =0, ig ~ +0.7071 \/\/

Critical numbers of K: -3
x =0, £0.7647, +0.4082

82. y = ixg/io <x<5

@ :

L 2 =

» T,
Vs

X

(rotated about y-axis)

8/ 8/5 35
(b) V= ISZﬂx RASNEE o dx = 125757 ~114.6cm’
0 4 4
' 2 3/5 " 6 -2/5 6
C = —=x7", = —X =
© st T s 25x%3
6
25x%3 !
= 32
[l + ix(’/s}
25

6

32
25x2/5|:1 + ix"’/ﬂ %o
25

(d) No, the curvature approaches was x — 0".So, any
spherical object will hit the sides of the goblet before
touching the bottom (O, 0).
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83. (a) Imagine dropping the circle x> + ( y

84.

— k)’ =16

into the parabola y = x?. The circle will drop to the point where the tangents

to the circle and parabola are equal.
yzxzamdxz-k(y—k)2 =16 = x2+(x2—k)2 =16
Taking derivatives, 2x + 2(y — k)y' = Oand y' = 2x.So,

, , -X
-k =-x=y :y—k.
So,
l=2x2>7x=2x(y7k)
y—k

So,

2
x? + (x2 - k)2 = x>+ (flj =16 = x* = 15.75.
2

Finally, k£ = x* + !

271=2(x27k):>x27k=7

5 = 16.25, and the center of the circle is 16.25 units from the vertex of

the parabola. Because the radius of the circle is 4, the circle is 12.25 units from the vertex.

(b) In 2-space, the parabola z = »? (or z = xz) has a curvature of K = 2at (0, 0). The radius of

the largest sphere that will touch the vertex has radius = 1/K = i

c
s =

VK
_13
)’*3)C
yr:x2
y"' = 2x

2x

K=\"—r

(1+x)

When x = 1. K = %
\/1/

30
30=(‘/§c:>c=—
2

_ Y2

Atx=2 K= 3 —————— ~ 0201
2 [1+ (81/16)]
30/3/2

)5

~ 56.27 mi/h
o /
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Section 12.5 Arc Length and Curvature 147

. . |
85. P(xo, yp) point on curve y = f(x). Let (a, f)be the center of curvature. The radius of curvature is <

86.

y' = f'(x). Slope of normal line at (x,, yy) is
Bl
(%)

Equation of normal line: y — y, =

)
(x - %)

(a, ﬂ) is on the normal line: ff’(xo)(ﬁ - yo) =a-Xx

(xo, yo) lies on the circle: (xo - a)2 + (yo -

Substituting Equation 1 into Equation 2:

-+

o (e s 2

Equation 1

Equation 2

f ”(xo) ‘

(£ ()8 = y0)] + (o — BY = (%j
2 (1 f’(x0)2)3
(B=y) +[1+ f(x :(72
0) [ 0) } (f”(xo))
[1+ 7o) |
-y =L
( )’0) f”(xo)
When f"(x,) > 0, B — yo > 0,andif f"(x,) < 0, then 8 — y, < 0.
L+ (%)
So B — yy = ——2L
o B - f”(xo)
B =2+ Hf{()E:;) =)otz

Similarly, a = x, — f'(x)z.

@@ y=f(x)=¢, f(x) = f"(x) = ¢.(0,1)

(©) y=x%y =2xy" =2,(0,0)

1+ /07 1

7"(0)
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87. r(0) = rcosbi+ rsin0j = f(0)cosbi + f(6)sin bj

x(6) = f(6)cos &

y(0) = f(0)sin 6

x'(6) = —f(6)sin 6 + f'(6) cos &
V'(0) = f(O)cos O + f'(6)sin &

x/r

9)

(
¥"(0)

xl”_ (xl/
K - y' -y _ B

(@ + 0] i

88.(a) r=1+siné

[/-2(9) + (f-'(g))st/z [r2 N (V')ZT/Z

—f(0)cos @ — f'(8)sin 6 — f'(8)sin @ + f"(0)cos & = —f(F)cos @ — 21"(0)sin & + f"(6)cos
—/f(0)sin @ + f'(6)cos @ + (@) cos @ + f"(0)sin @ = —f(0)sin O + 2/(0)cos @ + f"(6)sin O
1(0) - 10)7(0) + 27O | |2 -+ 20|

¥ = cos @
¥ = —sin @
‘- ‘2(}”')2 -+ rz‘ ~ ‘ZCOSZ 0 — (1 + sin O)(—sin 6) + (1 + sin 6‘)2‘ _ 3(1+sing) 3
[(r,)z * FZT/Z \/[cos2 0 + (1 + sin 9)2}3 \/8(1 + sin 6) 2\/2(1 + sin 6)
b r=20
r'=1
=0
‘2(/)2 -+ rz‘ 24+ 9
= 2 N2
[
(¢) r =asinf
' = acos@
r = —asin @
‘2(7")2 -+ ”2‘ ‘2012 cos® @ + a® sin® @ + a® sin? 9‘ 202 2
K = 5 32 T 3 =—5=—a>0
[(r') + rz} \/[az cos? @ + a* sin? 9] a
d r=é
¥ o= ef
o= e&
‘2(;”') -+t 2620
K =

1
B (2e29)3/ P V2!

¥ = ae®
r = ae

‘2(;»’)2 — "+ yZ‘ ‘zazeztza e 4 6209‘ |
K= [(r')z +r2T/2 - [azezae N ezaaT/z - eOJa? + 1

(@) As @ > o, K — 0.
(b) Asa > o, K > 0.
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90. At the pole, r = 0.

91.

92.

93.

ey ] 2()’ 2
|:(r’)2 . r2:|3/2 ‘,/‘3 ‘V"
r = 4sin 260
7' = 8cos 20
g 221
At the pole: K = r'(O)‘ =32
r = 6¢cos 30
' = —18sin 30
At the pole,
e:z{q 18
6 6
and
2 2 1
K = - = _
r(z/6)| |-18] 9
x = f(t).y = g(t)
dy
b g g0
e dx (t)
dt
7
_dr| f(1)
YT &
dt
7'(1)g"(t) — g'(1) /" (¢)
_ /(0] _S(0)g"(0) - g'(0)"(0)
/) o]

£(0g"(0) ~ g'(0)"(7)
(7))

_| 0" - g0 ()

J{ww} (Lo + <)

()]

Section 12.5 Arc Length and Curvature

9. x(1) = £, X'(t) = 3, x"(t) = 61

9s.

K —> O0ast > o

5

-4 4
0

x(60) = a(6 - sin 6) ¥(0) = a(1 - cos 6)
x'(6) = a(l - cos 6) y'(0) = asin @
x"(0) = asin @ y"(6) = acos 6
[¥(0)(0) - (0)(0)
(<0 + y(o)]
B ‘a2(1 — cos 9) cos @ — a’ sin’ 49‘

[az(l — cos 9)2 + a? sin? HT/Z

1 |cosé -1
a[2 - 2cos 9]3/2
1 1-cos@

= —3/2(1—00520)

a 2\/5[1 — cos 6]
S S LCSC[QJ
2a+/2 — 2cos O 4a 2

(0 =)

.. 1
Minimum: —

Maximum: none (K —> was 0 > O)

96. (a) r(r) = 3% + (3t - £)j

v(t) = 6t + (3 - 3%)j

d. d?
;j =|v()| = 3(1 + tz),;j = 6t
_ 2
301+ )
d2
ar = des = 6¢

149
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150 Chapter 12 Vector-Valued Functions

1

y

(b) r(t) = d+j+ %tzk 97. F = may = mK é)
dt
v(t) =i+ 26 + 1k
( SSfOOIb ][ f}(m (5280) j 3751
;Lj v = N 32 ft/sec? | 100 ft )\ 3600 sec
ds 5t 98. F = = mK(ds)z
dr® 502 + dt
(1) = 2i+k (640016 Y 1 Y(35(5280) ft)
| 321ft/sec® | 250 ft | 3600 sec
r'(r) x r"(r) = v(r) x a() _ 94864 e
i j k
=1 2t t|=-j+2k -
0 2 1 99.y:coshx:e+ze
- Hr'(t) x r”(t)H ~ J5 e —et b
= r'(l‘)H3 - (5t2 N 1)3/2 y 2 sinh x
d? St "= e te” = cosh x
ap =55 = . 2
dt 57+ 1 K- ‘coshx‘ _ coshx 1
2 - 32 32 T
v o) -t "o
5t + 1
5
5% + 1
100. (a) K = T’(S)H:‘% ‘%T % by the Chain Rule
_|ama| [T HT )|
dsfdr |~ v~ [r()]
() r'(r)
b —
© T = 5]~ @
v(r) = 210
" _ LZS é !
(1) - [d,z Jrto + &)
ds ds\’ ,
(d)( ] (j;j [T()) x T(1)]
Because T() T(r) = 0 and — = H you have:
r(0) < r'(e) = () [{T() < T(0)]
<O« OOl - OO
So. |r (t) x r3(t) _x
Hr( X r (I)H Hv(t) x a(t)H
[r@ @]~ [r@)] [ _ a() - N
© K - = AT =
° e I . R X0 B 0
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101.
102.

103.
104.

10s.

106.

107.

108.

Section 12.5 Arc Length and Curvature

False
False

Curvature =

radius
True

True
dsY
o - 43
Let r = x(¢)i + y(¢)j + z(¢)k. Then r =r| = \/ ()] + [y()] +[2()] and » = ¥(1)i + y'(r)j + £(¢)k. Then,

{%} - JOT DT + [z(z)TB{[x(z)f FDOT + [OT] - e + 200 + 2z(t)z'(t))}
x(0)x'(2) + y(0)y'(1) + z(1)Z'(r) = ¢ - ¥'.

-GmM
r

}"3

_GM

r3

F = ma = ma =

Because r is a constant multiple of a, they are parallel. Because a = r” is parallel to r, r x r” = 0. Also,

d . . .
(;j(r X r') =r'xr +rxr”"=0+0 = 0. So, r x r'is a constant vector which we will denote by L.
t

Let r = xi + yj + zk where x, y, and z are function of ¢, and r = HrH

iH _ ' - x(drjdr) - r[(z r)/r]

dilr| B

1’2

Pr = (r o)
=—

using Exercise 105)
B

(x2 + 32+ 22)(x'i + )+ z'k) - (xx' + ' + zz')(xi + )j + 2k)
3

,
= :T[(x’yz + x'z2 — xpy - xzz')i + (xzy' + 2%y — xxly — zz'y)j + (x2z' + %2 — xx'z - yy'z)k:|
i i k
= i} yz' — y'z —(xz’ = x'z) xy - xy|= %{[r X r’] x r}
r . y . r

dl r r 1, " 1 /
E{GMXL—f}:G—M[r x0+r xL]—r—}{[rxr]xr}

_ GEM{O G- SN r’]} NI

:_%x[rxr’]—%{[rxr']xr}

—%{[rxr’]xr—[rxr']xr}:o

So, (GFMJ x L - (EJ is a constant vector which we will denote by e.

151
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Chapter 12 Vector-Valued Functions

109. From Exercise 106, you have concluded that planetary motion is planar. Assume that the planet moves in the

110.

111.

112.

xy-plane with the sum at the origin. From Exercise 108, you have

¥ xL = GM[E + e).
r

Because r’ x L and r are both perpendicular to L, so
is e.So, e lies in the xy-plane. Situate the coordinate system so that e lies along the positive x-axis
and @ is the angle between e and r.Let e = HeH Thenr -e = HrHHeH cos @ = recos 6. Also,

L) =1L
(rxr)- L
r-(r'xL)

=7r- |:GM£€ + r):| Planet
r
Sun N
GM[r e+ r} /
r

GM[re cos @ + r]. A ¥

o IL?jom
"1+ ecosf

and the planetary motion is a conic section. Because the planet returns to its initial position periodically,
the conic is an ellipse.

[ =[x r]
Let: r = r(cos 6i + sin 6j)

r' = r(-sin i + cos 0j) —

do [dr dr .@]

dr \ dt do dt
i i Kk
Then: rx ' =| /€080 rsind 0 r2§k and L] = |r x r'| = rzg.

—r sin Hﬁ rcos— 0
dt dt

A:%I{frzd@

So,
LD rD
dt do dt 2

and r sweeps out area at a constant rate.

Let P denote the period. Then

A= [ Ba - e
0 dt
Also, the area of an ellipse is 7ab where 2a and 2b are the lengths of the major and minor axes.
zab = H|L| P
2
_ 2rab
[Tl
P 472a? ( 2 2) 47’a? 2( B 2) _ 472'2614[%] 4r? ed _ ”Z(HLHZ/GM)H3 _ 4771'20[3 - K&
Il I I L’ I GM
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Review Exercises for Chapter 12
1. r(z) = tanti + j + ¢tk

. 4 .
(a) Domain: ¢ # £y + nm, n an integer

. V4 .
(b) Continuous for all ¢ # B + nr, n an integer

2r(t)_J1+ 4J+k
(a) Domain: [0,4) and (4, o)
(b) Continuous exceptat ¢ = 4
r(r) = (26 + )i + 2§ -1 + 2k
@ r(0) =i-+/2k
(b) r(-2) = -3i + 4j

(

(

© rle-1)=@2c-1i+(c-1)j-ec+lk
@ r(1+Ar) —r(l) = [2(1+ Ar) + 1]i + (1+ Ar)'j -
= 2Ari + (A2 + 240)j - (V3 + A - N3k

6. (a) r(0) = 3i+j

v T

Review Exercises for Chapter 12 153

3. r(¢) = Inti+¢j+tk
(a) Domain: (0, )
(b) Continuous forall 7 > 0
4. r(t) = 2t + )i+ 7 j+ 1k
(a) Domain: (-0, %)

(b) Continuous for all ¢

x/3+Atk—(3i+j—\ﬁk)

(c) r S—ﬂ') = SCos(s—ﬂ')i+(1—sin(s—7r))j—(s—7z)k

(
(d) r(z + Ar) = x(z) = (3cos(z + At)i + (1 - sin(7 + Af))j — (7 + Ar)k) — (=3i + j — 7k)

= (-3 cos A7 + 3)i + sin Ar —

7. x(t) = (wcost, wsini) v

X =7mcost,y = zwsint -

.l

x? + y? = n2,circle 1+
T e ]

8. r(1) = (t+2,2 1)
X=t+2=>t=x-2

y=0r-1=(x- 2)2— 1, parabola

Atk

9. r(t) =i +tj+r’k
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154 Chapter 12 Vector-Valued Functions

1. r(t) =i +sintj+k

x=1y=sint,z =1

17.

12. r(f) = 2coszi + 1j + 2sin 7k
x =2cost,y =t,z = 2sint

¥2+z2 =4

13. r(r) = ti + Intj + %tzk

21.

15. One possible answer is:
r(t) = 36 + 41j,0 < ¢
n(f) = 3i+ (4 -1)j0
n()=(3-17i,0<r<3

IA

1

IN

t<4

23 r(t) =3ti+ (1 = Dju(t) =i+ ~j+ %ﬁk
@
(b)

©

r(f) = 3i+j
r'(7)
r(r) -

D[x(t) - u(t)] = 3% + 4

=0

u(r) =32 + 2t - 1) =1 + 2

16.

18.

19.

20.

22.

One possible answer is:

r(f) = 4,0 <r <1

(1) = 4costi+ 4sintj,0 <1 <

SRR

n(t)=(4-10j0<r<4

The vector joining the points is <7, 4,-1 O>. One path is
r(r) =

The x- and y-components are 2 cos ¢ and 2 sin 7. At

(=2 + 7t,-3 + 41,8 - 101).

RV
t ==,

2

. 3 . .
the staircase has made " of a revolution and is 2 meters
high. So, one answer is

.. 4
r(r) = 2costi + 2sintj + 3—tk.
p s

z=x*+)yL,x+y=0,t=x
x=ty=—-tz=2"

r(r) = 1i —tj + 2I°k
+z22=4x-y=0,t=x

x=ty=tz==2J4-1
r(r) = ti +tj+ V4 -1k

r(f) = ti+tj-~4 -1k

lim(ti+x/4—tj+k):4i+k

t—4"
lim
t—0

. (sinZt 2 cos 2t
lim
10 t

2i+j+k

i+e’j+ e’kj

ji+j+k
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24.

25.

26.

27.

28.

29

30.

31.

Review Exercises for Chapter 12 155

() u(r) - 2r(r) = =5t + (2 — 20 + 2)j + %Pk
D[u(r) - 2r(r)] = =5i + (21 - 2)j + 2’k

@ |r(e)]|= V102 =26 + 1
107 — 1

olIr0l] = For s
(f) r(t) x u(r) = %(z“ —P)i-20j+ (30 - 2 + 1)k

8 _ 2t2ji -8+ (92 — 2t + 1)k

QD@xu@]:&

r(r) = sinzi + costj + tk,u(z) = sinti + coszj + %k
(@) r'(r) = cossi —sinzj + k
(b) r"(t) = —sinti — cosj
(c) r(r)-u(r) =2
D,[r(t) . u(t)} =0

(d) u(r) — 2r(r) = —sin ti — costj + G - 2:)1(
D/[u(r) - 2r(t)] = —cos i + sin£j + (—tiz - 2)1«
© [r@]=1+r
0] = =

N1+ 2

(f) r(r) x u(r) = G cost — t cos tji - G sint — ¢ sin t)j

1. 1 . . 1 1 . .
D,[r(t)xu(t)} =|—=sint ——cost + tsint — cost|i —|~cost — —sint — tcost — sint |j
t t? t t?

x(¢) and y(¢) are increasing functions at # = 7, and z(¢) is a decreasing function at 7 = #,
The graph of u is parallel to the yz-plane.
j(costi + costj) dt = sinti + (rsint + cost)j + C

2
Inti+sInsj+K)di = (tInf—0)i + ~(=1+2In1)j+ 1k + C
4

. '[Hcosti+sintj+tkHdt: J\/1+t2 dt:%[t\/l-ktz +ln‘t+\/1+12H+C
. .. P AP A A A R A
_[(tj+tk)x(1+tj+tk)dt=J'[(tt)n+t;tk]dt:(34}+3jzk+c

2 3 4 PP
j2(3z1+2z2j—r3k)dz: 32 23y
2 23 4|, 3
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32.

33.

34.

35s.

36.

39.

40.

41.

Chapter 12 Vector-Valued Functions

1

j;(\/;J + tsintk) dt = E 2§ + (sint — ¢ cos t)k}

0

e3¢k = (201

= %j + (sinl — cos l)k

= (2¢ - 2)i - 8j - 2k

. 4 3 7!
Jll(t3i — arcsin tj — 12 k) dat = {;1 - (t arcsinz + ~/1 — £2 )J - gk} = —%k
-1

r(r) = I(21i+e’j+e”k)dt:tzi+e’j—e"k+C
(0) j-k+C=i+3j-5k > C=i+2j-4k

r(t) = (2 +1)i+ (¢ +2)j— (e + 4)k

r(r) = I(sec ti + tantj + tzk) dt

3
= Inlsec + tan di — Infcos 4j + %k +C
r(0) = C = 3k

3
r(t) = ln‘sect + tan t‘i — ln‘cos t‘j + (2 + 3}1(

r(r) = <cos3 t,sin’ ¢, 3t>

v(t) = r'(r) =

<73 cos? ¢ sin 7, 3sin’ ¢ cos ¢, 3>

37.  x(t) = 4ri+£j-rk
r'(t) = v(t) = 4i + 3%j - k

Speed =|v|= /16 + 9* + 1 = /17 + 9*

a(r) = 61

38 r(r) = i+ 5tj + 20k

1
(1) = v(t) = —=i + 5j + 4tk
r'(t) = v(r) 2\/;1+ j+
Speed :H H—,l—+25+16t
1
a(r) = 43/21+4k

H V(l‘)H = \/9 cos*rsin®¢ + 9sin* fcos’t +9 = 3\/0052 ¢ sin? t(cos2 t + sin? t) +1 =3 /cos? tsin® 1 + 1

ar) = V(1) = <—6 cos t(—sin2 t) + (—3 cos? t)cos 1,6sin 7 cos® 1 + 3sin® 7(—sin 7), 0>

= <3 cos t(2 sin? ¢ — cos? t), 3sin t(2 cos? ¢ — sin? t), 0>

r(r) = <t, —tan ¢, e’>
r'(t) = v(t) = <1, —sec? 1, e’>

HV(I)H = J1 +sectt + ¥
(1) = a(r) = <0, —2sec’t - tant, e’>
1
'(r) = <1 n(r - 3),2 2> 4
1 1

! =\7 2 A

e
r'(4) = <l, 8, %> direction numbers
Because r(4) = (0,16, 2), the parametric equations are

x=t,y:16+8t,z=2+%t.

r(ty +0.1) = r(4.1) =

(0.1,16.8,2.05)

42. r(r) = (3coshs,sinh,-21), 1, = 0
r'(t) = (3sinh ¢, cosh,-2)
r'(0) = (0.1,-2
Because r(0) =
x=3y=1tz=-2t
r(fy + 0.1) = r(0.1) =

) direction numbers

<3, 0, 0>, the parametric equations are
(3,0.1,-0.2)

43. r(1) = <(v0 cos O)t, (vo sin )¢ — %g12>

- <42\/§ 1,42t — 16t2>

42t = 161> = t = O,%
Range = 42\/5[%] - 4414\/5 ~ 190.96 ft
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44.

45.

46.

y:—16t2+6:O:>t:£
X =vt = 4= ﬁ = _ 16
(0 0| 74 (] NG
vy = % ~ 6.532 ft/sec
V2
Range= x = —sin 260 = 95
9.8
bt = ?.8(95)
s1n(40°)

v, = 38.06 m/sec

r(r) = [(vo cos O)Ji + {(v0 sin Q) — %(9.8)IZJJ

(@) () = [(20 cos 30°)]i + [(20'sin 30°)¢ — 4.9/

20

0 45
0

Maximum height = 5.1 m; Range~ 35.3m

(b) ¥(r) = [(20 cos 45°)¢ i + [(20sin 45°) — 4.9/ ]

20

0 45
0

Maximum height= 10.2 m; Range~ 40.8 m

(©) x(r) = [(20cos 60°) Ji +[(20sin 60°)r — 4.9¢

20

~

0 45
0

Maximum height = 15.3 m; Range= 35.3m
(Note that 45° gives the longest range)

48.

49.

Review Exercises for Chapter 12

Cx(t) = (2-1)i + 3j

v(t) = —i + 3
v[=~1+9 =+/10
ar) =0

() = ﬁ(—i +3))
N(t) is not defined
a-T=0

a - N does not exist

(The curve is a line)

r(r) = (1 + 41)i + (2 - 30)j

v(t) = 4i - 3j
Ivl=5

ar) = 0

T(r) = 4(4i - 3]

N() does not exist.
a-T=

a - N does not exist.
r(r) = i + /1]

. 1.
v(t) =i+ 2—\/;1
i
v = 2
a(r) = 7ﬁj
i+ (1/2\/;)j ~ 2Nt +j

T(f) = -
(Var+ 1)/2\0 Jar+ 1
N(f) = i~ 24/ij
V4t +1
-1
a-T=—6.
ININITES
1
a-N=—
2041 + 1

157
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158 Chapter 12 Vector-Valued Functions

. 2.
v(t) = 2i - m]
Iy - 2Tt
(r + 1)
4
) = (r+ 1)3
_ (t + 1)21 —j
) (t+1)4 +1
N(1) = i+ (r+ 1)2]
t+ 1)4 +1
B 4
aT_@+mJ@ufH
A N 4(t+1)2 _ 4

51 r(r) = i+ e’

e” +e
2t —2t
e —e
a-T=
le + e—Zt
2
a-N=
le _ e—zz

52.r(r) =t cos i + ¢ sin ¢
v(t) = ¥'(t) = (=t sin ¢ + cos ¢)i + ( cos 7 + sin 7)j

H v(t)H = speed = \/(ft sin  + cos t)2 + (¢ cos t + sin t)2

=~/ +1

a(f) = r"(r) = (~t cos t — 2sin )i + (— sin 7 + 2 cos 7)j
() - v(t)  (~tsint+ cost)i+ ( cost + sin t)j
[v() Nz
—(# cos t + sin ¢)i + (—¢ sin ¢ + cos ¢)j
N(f)z ( \)/2( )
" +1
t
a(r) - T(?) =
1) =
2 +2
a(r) - N(1) = -
- +1

53.

54.

SS.

56.

r(7) :ti+tzj+%tzk
v(t) =i+ 21+ 1k
[v|=~1+ 52
af) = 2j+k
i+ 2tj + 1tk
T(f) = ——2— =
) N1+ 56
/) = =Sti+2j+k

NG) 51+ 582

a. T -t
1+ 52
AN 5 NE

BN TN
r@:O—m+ﬁ+%

v(z):i+j—tizk

N2t ¢ 1

VO] = ——

a(r) = t—3k

i+ ?j-k

T -ty
) V2t + 1

i+ j+ 2%k

N({) = 2322 %
) NNV S
-2
a-T=—/—_
B2 + 1
a-N = 4

22t + 1

r(r) = 2costi + 2sinsj + &k,1 = 7/3

(z/3) = i + /3] + %k. Point: (1,~/3, 7/3)
r'(r) = 2sinsi + 2costj + k

r(z/3) = ~3i+j+k

Direction numbers: —/3 11

x=l—\ﬁt,y=\@+t,z:ﬂ/3+t

r

r(t) = ti+t2j+%t3k’x — t,y _ tZ,Z _ %[3
Whent = 2,x =2,y = 4,z = 1?6_
r'(r) =i+ 21j + 2°k

Direction numbers whent = 2, a = 1,b = 4,¢ = 8

X=1+2y=4+4z=8+1
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4 62. r(¢f) = 10costi + 10sintj
s7. v = [OM _ [956x100 e ) j
r 4000 + 550 r’(t) = —10sin¢i + 10 cos #j

58. Factor of 4 r'(t)H =10
2z
59. K(f) = 24i - 3,0 <1 <5 s = [T10d = 207
F(r) = 2i - 3 v
by, 5 S gL
v = [Ir@ld = [ Va9 =[5 ], = 513 /\
‘]

T(0,0)
&>
42 N2 4 6 8101214

S
|
o
|
|
!
|
|
e
© o &
MR
—t——t t
o
i
o
o

44
—6+
8+

ol 63. r(r) = —3ri+ 2j+ 4k,0<¢<3
ol (10,15 r(f) = -3 + 2j + 4k
|
b 3
= [le@)| de = [~9+4+16 d
60. r(r) = i+ 20k,0 < 7 < 3 s I ()] ar .[0 ta+loa

r(f) = 26 + 2K = [N29 dr = 3329

b
s=1,
3
\/12+1+t‘+t\/12+1} K

= [ln
0

- 1n(\/1o n 3) + 310 ~ 11.3053

r’(t)H dt = j; 4% + 4dt

.
£-(0,0,0), -
.

2 4 o ;
64. r(r) =i+ 7j+ 2k 0<1<2

r(e) = i+ 2 + 2k, |r'(r)| = /5 + 47
v s = _[b r'(f)| at :f;m dt

=21 +3m5 - %ln(x/IOS - 4\/3) ~ 6.2638

— o W s

61. r(r) = 10 cos’ 7i + 10sin’ 7]

r'(t) = =30 cos® 7sin 7i + 30sin® 7 cos 7

€--,

r’(t)H = 30\/cos4 tsin® ¢ + sin* £ cos® ¢ . T

30‘costsm t‘ 65. r(r) = (8cost,8sint,7),0 <t < %

.

. .9 /2
s = 4[""30cos s - sintdr :{1205“12 ’} = 60 r'(1) = (-8sint,8cos 1), [r'(7)]

0
r'()|| de ='f;/2\/5 dr == 265

! b
’ s = J.
a
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66.

67.

68.

69.

70.

Chapter 12 Vector-Valued Functions

r(t) = <2(sint —tcost),2(cost + tsint), t>,0 <t< %

() = < 0)]= Va1
(0)] e = J'”/ NIy

= %m(\/;ﬁ 1 71') + %\/nz T 1 ~ 3.055

r(r) = 3ti + 2¢j

Line

K =0

r(r) = 2</ti + 3t

r’(t) 1 l+3], / _ 1+9¢

¥(1) = _%,-3/21
i j k

! "o_ 1 3 _ 3

rxr’ = j 30 Et =25

_11-3/2 0 0
~ r'(r) x r”(t)H _ 3/2432 _ 3

‘O @ 21+ 9

r(r) = 24i + %tzj + 17k

r'(r) = 2i +1j =52 + 4

r'(f) = j+2k
j k

r'xr’ = t 24 = —4j "= /20
1 2

K- " _ \/E _ 2\/§

[P (52 4)3/ T4 5;2)3/ :

r(r) = 24 + Scos#j + 5sin 7k

r'(r) = 2i - 5sin¢j

r"(t) = 5costj — 5sintk
i Kk

r'xr’” =|2 -5sint 5cost

0 -5cost —5sint

= 251 + 10sin¢j — 10 cos tk

"| = ~725
_ e xx] 725 2529 i
ME ( )3/2 29\/—

71 x(t) = %tzi +1j+ %ﬁk,PG,l,%} =t=1

ri)=ti+j+rPkr(1)=i+j+k
r(f) = i + 20k, r"(1) = i+ 2Kk

i j k
rxr" =l 1 1|=2i-j-Kk
10 2
LS A BN SN )

PP W

72. x(r) =
r'(r) = —4sinti+3costj+k,r'(z) = 3j+k
r"(t) = —4 cos ti - 3sin tj, r"() = 4i

4costi+3sintj+tk,P(—4,0,7r):>t:ﬂ

i j K
rxr’ =0 -3 1| =4j+ 12k
4 0 0
x| N6 +144 2
r 3 (9 4 ])3/2 5
73 = lx2 + 2
<y >
Y o=x
yl! — ]
y” 1
K = =
32 32
[l + (y')2:| (1 + xz)
Atx = 4K = 1713/2 andr = 1797 = 17/17.
74y = e
y/ _ 1 —x/2 yn 1 -x/2
1
y 1 -x/2
X Y
, /2 1 3/2
[l + () J [l + —e"}
Atx= 0K = Y42 2 NG
(547 57 55 25
55
-
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Problem Solving for Chapter 12 161

75. y =Inx 78. y = ax’ + bx® + cx

y = 1 ¥y = Sax* + 3bx> + ¢

x 1 y" = 20ax’ + 6bx
V' = > |20ax* + 6bx|

" 2 K= 2 3/2
K Y _ 1/x [l + (5ax4 +3bx% + c) }
5 32
O] [+ 0]

Atx =11 k=0= 20a+6b =0

1 1 2 y'=0:>5a+3b+c=0
Atx:l,K:ﬁzizzzTandr=2ﬁ y(l):1:a+b+c:1
Solving these 3 equations for a, b, ¢, you obtain
76. y = tan x
y, ) a= %, b = 7%,6’ = %. By symmetry, the same holds
Y =sec” x
" ) at x = —1.
y" = 2sec” xtan x
3 20, By
© " ‘2 sec? x tan x‘ Y =3 4 8
[l + (y’)ZT/2 [l + sec? x:| " !
Loan
JO R I 45 55

z =— andr = ——
4’ 592 55 25 4

77. The curvature changes abruptly from zero to a nonzero (1,1
constant at the points B and C.

Problem Solving for Chapter 12

2

2 23 Y3 _ 23
L x(r) = If cos[”u] du, y(7) =j’sin[7m] du 2. xT 4y a
0 2 0 2 2o 2y g
y ooy o=
, xtr) |, . [ =t? 3 3
x(t) = cos - ,y(t) = sin| - , _y1/3
(@ s = '[(:\/x'(z)z + y'(t)zdt = _[Oa dt = a

N Slope at P(x,y).

r(r) = cos’ ri + sin’ ¢

- - r'(r) = =3 cos® tsin ti + 3sin® 7 cos 7]
(b) x"(r) = -7t sin[”z} V'(t) = mt cos[ij r’(t)Hi = |3 cos ¢ sin¢|
of =t [ mt? T(z) = 71‘,(1‘) = —costi + sin¢j
7t cos =N + 7t sin 5 l‘(t)H
K —

. = 7t T'(t) = sinti + cos ¢
0(0,0,0) origin

P = (cos3 t,sin’ ¢, 0) on curve.

Att = a, K = ra.
(¢) K = 7ma = & (length)
i j k

POxT =|cos’t sin*t 0|= (cos3tsint —sin’#cos t)k
—cost sint 0

[P~ 7] .
=L —_—— 1= ‘costsm t‘
|
O]
r'(t)H ‘ 3 cos ¢ sin ¢ ‘

. 1 . .
So, the radius of curvature, a is three times the

distance from the origin to the tangent line.
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162 Chapter 12 Vector-Valued Functions

3. Bomb: ry(f) = (5000 — 400z, 3200 — 16¢%) 5. X(0) =1-cos6,y(0) =sin0,0 <0 <27

Projectile: ry(r) = <(v0 cos O)t, (v, sin 6)r — 1612> \/x'(a)zy'(e)z = \/(1 — cos 6’)2 + sin?@

At 1600 feet: Bomb: _ — _ 2 Q
X =./2 -2cosf = ,[4sin 5

3200 — 16t = 1600 = ¢ = 10 seconds.

Projectile will travel 5 seconds:

t
s(1) = j'z sin 2 a0 :[—4 cos Q} = 4cos L
5(vy sin @) — 16(25) = 1600 T2 2. 2

Vo sin @ = 400. x"(0) = sin 0, y"() = cos 0
Horizontal position: X ‘(1 — cos f)cos @ —sin 0 sin 0‘
Att = 10, bomb is at 5000 — 400(10) = 1000. - (2 _ 9)3
sin —
Att = 5, projectile is at 5v, cos 6.
‘cos 0 - 1‘
So, v, cos & = 200. =7
-3
o 8 sin’ —
Combining, 2
p 1
vsind 400 e -2 = 0~ 63430, = a
vy cos @ 200 4 sin 5
vy = 2009 ~ 447.2 ft/sec So. p = 1 _ 4sin L and
cos P K 2
t . t
4. Bomb: r;() = (5000 + 400z, 3200 — 167 st pt = 16cos2(5j + 16sm2[5) = 16.

Projectile: rz(t) = <(v0 cos 9)1‘, (vo sin B)I - 1612> 6. r =1 cosd

At 1600 feet: Bomb: 7 = sin @
3200 — 1612 = 1600 = ¢ = 10

Projectile will travel 5 seconds:

s(t) = J.;\/(l - cos(9)2 +sin> 846 :J.:[ 2-2cos0db

. t
S(VO s 9) B 16(25) = 1600 = I[2 singdé’ :[—4 cosg} = —4cosé
v sin 6 = 400. Pt
Horizontal position: 2(;")2 — "+ 2
. k=7 |
Att = 10, bomb is at 5000 + 400(10) = 9000. N2 ,73?
() + 7]
Atz = 5, projectile is at (v, cos 0)5. ,
‘2 sin” @ — (1 — cos B)(cos §) + (1 — cos 6) ‘
So =
’ .50
3
5vy cos 6 = 9000 8sin”
v, cos @ = 1800. L, 0
sin® =
Combining, _[3-3cosg| 3% 5 3
ing 400 2 8sin’ 0 4 sin’ 4 4 sin 0
WSO _ T tand = 2 = 0 ~ 125 2 2 2
vocos@ 1800 9 0
4 sin —
1800 1843.9 fussec p=r=—2
Vo = ~ )
"7 cosd K 3

52 +9p% = 16cos2€ + 16sin2g =16
2 2
7. Hr(t)H2= r(r) - x(r)

L1 = 2= ) ¥ + ) -1l = Le(o)] - %m
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8. (a) r = xi + yj position vector
r = rcos @i + rsin j
dar = ﬂcosé’—rsin&ﬁi+ ﬂsin9+rcosé’ﬁj
dt dt dt dt dt
2 2 2 2
a:d—;: a,—;cosﬁ—ﬂsinaﬁ—@siné’ﬁ—rcosé’ﬁ —rsiné’d—fi
dt dt dt dt dt dt dt dt
2 2 29 ]
+ d—;sinﬁ+ﬂcos9ﬁ+ﬂcosﬁﬁ—rsin9(ﬁj +rcos(9d—26
dt dt dt  dt dt dt dt

a, =a-u, =a-(cosfi+ sinbj)
d*r

2
—cos” 0 — 2ﬂsin 6 cos Qﬁ — rcos’ @ 4o
dt dt dt dt

2 2
+ ﬂsin20+2@sin9coseﬁ— rsin® 0 a9
dr? dt dt dt

d*o

dr dé
+
dr?

ay = a-uy = a-(-sinbi+ cosbj) = 2d dt
%

- rcos@sin@d—?
dt

+ rcos @sin  —-
dZ

2

d*6
t

_dr
dr?

do
dt

(@)

a=(a-u)u +(a uuy = dzr—r[dgjz u, + Zﬂd—g+rd—29u
e oo dr’ dt " dt dt ar |’
() r = 42,000 cos| - |i + 42,000sin | - |j
12 12
2
r= 42000, % = 0,97 _ g
dt dt
do _ z d0 _
dr 12" dr?
2
So,a = 42,000 | w, = -8By |
12 3
Radial component: —&7[2
Angular component: 0
9. r(f) = 4costi + 4sintj + 3k, 1 = %
r(t) = —4sinti + 4 cosj + 3k, ||r'(¢)| = 5
r'(t) = —4costi — 4sinj
T = 7ﬂsinti + ﬂcostj + Ek
5 5 5 .
4 4 o B
T = ——costi — —sin ¢j
5 3 N
N = —costi — sin#j P

B=TxN = §sinti—écostj+ik
5 5 5

Att:E,T(EJ:—ii+§k
2 2 5 5
T
NZ| = —j
(2) !
B(E):§i+ik
2) 5 s
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164 Chapter 12 Vector-Valued Functions

10. r(¢) = cos ti +sin 1j — k, 7 :% 12. y = —x%?
r'(r) = —sin ti + cos 7, r'(t)H: 1 3 ix3/2
4
T = —sin i + cos #] Y 615 2
T' = —cos ti — sin #] B Ex
N = —cos ti —sin ¢
B=TxN=k i 12
K- 128
At = 7. T[z) _ V2, N2 (1 25 J
4 4 2 2 4096
N(EJ 2y ﬁj 120 1 (89)"
4 2 2 Atthepoint(4,1),K=73/2:r:—: ~7.
(89) K 120
ng =k
13. r(t) = (tcosat,tsin71),0 < ¢ < 2
11. (a) |B|=|T x N| = 1constant length = ;ﬁ 1B (@) 2
s
daB d N , 3 s 3
— = TxN T x N
dsds(x)(x)(x) S,
T- % =T -(TxN)+T-(T =
- (TxT) [ J (b) r'(t)] ar
/B = Jj«/ﬂ2t2+1dt
So—iBand—LT:—:r . .
ds ds ~ 6.766 (graphing utility)
for some scalar 7. ”(”2 24 2)
(b) B = T x N. Using Section 11.4, exercise 66, (©) = W
i+
BxN=(TxN)xN=-Nx(TxN)
K(0) = 2x
— [(N-N)T - (N T)N]
72'(71'2 + 2
=-T K1) = ———5 ~ 104
BxT:(TxN)xT:—Tx(TxN) ( +1)
= _[ -(T- T)N} K(2) = 0.51
@ s
Now, KN = H T (S) = T'(s) ar
(s) ds
Finally, ol s
U d ’ r
N(s):g(BxT)z(BxT)-r(B ><T) ©) }Ln;KzO
:(BXKN)+(71N><T) .
(f) Ast — oo, the graph spirals outward and the
= —KT + 7B.

curvature decreases.

14. (a) Eliminate the parameter to see that the Ferris wheel has a radius of 15 meters and is centered at16j. At ¢ = 0,
the friend is located at rl(O) = j, which is the low point on the Ferris wheel.
(b) If a revolution takes Az seconds, then

z(t + Ar) _T L,
10 10

and so At = 20 seconds. The Ferris wheel makes three revolutions per minute.
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Problem Solving for Chapter 12 165

(c) The initial velocity is r'z(to) = —8.03i + 11.47j. The speed is~/8.03% + 11.47*> ~ 14 m/sec. The angle of inclination

11'47] ~ 0.96 radians or 55°.
03

is arctan(

(d) Although you may start with other values, #, = 0 1is a fine choice. The graph at

the right shows two points of intersection. At = 3.15 sec the friend is near the 2o

vertex of the parabola, which the object reaches when

1147
2(-4.9)

t—t, = ~ 1.17 sec.

So, after the friend reaches the low point on the Ferris wheel, waitz, = 2 sec
before throwing the object in order to allow it to be within reach.

(e) The approximate time is 3.15 seconds after starting to rise from the low point on

the Ferris wheel. The friend has a constant speed of |[r{(7) H = 15m/sec. The speed

of the object at that time is

ry(3.15)] = \/8.032 +[11.47 - 9.8(3.15 - 2)]* ~ 8.03 msec.
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CHAPTER 13
Functions of Several Variables

Section 13.1 Introduction to Functions of Several Variables

1. No, it is not the graph of a function. For some values of x 9, f(x, y) = xe’

and y (for example, (x, y) = (0, 0)), there are 2 z-values.
( (v.2) = (0.0) (@ f(50) =5 =5
2. Yes, it is the graph of a function.

() (32) =
3. ¥’z +3y2 —xy =10 )
. _ ,1 _ =
XZZ =10 + Xy — 3y2 (C) f(Z,—l) = 2e = B
— 2 ;
P ) @ f(5y) = 5
X
Yes, z is a function of x and y. () f(x.2) = xé
4. x> +2xy - y* = 4 () f(t7t) =
No, z is not a function of x and y. For example,
(x,») = (1,0) corresponds to both z = +2. 10. g(x,y) = In|x + y|
(@ g(1,0) = In|1+0[=0
4
5 Ea + b +z2 =1
3 T T T (b) g(0,-1) =In[0—1|=1n1=0
No, z is not a function of x and y. For example, © g(O e ln‘ 0+ e‘ -1

(x,) = (0,0)corresponds to both z = *I.
(d) g(L,1) =In[l+1|=1n2

6. z+xlny—-8yz =0
z(1-8y) = —xIny (e) gle ;j 1ne+§‘=ln(3—2e):1n3+lne—ln2
_ Xy =1+In3-In2
8y —1
Yes, z is a function of x and y. () g(Z, 5) - ln‘2 + 5‘ =In7
7. f(xy) =xy 11. A(x,y,z) = ad
@ /(3.2) =3(2) = :
(b) /(-1.4) = 1(4) - @ #2390 =22
(¢) £(30,5) = 30(5) = 150 1(0)
(d) f(s, y) — 5y (b) h(l, 0, 1) = T =0
2) =2 —
(e) f('x9 ) X (C) h(—Z, 3’ 4) — ( 2)(3) — _é
(f) f(5.1) = 5t 4 2
5(4 10
8. f(r,y) =4-x> -4y (d) h(5,4,-6) = 576) -3
0,0) =
@ f( ) 12. f(x,y,z)za/x+y+z
(b f(0,1)=4-0-4=0

@ /(0,54 =0+5+4=3

(b) 1(6,8,-3) = /6 +8 -3 =~/11

© f(462)=4+6+2=-12=23
) :f-t’])_4_t2_4:_tz ) f(10,-4,-3) =10-4-3 = /3

© f ,3)=474736=736

(
(
@ f(Ly)=4—-1-4y> =34y
(
(
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168 Chapter 13 Functions of Several Variables

14.

17.

18.

19.

20.

21.

@ f(z, %j _2in® = 3
(b) f(3,1) = 3sin(1)
() f]-3, gj =-3 s1n§ = 3(?} - %\/g

f(x,y) = 2x + y2

@ f(x+Ax,y)ff(x,y) _

2(x + Ax) + y2 —(Zx + yz)

Ax Ax

(b)

f(x,y + Ay) - f(x, y) _ 2x + (y + Ay)2 —2x —)? _ 2yAy + (Ayz)

) },
16. g(x,y) = : %dt = ln‘tﬂ = In|y|- In|x| = In

x

:23:2,&”&0
Ax

Ay Ay

f(x,y) =3x* -2y

Sl + Ax,y) = fny) _ 3+ A9 -2y - (35 - 29)  6xar + 3(a)°

(a) =

=2y+ Ay, Ay #0
Ay

Ax Ax
flxy + &) - f(x,y)

3x% — Z(y + Ay) - (3x2 - Zy)

= 6x +3Ax, Ax £ 0
Ax

240y _

(b) Ay = A

e y) =2+
Domain:
{(x, y): xis any real number, y is any real number}

Range: z > 0

f(xy) = e”
Domain: Entire xy-plane

Range: z > 0

g(x.y) = xfy
Domain: {(x, y)ey 2 O}

Range: all real numbers

= =-2,Ay # 0
Ay Y

22. f(x, y) = %

Domain: {(x, y): x > 0}
Range: all real numbers

xX+y
Xy

23. z =

Domain: {(x, y):x # Oand y # O}

Range: all real numbers

Y
X
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24.

25.

26.

27.

28.

29.

30.

v
xX=y

z =

Domain: {(x, ) x # y}

Range: all real numbers

flny) =J4-x" =)
0

X+ 32 <4
{(x,y x* + y2 < 4}

Range: 0 < z <2

v

Domain: 4 — x? — y?

f(x,y)z 4—x2—4y2

Domain: 4 — x> —4y* > 0
X +4y? <4
2 2
X<
4 1

f(x,y) = arccos(x + )
Domain: {(x, yy-l<x+y< l}

Range: 0 <z < 7

<

Sxy) = arcsin[fj

x
Domain: <Y

omain: {(x, yy-1< =< 1}
X

<z

IN

V4 T
R D= —
ange 5 3
f(x,y):ln(4—x—y)
Domain: 4 —x —y > 0
x+y<4

{(x. )y < —x + 4}
Range: all real numbers
f(x, ) = In(xy - 6)

Domain: xy — 6 > 0

xy > 6

{(x, y): xy > 6}

Range: all real numbers

Section 13.1 Introduction to Functions of Several Variables 169

31.

32.

33.

34.

35.

. —4x
Sy = a

(a) View from the positive x-axis: (20,0, 0)

(b) View where x is negative, y and z are positive:
(~15,10, 20)

(¢) View from the first octant: (20,15, 25)

(d) View from the line y = x in the xy-plane:
(20,20,0)

(a) Domain:
{(x, y): x is any real number, y is any real number}

Range: -2 <z <2

(b) z = Owhen x = 0 which represents points on the
y-axis.

(c) No. When x is positive, z is negative. When x is
negative, z is positive. The surface does not pass
through the first octant, the octant where y is
negative and x and z are positive, the octant where y
is positive and x and z are negative, and the octant
where x, y and z are all negative.

flx,y) =4
Plane: z = 4
Sf(x,y) = 6-2x -3y i
Plane é

Domain: entire xy-plane
Range: -0 < z < o

A\ ¥}

fx,y) =

Because the variable x is missing, the surface is a
cylinder with rulings parallel to the x-axis. The
generating curve is z = y*. The domain is the entire
xy-plane and the range is z > 0.
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42. f(x,y) = é«/144 - 16x* -9y’

Semi-ellipsoid

1
36. g(x, y) = Ey

1
Plane: z = —
2)’

Domain: set of all points
lying on or inside the ellipse

23

37. z = —x* — 32

Paraboloid
Domain: entire xy-plane
Range: z < 0

38. z = %«/xz +y?

Cone
Domain of f: entire xy-plane
Range: z > 0

39. f(x, y) =e”

Because the variable y is missing, |
the surface is a cylinder with

o

[ -
rulings parallel to the y-axis. The 4i ! !
generating curve is z = e~ Al E
The domain is the entire xy-plane b y
and the range is z > 0. 4 Ty
A lfxzf 2
45. z = e Y
xy, x>0,y >0 Level curves:
40. f(x,y) = S
0, else where 51 . ¢ = e
20 1
Domain of - entire xy-plane | : Inc =1-x* —y?
Range: z > 0 o] | ¥ +yl=1-Ihc
Sl \':
K(' N Circles centered at (0, 0)
T Matches (c)

46, z = 77

Level curves:

41 z = y* —x* +1
Hyperbolic paraboloid

Domain: entire xy-plane 1—x24y2

c=c¢e
Range: —0 < z < )

Inc =1-x>+ )2

-yt =1l-Inc

Hyperbolas centered at (0, 0)
Matches (d)
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47.

48.

49.

50.

51.

Section 13.1 Introduction to Functions of Several Variables 171

z = ln‘ y - xz‘
Level curves:
c = ln‘ y - xz‘
tef =y —x*
y=x*te
Parabolas
Matches (b)

2
2 = cogl X2V
4

Level curves:

2 2
— cog Xt 2V
4

2+2y2

-1 X
Cos ¢ =
4
2 1

x? +2y? = 4cosc

[
|

Ellipses
Matches (a)

z=x+y y

Level curves are parallel
lines of the form x + y = c.

f(x,y) =6-2x -3y v
The level curves are of the
form 6 — 2x — 3y = cor
2x + 3y = 6 — c. So, the
level curves are straight

lines with a slope of —3.

a8 a8
L1 I | I | R
o B o

z = x* + 4y°
The level curves are ellipses of the form
2 +4y’ =¢

(except x* + 4y* = 0is the point (0, 0))

52, f(x,y) =9 - x> - )7 A

The level curves are of the form

c=+9-x*-)*

x* + y? = 9 — 2, circles.

(x2 + y* = 0is the point (0, 0))

53. f(x, y) = Xy y

2

c
c
c
c
c
C
I I I I
t t t t
—1 1 c
c
C
c
c
c

N\ /72

54. f(x, y) = v/ v

The level curves are

hyperbolas of the form
Xy = c

The level curves are of the form

A X
e? = ¢coorne = 2.

)N\

o1
So, the level curves are QR

c=1
hyperbolas. \ Ll & 1

X

55. f (x, y) =

x? + y?

The level curves are of the form

5] =)
2c Y 2¢)

So, the level curves are circles passing through the origin

and centered at (+1/2c, 0).

56. f(x, y) = ln(x - y)

The level curves are of the form y o

c=1n(x—y)
e =x—-y
y =x-—é€.

So, the level curves are parallel
lines of slope 1 passing through
the fourth quadrant.

57. f(x,y) =x* -y +2
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58.

59.

60.

61.

62.

63.

64.

Chapter 13 Functions of Several Variables

f(xy) =]

2

-4

h(x, y) = 35in(‘x‘+‘y‘) !

1 \4_{%7 1

-

The graph of a function of two variables is the set of all
points (x, y, z) for which z = f(x, y)and (x, y)is in
the domain of /. The graph can be interpreted as a
surface in space. Level curves are the scalar fields
S(x,¥) = ¢, where ¢ is a constant.

No, the following graphs are not hemispheres.

Z:e,(xzwz)
z=x + y?
fley) ==
(x:2) = -

. 1
The level curves are the lines ¢ = = or y = —x
y c

These lines all pass through the origin.
f(xy)=wx20,y20
(@

(b) gis a vertical translation of f three units downward.
(c) gisareflection of f in the xy-plane.
(d) The graph of g is lower than the graph of f. If

z = f(x, y) is on the graph of f, then %Z is on the
graph of g.
(O

65. The surface is sloped like a saddle. The graph is not
unique. Any vertical translation would have the same

level curves.

One possible function is

f(xy) =l

66. The surface could be an ellipsoid centered at (0,1, 0).

One possible function is

f(x,y) =x? +

67. V(I,R) = 1000{

-0
4

1+17

1+ 0.06(1 - R

)T

Inflation Rate

Tax Rate 0

0.03

0.05

0 1790.85

1332.56 | 1099.43

0.28 1526.43

1135.80 | 937.09

0.35 1466.07

1090.90 | 900.04

68. A(r,7) = 5000¢"

Number of Year
Rate 5 10 15 20
0.02 | 5525.85 | 6107.01 | 6749.29 7459.12
0.03 | 5809.17 | 6749.29 | 7841.56 9110.59
0.04 | 6107.01 | 7459.12 | 9110.59 | 11,127.70
0.05 | 6420.13 | 8243.61 | 10,585.00 | 13,591.41

69. f(x,y,z)=x—-y+z,c=1

1 =x-y+ z, Plane

70. f(x,y,z) =4x+y+ 2z

c=4
4=4x+y+ 2z

Plane
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71.

72.

73.

74.

75.

76.

77.

Section 13.1 Introduction to Functions of Several

fxy,z) =x>+ y* + 2 4A 8.
c=9
9=xt+y"+22
Sphere
./-(xayaz):xz'i_%yz_z N

=1 S?L 79.
Cc = /l;-
1:x2+%y272 \ ./
Elliptic paraboloid ~ % F
Vertex: (0,0, 1) [ Sy

x T B

f(x,y,z) = 4x* + 4y* - 7?
c=0
0 = 4x* + 4y - 2*

Elliptic cone

f(x,y,z) =sinx - z R
_ 2| 81.
c=0 .
0 =sinx —zor z = sinx P,
P
2
N(d,L) = (uj L
4
22 - 4Y
(@) N(22,12) = 2 (12) = 243 board-feet 82.
30 - 4Y’
(b) N(30,12) = 2 (12) = 507 board-feet
w = , Yy <X
x =y
(@ w(15, 9) - lh = 10 min
15 —19 6 1 83.
b 15,13) = = —h = 30 mi
®) w(15,13) = 5755 = 3 o
1 1
12,7) = —Zh=12mi
(c) w( ) 57 min

T = 600 — 0.75x* — 0.75y*
The level curves are of the form
c = 600 — 0.75x> — 0.75y
24t 600 — ¢
0.75

The level curves are circles
centered at the origin.

F @ 80.

173

Variables

5
V(x,y) = ——7—=
( ) 25+ X+ )P
f(xy) = 100x%6504

£(2x,2y) = 100(2x)"* (2)"*

= 100(2)"x*6(2)"* yo4

_ 100(2)06(2)0‘4)‘:0.6)/0‘4

= 2[1 OOxO'éyo'q =2f(x,y)
z = Cxy'™
Inz=InC+alnx+(1-a)lny

Inz-Iny=InC+alnx—-alny

mZ=mC+amnl

y y
C =120xy + 2(0.75)xz + 2(0.75)yz —
[N '
base front and back 2 ends N
=120xy + 1.50(xz + yz) /' —————
. ;
V= zr?l + —xr’ = —(31 + 4r) g
PV = kT
(a) 26(2000) = k(300) = k = %
o p -T2y
vV 3\
The level curves are of the form
c = @[Zj,or V = @T.
3\V 3¢

These are lines through the origin with slope 532—0
c
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84.

8s.

86.

87.

88.

Chapter 13 Functions of Several Variables

(@ z = f(xy) = 0.026x + 0316y + 5.04

Year 2002 | 2003 | 2004 | 2005 | 2006 | 2007
z 352 | 395 | 436 | 494 | 532 | 61.6
Model | 353 | 394 | 440 | 494 | 533 | 61.8

(b) y has the greater influence because its coefficient (0.316) is greater than x’s coefficient (0.026).

(© f(x,95) = 0.026x + 0.316(95) + 5.04 = 0.026x + 35.06

This gives the shareholder’s equity in terms of net sales x, assuming total assets of y = 95 (billion).

(a) Highest pressure at C
(b) Lowest pressure at 4

(c) Highest wind velocity at B
Southwest

(a) No; the level curves are uneven and sporadically
spaced.

(b) Use more colors.
(a) The different colors represent various amplitudes.

(b) No, the level curves are uneven and sporadically
spaced.

Section 13.2 Limits and Continuity

1.

limx =1

(x,»)—(1,0)

f(x,y) =x,L =1

We need to show that for all £ > 0, there exist a
d-neighborhood about (1, 0) such that

‘f(x,y)—L‘z‘x—lkg

Whenever (x, y) # (1, O) lies in the neighborhood.

From 0 < \/(x - 1)2 +(y - 0)2 < &, it follows that

x—1]= =1 < Jx -1+ (v -0 <5,

So, choose & = ¢ and the limit is verified.

. Let & > 0 be given. We need to find & > 0 such that

“f(x,y)—L‘z‘x—4‘< &

whenever

0<Jx-a) +(r=b) =Jx-4 +(r+1) <&.

Take 6 = ¢.

Thenif 0 < \/(x — 4)2 + (y + 1)2 < J = &, we have

(x-4) <¢

|x — 4| < e

89.

90.

91.

92.

EN B

False. Let
f(xp) = 2xy
f(l, 2) = /'(2, 1), butl # 2.

False. Let
flxy) =5
Then, f(2x,2y) =5 = 2% f(x, »).

True

False. If there were a point (x, y) on the level curves

f(x,¥) = Ciand f(x,y) = Cy, then C, = C,.

lim y=-3 f(x,y)=y,L =-3

We need to show that for all £ > 0, there exists a
&-neighborhood about (1, —3) such that

‘f(x,y)—L‘z‘y+3‘<£

whenever (x, y) # (1,-3) lies in the neighborhood.

From 0 < \/(x - 1)2 + (y + 3)2 < J it follows that

\y+3\=\/(y+3)2 S\/(X—l)z-r(y+3)2 < 6.

So, choose & = & and the limit is verified.

. Let & > 0 be given. We need to find 6 > 0such that

‘f(x,y)—L‘:‘y—b‘<€

whenever 0 < \/(x - a)z +(y - b)2 < &.Take
J =e¢.

Then if 0 < \/(x—a)z +(y—b)2 < & = ¢, we have

\l(yfb)z <s

‘yfb‘< E.
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(k) (ab)

lim
(x,y)%(a, b

[f(x.9) = g(x. )] =

(x

lim -
lim

g(x, y) o

S| i
{Sf(x, y):| _ ‘:(x,y)lirza,b)

(a,

li ,y)— Lk
wy)lgzavb)f(x y) (xvy)lgzaqb)
f(x y)} @ 20
g(x, y) 3 3

b)

Section 13.2 Limits and Continuity

g(x,y):4—3:1

T oim, L )8(x )] = Ll)‘i‘},,) Sy )L,}fi‘}a,@ gy )} =43 =12
li li
8 lim S (x, y) + g(x7 y) _ (x,y)lIRa,b) Sl )+ (x, y)lir(la,b) glx.y) _ 4+3 _7
S A ) C
9. lim (2x2 n y) —841=9 19 lim arcsin xy _ arcsin 0 -0
(x:2)>(2.1) o) 1—xy 1

10.

11.

12.

13.

14.

15.

16.

17.

18.

Continuous everywhere
lim
(x, y)~>(0,0)
Continuous everywhere
lim ¥ =@ =¢?
(x, y)~>(l, 2)

Continuous everywhere

2+4 6

X+y
im = = —
(@)>24 x2 + 1 22 +1 5

Continuous everywhere

lim
(.y)>0.2)y 2

Continuous for all y # 0

x+y -1+2

lim =
-1-2

(w212 x =y

Continuous for all x # y.

. xy
lim
-0 x* + y?

_1
2
Continuous except at (0, 0)
lim x o1
(%, 7)=(L1) \/x +y J1+1

Continuous for x + y > 0

1

W |

S

2

lim  ycos(xy) = 2005% =0

(x.5)=>(7/4.2)

Continuous everywhere

.X . 27
sin— = sin— =1
y

Continuous forall y # 0

lim
(x, y)~>(27r, 4)

(x+4y+1)=0+40)+1=1

20.

21.

22.

23.

24.

25.

26.

27.

Continuous for xy # 1,

xy\Sl

arccos[xj 0
lim y) _ arccos0 _ 7
(ny)=>0.1) 14+ xp 1

Continuous for xy # =1, y # 0,0 <

X
y

<

lim
(x, v, z)~>(], 3,4

Continuous for x + y + z 2 0

lim  xe” = (-2)e® = 2
(x>, z)~>(—2, 1,0)

Continuous everywhere

km 2= 1 _ 1-1
(> 1+xy 141

lim xzy — ;1 - _
@001+ 2 1+1

does not exist

lim
(x,9)>(0,0) x + y

Because the denominator x + y approaches 0 as

(x, y) - (O, 0).

175

)\/x+y+z:\/1+3+4:2\/§

. 1 . .
lim —— does not exist because the denominator

(x.7)>(0,0) x?y?

xy approaches 0 as (x, y) — (0,0).

2 2 —
e G C R G
(x2)-(22) x -y (x.5)>(2.2) X =y
= Ty ) =4
4 4 2 _ 2 2 2 +2 2
lim * — Y 4 lim (x 7 )(x Y )
(52)~0,0 x* + 2y%  (5)~(0,0) x* + 2y?
_ : 2 5.2 _
= (x,yl)IE%O,O) (x 2y ) 0
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29.

30.

31.

32.

33.

39.

Chapter 13 Functions of Several Variables

lim —2>—2Y
(63)0.0 /x = [y
does not exist because you can’t approach (0, 0) from

negative values of x and y.
. x—y—-1 Jx-y+1
lim .

En=>e) Jxr—y -1 Jx-y+1

(x—y—l)(\/m+l)

= lim
(% 0)>(2.1) (x=»)-1
= 1 N 1) =2
ohm (=)
The limit does not exist because along the line y = 0
you have
X+y

lim
(x,0)—(0,0) x

. x
= lm = =
(x,0)—>(0,0) x2

(x2)=>(0.0) x* + y

which does not exist.

The limit does not exist because along the line
x = yyouhave

34.

35s.

36.

li In(x? 2) d t exist
(xyy)lil%o,o) n(x + y ) 0€S not ex1s

2

because ln(x + yz) — —o0 as (x, y) - (0, 0).

The limit does not exist because along the path
x =0, y = 0,you have

lim Xy +yz+xz _

lim 0 _ 0
(x.2.2)-(0,0.0) x> + y? + 22

(0,0,2)—(0,0,0) z2
whereas along the path x = y = z, you have

. Xy + yz + xz
lim 7)2} Y > 5 =
(4,9.2)>(0,0,0) x* + y~ + z

. X2+ x2 + x?
lim _
(5.2%,0)-(0,0,0) x? + x2 + x2

=1

The limit does not exist because along the path
y = z = 0,you have

fm WX
(v,2.2)>(0,0,0) x* + y* + 22 (x,0,0)(0,0,0) x2

However, along the path z = 0, x = y, you have

Xy + y22 + )CZ2 lim x2
(x,y,z)»(0,0,0) x2 + yz + 22 (x,x,O)A(0,0,0) x2 + x2

lim L= lim - lim 2
(©2)=0.0) x> — y2  (60)>(0.0) x2 — x> (x2)>(0.0) 0 - 1
2
Because the denominator is 0, the limit does not exist.
. o
. 2 i 0 Y 37. (x,yl)lil%o’o)e 1
(x:2)(0.0) (xz + 1)(y2 + 1) (1)) Continuous everywhere
2 2
38, lim 1—M -
(x.5)—>(0.0) x4 )P
The limit does not exist.
Continuous except at (0, 0)
X
f(xy) = 217
Continuous except at (0, 0)
Path: y = 0
(x.y) | (L0) | (0.50) | (0.,0) | (0.01,0) | (0.001,0)
f(ey) |0 0 0 0 0
Path: y = x
(xy) | (L)) | (0.505) | (0.1,0.1) | (0.01,0.01) | (0.001,0.001)
Sy |3 |3 3 7 7

The limit does not exist because along the path y = 0 the function equals 0, whereas

along the path y = x the function equals %
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41.

42.
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f(xy) = _y

x? + y?
Continuous except at (0, 0)

Path: y = x

(x») | (L1) | (0.505) | (0.1,0.1) | (0.01,0.01) | (0.0010.001)

Sy | % 1 5 50 500

Path: y = 0

(x,y) | (LO) | (0.50) | (0.0) | (0.01,0) | (0.001,0)

f (x, y) 0 0 0 0 0

The limit does not exist because along the path y = 0 the function equals 0, whereas along the path y = x the function tends
to infinity.
2
Xy
X, y) = ———
S ( y ) 21y
Continuous except at (0, 0)

Path: x = y?

(x,») | (L) | (0250.5) | (0.01,0.1) | (0.0001,0.01) | (0.000001,0.001)

fluy) | =% | -3 -

_1 _1
2 2

=

Path: x = —)?

(x,y) | (-L1) | (-025,05) | (-0.01,0.1) | (~0.0001,0.01) | (~0.000001,0.001)

UCHRE: 3 B 3 3
The limit does not exist because along the path x = y? the function equals —%, whereas along the path x = —}? the function
equals 1.
2x — y?
x,y) =
f( y) 2x% + y

Continuous except at (0, 0)

Path: y = 0

(x,y) | (1LO) | (0.250) | (0.01,0) | (0.001,0) | (0.000001,0)

Sy |1 4 100 1000 1,000,000

Path: y = x

(x,») | (1L1) | (025,0.25) | (0.01,0.01) | (0.001,0.001) | (0.0001,0.0001)

fuy) |3 1.17 1.95 1.995 2.0

The limit does not exist because along the y = 0 the function tends to infinity, whereas along the line y = x the function
tends to 2.
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4 4 24 22 = 2
3. lim S~ lim ( yz)( . ) lim (¥ - »?) =0
(%3)=(0.0) x* + y (x,5)-(0,0) X2+ y (x.7)—>(0.0)

So, f is continuous everywhere, whereas g is continuous everywhere except at (0, 0)‘ g has a removable discontinuity at (0, 0).

4 4 2x2 + y?)(2x? - y?
N i A lim ( yz)( i ). lim (247 = %) = 0
(x,9)>(0,0) 2x~ + y (x,5)—(0,0) 2x° + y (x,)—(0,0)

So, g is continuous everywhere, whereas / is continuous everywhere except (0, 0). / has a removable discontinuity at (0, 0).

44

. 4x%y? . 5xy
45. 1 ——— =0 51.  lim ————
(x,y)lirz().o) x2 + y? (x.)~(0,0) x2 + 27
So, lim f(x,y)= lim g(xy) =0. Does not exist. Use the paths x = Oand x = y.

(x,7)(0,0) (x,¥)—(0,0)

/s continuous at (0, 0), whereas g is not continuous at

(0,0).

46. lim )f(x, y) = lim

(x,y)%(0,0 (x,y)A)(O,O)

x2 4 2xp? + P
x4+ y?

2
- lim 1422 | o
w-00 X+ 2

(same limit for g)
So, f is not continuous at (0, 0), whereas g is continuous

at (0,0). 52. s

47. lim sinx+siny =0
(x,y)%(0,0)

S
L1771 7355
(TR
TN
i N\
AT RN
0y /7 "";"';“25\
.,""5/’5{ -2 —

48. lim sin 1 + cosl

(x, y)~>(0, 0) X X
Does not exist
2 6)(r? sin? 0
53. (x,yl)IE%O,O) x2 + yz B 111—132) rz
= ling)(r cos 6 sin? 9) =0
r—
x2y
9. lim Y o
(x.)~(0.0) x* + 22 ) X4yl or (cos 6 + sin 6)
54. lim ——=Ilm——u—"
Does not exist. Use the (:2)>(0.0) x* + p* o0 r
paths x = Oand y = x% = lim r(cos3 0 + sin’ 6) =0
r—0
55 lim Xy lim r* cos? @sin? @
) (x,9)—(0,0) x2 + y2 T 0 72
2 2 _ N 2 2 2
50. lim = +y 2 —ll_r)rg)r cos* @sin @ = 0

(v2)-(0,0)  x%y

Does not exist
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56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

x =rcosh, y =rsinf, Jx? +y? =r,x* -y =

Section 13.2 Limits and Continuity 179

rz(cos2 6 — sin? 0)

2 _ r*(cos® @ — sin*
lim ——2 — lim ( ) . lim r(cos® @ — sin” 0) = 0
(x,7)—(0,0) \/xz + 2 o0 r 50
(x,yl)iE%o,o) cos(x2 + yz) = }lilé cos(r2) = cos (O) =1
hm sm«/x +y? = hm sin () = sin (0) = 0
>+ =
hm n+/x* + y sm
A /x + y )~>0+
sin(x? + y? in 2 2
lim ( d ) = lim 51n2r — 1im 2% limcos = 1
(x,¥)—(0,0) 2 4 y r—0 r r—0 2r r—0
x2 + y2 — }"2
) 1- cos(x2 + yz) 1= cos(rz)
lim > 5 = lim 5 =0
(x,)—(0,0) x4y x—0 r
2yt =2
. 2 2 2 2 _ 15 2 2\ _ . 2
(x,yl)lgzo,o) (x +y )ln(x +y ) = 11_r)r(1)r ln(r ) = yllrg 2r ln(r)
21
By L’Hoépital’s Rule, lim 22 In(r) = lim n(zr) - tim 27 = tim (~r) =0
r—0" r—0" ]/}’ r—0" —2/7' r—0"
f(x, y, z) _ 1 68. For x* # y?, the function is clearly continuous.

N

Continuous except at (0, 0, 0)

f(x,y,z): 2 =

x2+y? -4
Continuous for x*> + y* # 4.

sin z

f(xy,2) =

e’ +e’
Continuous everywhere
f(x, ¥, z) = xysin z
Continuous everywhere
For xy # 0, the function is clearly continuous.
For xy # 0,let z = xy. Then
sin z

lim

z=>0 z

=1

implies that f is continuous for all x, y.

2

For x? # y?,let z = x> — y2. Then

TLLIC
z—>0 z

implies that f is continuous for all x, y.

69. f(r) =1, g(x,y) = 2x -3y
S(g(x.7)) = £(26 = 3y) = (20 = 3y)
Continuous everywhere

0. f() = %

glx,y) = x* +
2 2 l
f(g(x,y)) = f(x +y): PR

Continuous except at (0, 0)

71.

,g(x,y) = 2x = 3y

~ | —

(1)

f(g(x, y)) = f(2x -3y) =

2x — 3y

Continuous for all y # %x
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72.

73.

74.

75.

76.

77.

Chapter 13 Functions of Several Variables

1) = gl y) = 5+ 5

fg(x ) = f(x* +5?) =

l_x2_y2

Continuous for x* + y* # 1

f(x,y) = x> — 4y

_f [x+Ax —4y}—x2—4y 2
@ fim LEFAO) ZSE0y) =+ &) ( ) im A AT 0 A - 2
Ax—0 Ax Ax—0 Ax Ax—0 Ax Ax—0
- 2 Ay + Ay - (P-4 —
by tim LX) S0 [ )] - (2 -4 lim =~ = lim (-4) = -4
Ay—0 Ay Ay—0 Ay Ay—0 Ay Ay—0
[l y) =+
_ x+Ax2+sz—x2+y2 2
(a) lim S+ A y) = f(x ) = lim [( ) ( ) = lim 2xAx + (Ax) = lim (2x + Ax) = 2x
Ax—0 Ax Ax—0 Ax Ax—0 Ax Ax—0
_ [x2+ y+Ay2}—x2+y2 2
(b) lim Sy + ) = fo)) ( N ): fim 2 @) (2y + Ay) = 2y
Ay—0 Ay Ay—0 Ay Ay—0 Ay Ay—0
X
f X, V) = -
(r0) = %
X+ A x Ax
@ tm JEFAD) SNy v UL
Ax—0 Ax Ax—0 Ax Ax—0 Ax A0 y y
r X
O T ) el G ) NN T VN U T o S OO . O
Ay—0 Ay Ay—0 Ay Ay—>0 (y + Ay)yAy Ay—0 (y + Ay)yAy Ay—0 (y + Ay)y
1
f(xa y) - X + y
1 1
(@ lim f(x+Ax,y)—f(x,y) - lim X+A+y x+y lim (x+y)—(x+Ax+y)
a0 Ax A0 Ax a0 (x + Ax + y)(x + y)Ax
~ lim —Ax = lim -l __ -l
Ax—0 (x + Ax + y)(x + y)Ax Ax—0 (x + Ax + y)(x + y) (x + y)z
(b) By symmetry, lim f(x,y il Ay) — f(x, y) = -1 >
&y—0 Ay (x+)

f(x,y) =3x+xy -2y
f(x+Ax,y)—f(x,y) - lim 3(x+Ax)+(x+Ax)y—2y—(3x+xy—2y)

@ lim
A0 Ax frait) o
o A )
_£T0 o _3210(3+y)—3+y
) tim LB EA) = Sloy) o 3xx(y 4 AY) - 2y + Ay) - (Bx - 29)
Ay—0 Ay Ay—0 Ay
= him Y2 i (o) =x-2
Ay—0 Ay Ay—0

© 2010 Brooks/Cole, Cengage Learning



Section 13.2 Limits and Continuity 181

78. f(x, y) = \/;(y + 1)

St doy) = foy) o ) -+l

(a) lim lim
Ax—0 Ax Ax—0 Ax
3/2 12
eyt ay) - floy) L A+ (v + )7 = (2 4 )
(b) lim = lim
Ay—0 Ay Ay—0 Ay
/ 3/2 1/2 1/2
+ A - + A -
) el O ) e
Ay—0 Ay Ay—0 Ay
= %y‘/z + %y'l/ * (L'Hopital's Rule)
_ 3y +1
2y
79. True. Assuming f/(x, 0) exists for x # 0. 83 lim X2+ y?
(x, y)~>((), 0) Xy
80. False. Let f(x, y) = % (a) Along y = ax:
P y
2 2 2 2
See Exercise 39. lim M - lim M
(x, ax)—(0,0) x(ax) x—0 axz
In(x? + ?), (x, # (0,0 2
81. False. Let f(x,y) = ( y) ) # ) :1+a’a¢0
0, x=0,y=0
If a = 0,then y = 0 and the limit does not exist.
82. True
(b) Along
2
_ 42 : x2+(x2) o1’
y =x" lim = lim
(x,xz)—>(0,0) X xz) x>0 x
Limit does not exist.
(c) No, the limit does not exist. Different paths result in
different limits.
84. f(x y) = 'y
> [N y2
x*(ax) ax
(@ y = ax: f(x,ax) = =
( ) “ 4 (ax)z 2+ d
Ifa=0 lm —& =o

(r.ar)>(0.0) x* + >
- x2 X2 4
() y = 2% f{x.2%) = x+((x))2 e

4
lim = = L

(o) 26 2
(c) No, the limit does not exist. f approaches different numbers along different paths.

xyz (p sin ¢ cos 9)(,0 sin ¢ sin 0)(p cos ¢)

8S. lim ————— = lim
(x.3.2)>(0.0,0) x? + y2 + 22 p—0t p2
= lim p[sin2 ¢ cos @ sin 0 cos qﬁ] =0
/)~>OJr

86. lim tan™! % = lim tan™' % -z
(x,¥,2)—(0,0,0) X+ y 4z p—0T P 2
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87.

88.

89.

90.

91.

92.

93.

94.

Chapter 13 Functions of Several Variables

As (x,y) - (0,1), x2 +1 > land x? +(y71)2 - 0.

2
So, lim tan™ le _—
o0 |2y (1| 2

— r*sin? @

2
(x,y])igzo,o) f(xp) = lm(l) (r cos 6)(r sin 9\’ cos’ 9,,2 = 11_1}(1) rz[cos @ sin 49(cos2 6 — sin? 9)} =0

So, define £(0,0) = 0.

Because " l)m% B Sf(x, y) = L, then for &/2 > 0, there corresponds &§; > 0 such that ‘ f X, y LI‘ < &/2 whenever

0<J(x—ay +(y-b? <o

Because l)m(l 5 g(x y) = L,, then for &/2 > 0, there corresponds &, > 0 such that ‘ X, y Lz‘ < ¢&/2 whenever

0<J(x—ay + (-5 <o

Let o0 be the smaller of 6,and J,. By the triangle inequality, whenever \/ (x - a)2 + ( y - b)2 < 0, we have

/(5 p) + g(xy) = (L + L) =|(f(x ) = L) + (g(x.») = L)| <| (%) = Li|+|g(x.») - L] <

£
+—=¢
2

o | ™

So, lim [fx y) + g(x y)] =L + L,

\fy*)(ab

Given that f(x, y)is continuous, then  lim f(x,y) = f(a,b) < 0, which means that for each & > 0, there corresponds

(r y)»(a IJ

a & > Osuch that ‘f(x, y) - f(a, b)‘ < & whenever

0<Jr-a) +(y-b) <&

Let ¢ = ‘ f (a, b)‘ / 2,then f (x, y) < 0 for every point in the corresponding ¢ neighborhood because

f(‘;b)‘: _‘f(‘;’b)‘< f(x,y)—f(a,b) <‘f(‘;7b)‘

= %f(a,b) < flxp) < %f(a,b) < 0.

‘f(x, y) - f(a, b)‘ < ‘

See the definition on page 899. Show that the value of ( )lifn /(x, y) is not the same for two different paths to (x, yp).
x,¥)=(x0, >0

See the definition on page 902.

(a) True

(b) False. The convergence along one path does not imply convergence along all paths.

u—#—o—ﬁr
2

(c) False.Let f(x,y) = 4[

(d) True
(a) No. The existence of (2, 3) has no bearing on the existence of the limit as (x, y) — (2, 3).

(b) No, £(2,3) can equal any number, or not even be defined.
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Section 13.3 Partial Derivatives

1.

10.

11.

12.

13.

14.

f(41) <0

. fH(-L-2) <0

C f(41) >0

. f(-L-1) =0

. No, y only occurs in the numerator.

. Yes, x occurs in both the numerator and denominator.

. Yes, x occurs in both the numerator and denominator.

. No, y only occurs in the numerator.

. f(xy)=2x-5y+3

filxy) =2
.f_v(x7 y) =-5

f(x,y) =x*-2y"+4

fx(x, y) = 2x
fy(x’ y) = -4y
flxy) = 2%

fi(xy) = 20°
f(xy) = 3x%°
f(x,y) = 4x’y?
f;((x, y) = 12):2)/’2

Slx,y) = 8y

|®
I
5

ox

@: X

o 2y
z=2y2\/;
& _

o Jx

@=4y\/§
oy

15.

16.

17.

18.

19.

20.

21.

22,

Section 13.3 Partial Derivatives 183

z=x* —4dxy + 3)?
0z

— =2x-4

ox Y
@=—4x+6y
oy

z =3 - 2% -1

Oz
== 02
ox 7
Oz
— =3y? — dxy
oy
z = eV
oz
% e
ox :
Oz -
Rlp——"
oy
z=e" = e"‘—‘rl
% — l x/y
ox
@ — ;CeX/y
&y oy
7 = x262y
& 2xe™
ox
% = 2x2e?
z = yey/" = ye
oz 1 2 _y2 )/ x
™ ye’ [—yx = x—ze)/
oz = V¥ 4 lyey/x = ey/"[l + Zj
oy X X
z=In==Inx-Iny
y
2 _1
ox x
e __1
oy y
z=InJxy = %ln(xy)
ez _ly _1
ox 2xy 2x

oz _1x _ 1
o 2xy 2y
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23.

24,

25.

26.

27.

28.

29.

Chapter 13 Functions of Several Variables

z = ln(x2 + yz)

0z _ 2x
o xr+y?
oz _ _ 2y
6y_x2+y2
xX+y
z=ln7=ln(x+y)—ln(x—y)
X =y
oz 1.1 -2y
Ox X+y x-y (x+y)(x—y)
oz 1 N 1 2x
oy x+y x-—-y (x+y)(x7y)
2 2
R S
2y X
o _2x 3y X-3y
ox 2y  x? x2y

oz _ —x* by _12)° - ¥
oy 2y X 2xy

xt 4+ y

(2 + 7)) - ()2%) 3 — a2y

fx(x, ): 2 = 2

T e )

(x2 + yz)(x) - (w)(2y) - x?

fy(x’ ): 3 = 2

T e )
)= )

x2 +y2)

hx(x, y) = —2xei(

hy(x, y) = —2yei(

g(x, y) = ln\/m = %ln(x2 + yz)

2 (x )_ 1 2x _ X
%Y 2x2+y2 x2+y2
2y y
A x, = =
g}( y) 227 4 )7 PR

f(xy) = /x> + )7

1/, 2\1/2 X

S 2y = —*
il y) = (x4 57) T (29) e

Lo, 2\7V2 y
(ny) =~ 2y) = ——2L
f)(x)’) 2(x +y) (y) R

30.

31.

32.

33.

34.

3s.

36.

37.

f(x,y) = /2x + y3

a _ 1

-1/2

o N
o 1 -1/2 3y?
o R A
Z = COS Xy

& __ sin

o Jy s xy

& __ sin

» = —xsin xy

z = sin(x + 2y)

% = cos(x + 2y)
(%Z/ = 2cos(x + 2y)

z = tan(Zx - y)

% - 2sec2(2x - y)
2—; = —sec’(2x — y)

z = sin 5xcos Sy

o = 5cos Sxcos Sy
Ox
0: . .
%~ _5sinSxsin S5y
o

z = €’ sin xy
0z 5
— = ye’ cos xy
Ox
Oz oo !
— = e¥sin xy + xe’ cos x
o

= e”(x cos xy + sin xy)

z = cos(x2 + y2)

% = 2x sin(x2 + y2)
% = —2ysin (x2 + y2)

z = sinh(2x + 3y)

% = 2cosh(2x + 3y)
o _ 3 cosh(2x + 3y)
oy
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38. z = cosh x)?

o = y? sinh xy?
Ox
o = 2xy sinh x?
¥

39. f(xy) = [ (1)

5] )

X2 +1=1-x?

fi(xy)
flxy) =y -1
[You could also use the Second Fundamental Theorem

of Calculus.|

40. f(x,y) = [ (2 + 1)t + j} (2 = 1) dr

= Iy(2t+1)dt— Iy(Zt—l)dt
= jyzdz =[21] =2y -2x

felx,y) =2
fulxy) =2

42. f(x, y) =x% - 2xy + y2 = (x - y)2

Section 13.3 Partial Derivatives 185

41. f(x, y) =3x+ 2y

g - lim f(x + Ax,y) - f(x,y)
Oox Ax—0 Ax
— lim 3(x + Ax) + 2y — (3x + 2y)
Ax—0 Ax
= lim 3ﬂ =3
Ax—0 Ax
S o Sy ) - f(x )
8}/ Ay—0 Ay
~ lim 3x + 2(y + Ay) - (3x + 2y)
Ay—0 Ay
= lim & =2
Ay—0 Ay

g - lim f(x+Ax,y)—f(x,y)
ox Ax—0 Ax

o (x+Ax)272(x+Ax)y+y27x2+2xy7y2_ . B

= Jim, e = Jim (2 Av = 2) = 2(x - )
I oy Sy &) = fxy)
ay Ay—0 Ay

L x2—2x(y+Ay)+(y+Ay)2—x2+2xy—y2_ ) B

= A];TO 5 = Al;r_r:() (2x+ 2y + Ay) = 2(y — x)

43. f(x,y) =Jx+vy

g: lim 4f(x+Axsy)_Af(x3y)
ox Ax—0 Ax

~ lim \/x+Ax+y—\/x+y

Ax—0 Ax
(\/x+Ax+y7\/x+y)(\/x+Ax+y+\/x+y) 1 1
= lim = lim =
Ax—0 Ax(\/x+Ax+y+\/x+y) a0 fx + Ax+y i fxty 2 x+y
g:limf(x,y+Ay)—f(x,y):lim\/x+y+Ay—\/x+y
ay Ay—0 Ay Ay—0 Ay
(\/x+y+Ay—\/x+y)(\/x+y+Ay+\/x+y)
= lim

Ay—0

= lim

Ay(\/x+y+Ay+\/x+y)
1

1
Ay—>0\/x+y+Ay+\/X+y 72\/x+y
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1

44. f =
f(x, ) T
L
g_limf(x+AX7y)*f(xay):h.mx+Ax+y XY _ im -1 _ —12
ox &0 Ax Ax—0 Ax Ax—0 (x + Ax + y)(x + y) (x + y)
L
g:limf(x’y+Ay)_f(x’y):limx+y+A XtV tim -1 _ -1 i
ay Ay—0 Ay Ay—0 Ay Ay—0 (x +y+ Ay)(x + y) (x + y)
45. f(x,y) = ¢’ sinx 49. f(x,y) = arctan 2
x
fe(x,y) = € cosx |
I N O A D
At (.0). (7.0) = 1. files) =15 (yw)( 2
f(x,y) = ¢ sinx At (2,-2) fi(2,-2) = %
At (7,0), £,(7.0) = 0.
1 1 X
f,(x, y) = 7] =
46. f(x,y) = e*cosy ’ 1+ (yz/xz)kx X+ y?
filx,y) = —eeosy At (2,-2) £,(2,-2) = i
At (0,0). £,(0,0) = —1.
) 50. f(x, y) = arccos(xy)
fy(X, y) = —e"siny
_ -y
At (0,0), £,(0,0) = 0 fo(xy) = m
47. f(x,y) = cos(2x — ) At (1,1), £, is undefined.
fu(x,y) = -2sin(2x — ) 7i(x,y) = —X
At 2 2]l B2 = asin| 2 -2 = 1
4°3) 4’3 2 3 ' At (1,1), £, is undefined.
fy(x, y) = sin(2x — y)
51. f(x,y) = ¥
T T T (T 7 1 X -y
Al (Z’ E)’ fy(? Ej - (5 - ?j )
B C I . S
f:v(xa y) - 2 - 2
48. f(x, y) = sin xy (x=) (x - y)
£i(6y) = ycosxy At(2,-2) £.(2.-2) = 75
r 7 T 2
at|2. 2] £l 5 = Zeos Z = 0. Cxx-y)rw o x
t( 4Jf( 4) 47 fi(x ) = ( )2 = 7
(x-) (x-)

fy(x, y) = X COS Xy

At|2, 2] 7122 = 2c0sZ = 0.
4 4 2

At (2.-2) £,(2.-2) = %
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2xy

S e
B 10y3
) = (422 + 502)""
10 10
At (LD, £(L1) = 557 =

8x*

b@ﬂzagzgw

8 8
At (1, 1), J(y(l, 1) = 93ﬁ = ?7

53. g(x,y) =4-x>-)"

gx(xa y) = —2x
At (1, 1): gx(l, 1) =2
gy(x’ y) = _2)/

At (L1): g,(11) = 2

54. h(x,y) = x* -y
h(x,y) = 2x
At (-2,1): h(-2,1) = -4
hy(x,y) = 2y

At (<2,1): hy(-2,1) = 2

55. z = /49 — x* — y?,x = 2,(2,3,6)
Intersecting curve: z = /45 — 3?

0z -y

5_ \J45 — y?

TN\

it
iy

I

Section 13.3 Partial Derivatives 187

56. z = x> + 4y y = 1,(2,1,8)

Intersecting curve: z = x* + 4

%=2x

Ox

A28 & = 202) = 4
S e T T

57. z = 9x* — y?, y = 3, (1,3,0)

Intersecting curve: z = 9x% — 9

/[ ]
Oz lllll".'ll 4
Z = 18x N
ox \
Oz
At (1, 3, 0): P = 18(1) =18 x
X

58. z = 9x* — y?,x = 1,(1,3, 0)

v Y
AL(L3,0) & = 9(3) = 6
oy
59. H(x, ¥, Z) = sin(x + 2y + 32)
Hx(x, ¥, Z) = cos(x + 2y + 32)
Hy(x, ¥, Z) = 2c0s(x + 2y + 32)
H.(x,y,z) = 3cos(x + 2y + 3z)
60. f(x,y,z) = 3x’y — Sxyz + 10yz°
fx(x, v, z) = 6xy — Syz
fy(x, Vv, z) = 3x? - 5xz + 1027
fz(x, ¥, z) = —5xy + 20yz
61. w=+/x*+ "+ 2?
ow _ X
ox ¥+ + 22
ow _ y
RN Vv + 22
ow _ z
oz x*+ oy 42
62. w = Tz Txz(x + )/)71
xX+y
ow (x + y)(72) - Txz 7yz
& (x+y) (e
ow  —Ixz
» (x + y)2
ow _ x
0z x+y
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63. F(x,y,z) =Inx* +y? + 22 = %ln(x2 + 2+ zz) 68. f(x,y,z) -

X+y+z
2
F(xyz)= 55— P P G k) it B G
cryts d ) (x+y+z)2 (x+y+z)2
- Y -
F(x,y,2) = e £ L-1) 1321 o
- z — 2
Fz(x,y,z)—x2+yz+z2 fy(x’y’z):(xvhy-kz)x ny: X° + xz .
(x+y+2) (x+y+2)
1 9-3 2
64. G(x,y,z) = \/1 2 LB L) = == = 3
x+y+2z)0)-xy —Xy
G (x,y,2) = al 7 [(x.3,2) = ( X0)
(1_x2_y2_22) (x+y+2) (x+y+2)
3 -1
ﬁ'(331’ 1) = =
G,(x, v, z) = Y
y ) (1 IR 22)3/2
. . 69.  f(x,y,2) = zsin(x + y)
(0 y.2) = (1 oyt 2)3/2 Se(x, y,2) = zcos(x + y)
f(O Z o 4|=-4cosZ =0
65. f(x,y,z) = x’yz* U2 2
fo(x, . 2) = 3%y’ f(x, v, 2) = zcos(x + )
f(LLT) =3 fy(o, % 4] =4 cos% =0
S(xp,2) = X2 .
f(l : l) 4 fz(x, v, z) = sm(x + y)
AN T .
fz(X, v, z) = 2x3yz fz(O,E, —4) = smE =1
£LL1) =2
70. </3x* + y* - 227
66. f(x, .z) = x2y® + 2xyz — 3yz 6x 3y
S, 2) = 20 + 2pz S = N e
f(21,2) = 4+4=0 £ _zl)zL:i:ﬁ
f(x,y,z) = 3x°y* + 2xz — 3z e 2x23+4-2 /5 5
fi(-21,2)=12-8-6=-2 fx v, 2) = 2y _ y
- _ }( ) 2\/3x2+y27222 \/3x2+y27222
f;'(x9 y,Z) - zxy 3y
fi(-21,2) = 4 -3 =7 Lo 225
R
-4z -2z
67' s Vs = i ﬁ' X, YV, z) = =
f(x 4 Z) yz ( ) 2\/3)62 +y? - 277 \/3x2 + y? - 227
1
=— 2 25
fo(x.y.2) " f(l-2.1) = Nl
fell,-1,-1) =1
- 71. z =3y’
fls) = 7
rz @:3267222062226
£(L—L-1) =1 ax ar T Vam
—X 0z 0%z 0%z
S p.2) = — — =6xy, — =6 =6
( ) yZZ ay XY, ayz X, axay y
£(,-1,-1) =1
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72. z = x* + 3y?

73.

74.

75.

oz
ox

oz
oy

Oz
Ox
0%z
ox?
0%z
Oyox

Ox0y

Oz
ox
0%z
ox?
0%z
Oyox
Oz
oy
0%z
o
0%z
OxOy

0z
ox
0%z
ox
0z
Oyox

Oz
oy
0%z
ayl
0%z

2

=6

0%z 0%z
X, — = 2,
ox? 0yox
0%z 0%z
Y, A2 =0
oy Ox0y
x? = 2xy + 3y?
2x — 2y
2
-2
—2x + 6y
6
-2

xt = 3x%y? 4+t

4x* — 6xy*

12x2 — 6y?
—12xy
—6x%y + 4y°

—6x% +12y°

Section 13.3 Partial Derivatives 189

76. z = ln(x - y)
oz 1
ox x-—y
@z _ 1
()
0%z B 1
Oyox B (x - y)2
e
b x-y y-x
0%z B 1
ECES
0%z _ 1
Ox0y - (95_7
o 0%z _ 0%z
" dyox  Oxdy

7. z = e tan y

0z .
a =e tany
0%z .
axiz = ¢’ tan y
0%z P
e = e"sec” y
oz P
5 =e"sec’ y
2
% = 2¢*sec? ytan y
y
0%z .
P, =e"sec’ y
78. z = 2xe” — 3ye™*
% = 2¢” 4+ 3ye™™*
X
0%z x
ar - e
2
(j@z = 2e” + 3ye™"
)yOox
% = 2xe’ — 3e™*
2
a—j = 2xe’
o
2
(jﬁzy = 2e¢” 4+ 37"
X
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79.

80.

81.

82.

83.

Chapter 13 Functions of Several Variables

Z = COS Xy
e _ sin x 6722 = —y? cos xy
ox 7 7 ox?
0%z = —yx cos xy — sin x
Byox V. Y 9%
0z . 0%z )
— = —xsinxy, — = —x" cos xy
oy
0’z = —Xy COS Xy — Sin x
oy Y xy Y
z = arctanz
x

R o e R

ox 1+ (yz/x2) X)) x v
6722 2xy

ox? (xz " y2)2

Pz _ ¥+ 0y o
Oyox (xz + y2)2 (xz + y2)2

% _ ;(lj X

» o1+ ()]
8722 _ —2xy

o’ (x2 + y2)2
82z B (x2 + yz) — x(2x) y2 —
Ox0y (xz n y2)2

fe(ry)=2x+y-2=0
fy(x,y)zx+2y+2=0
2x+y-2=0=y=2-2x
x+22-2x)+2=0= 3x+6=0=x =2,
y=-2

Point: (2, —2)

felr,y)=2x-y-5=0
fi(xy)=—x+2y+1=0
2x-y-5=0=>y=2x-5
—x+2(2x—5)+1:0:>3x—9=03x=3,
y =1

P0int:(3,1)

fx(x,y) =2x+4y -4, fy(x,y) =4x + 2y + 16
fi=/f=02x+4y =4
4x + 2y = -16

Solving for x and y,

x =—-6and y = 4.

84.

8s.

86.

87.

88.

fx(x,y)=2x—y=0
fy(x,y):—x+2y:0
2x -y =0=y =2x
—x+2(2x)=0:>x:0,y:0

Point: (0, 0)
) 1 X
fx(X,J’):_?+y,fv(X,Y):_ﬁ+x

1 1
fxzfy:0:—?+y:0and—7+x:0

1 1

= —and x = —
Y2 32

y=y"=>y=1=x
Points: (1, 1)

f;((x, y) =9x? — 12y, fv(x, y) = —12x + 3y2
=1 =0:9x2 —12y = 0 = 3x = 4y

37 —12x = 0 = y? = 4x
Solving for x in the second equation, x = y*/4, you

obtain 3()/2/4)2 = 4y.

3y4:64y:>y:00ry:3w

116
437

= x=0orx

. 4 4
Points: (0, 0), (W’ Wj

fx(xa J’) = (2x + y)ex2+"'—"+)’2 =0

f0) = (x+ 20)e 7 =

2x+y=0=y =-2x

|
o

x+2(—2x):0:>x:0:>y:0

Point: (0, 0)
. 2x
fx(x,y):m:():x:()
2y
Mod) = F gy = 0= =0

Points: (0, 0)
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90.

z = xsecy
% sec y
ox
0’z
!
e = sec ytan y
Oyox
0z
a— = xsec ytany
vV
2
Z—j = xsec y(sec2 y + tan? y)
y
i: = sec ytany
Ox0y B
o 0%z 0%z
" Oyox  Oxdy

There are no points for which z, = 0 = z,, because

0.
—Zzsecy;tO.

Ox
e >
RN
& B ¥ =25
o (25 -x? - y2)3/2
0%z B —Xxy
oyox (25— - yz)s/z*
0z -y
EA T
o’z x? - 25

(’9)7 - (25 -x? - y2)3/2
o’z —Xy
ooy (25— - yz)s/z*

@za—zszx:yzo
ox Oy

91.

92.

93.

Section 13.3 Partial Derivatives 191

_ X _ _ 2 2
z = ln(x2 +y2] =Inx ln(x +y)

1w
ox x x4+ P x(x

p? - x>
2+y2)

6722_ X4yt -

o’ xz(xz + yz)2
o’z 4xy
Oyox (xz " y2)2

&z ___ %

v xt+y’

0%z B 2(y2 - xz)

()

0%z 4xy

Ox0y (xz " y2 )2

There are no points for which z, = z, = 0.

_ W
zZ = -y
oz _yx-y)-w -y
o  (x-y) (-
oz _ 2y’
o’ (x - y)3
Pz _ (k=) (2)+ Y- | 2y
oy0x (=)’ (x= )
@: x(x—y)+xy: x?
o (x=»" (-
6722 _ 2x?
8)/2 (x _ y)S
Pz _(x=»)(20)-FQxr-y) | 2w
Ondy (=) (x =)

There are no points for which z, = z, = 0.

f(x, v, z) = xyz
fix.p.2) = )z
fy(x, v, z) = xz
fyy(x, ¥, z) =0
fry(x, v, z) =z
fyx(x, v, z) =z
fW(X, v, z) =0
nyy(x’ Y Z) =0
fvx.t’(x’ Y Z) =0

SO7 fxyy = .fyxy = .fyyx =0
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94. f(x, ¥, z) =x*-3xy +4yz + 2°

f/}(x, ¥, z) = 2x -3y

fy(x, v, z) = 3x + 4z

fi(x3,2) = 0

fxy(x, v, z) =-3

ful¥,y,2) = =3

S, 7,2) = 0

Sor(x,3,2) =0

Jon(%,7,2) = 0

SO7 fxyy = .fyxy = .fyyx =0

95.  f(x,y,z) = e¥sinyz
folx,y,z) = —e Fsin yz

fo(x, y,2z) = ze™ cos yz

(x7.2)

(%, 7,2)

(%, 7,2)
fw(x, v, z) = —z% " sin yz
fxy(x, Vv, z) = —ze ¥ cos yz
fyx(x, Vv, z) = —ze ¥ cos yz
f}yx(x, Vv, z) = z%e ¥ sin yz
fxyy(x, Vv, z) = z%e ¥ sin yz

.fyxy(x9 Y, Z) = Zze_x sin vz

SO, foy = Sy = Sy

96.  f(x,y,z) = x2+Zy

. =
Hler2) = 0mm
£ v,2) = (_+2y)
Sy, 2) = (szyf
Solw3,2) = (xiyf
ful,3,2) = (jy)
Sl :2) = (+12y)
Fon(5,3:2) = (x_i2y)4
Sro(2,2) = ():2;)4

97. z = 5xy
oz
Y
0%z
a0
%sz
0’z
a

2 2
so. 22492 _940=0
o oy

y _ oy
98. z =sin x(ee]
2
oz e —e™
— = cosx| ——
ox 2
0%z . [ —e”
— = —sin x| ———
ox? 2

Oz . e’ +e”
— = sin x| ——
oy 2

0%z . (e —e
— =sinx ——
o? 2

So,

%z 0%z . e’ —e” . e’ —e”
— 4+ — =-sinx] —— |+sinx] ——— | = 0.
oxr  oy? 2 2

99. <z =¢€"siny
0z

> = e'siny
x
a—zz = e'siny
ot
o _ e*cosy
oy
6—22 = —e*sin y
o? B
So a—zz+a—zz =e'siny—e'siny =0
) -
100. z = arctan 2
X

From Exercise 80, we have

0? 0? 2 -2
§j+$§: 2xy22+ 2 xy22:O'
(x +y) (x +y)
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101.

102.

103.

104.

sin(x — cr)

—c cos(x — ct)
—c? sin(x — ct)
cos(x — cr)

—sin (x - ct)

2 2
So, — = cz(af].
ox

o

o
Oz
ox

0’z

ox?

2

or*

o

cos(4x + 4ct)

—4c sin(4x + 4ct)
—16¢2 cos(4x + 4cr)
—4 sin(4x + 4ct)
~16 cos(4x + 4ct)

2
cz(—l6cos(4x + 4ct)) = cz[a Z]

o

ln(x + ct)

—c? 2(622]
—= =3
(x + ct) ox
sin(wct) sin(wx)
we cos(wet ) sin(wx)
—w?c? sin(wct) sin(wx)
w sin(wet) cos(wx)

—w? sin(wct) sin(wx)

2 2
So, — = cz[aj}
ox

105.

107

108

109

110

111

Section 13.3 Partial Derivatives 193

0z

El

oz

ox

0’z

ox?

So,

oz

ot

—1

X
= e CO0Ss—

- x
—e ' cos —

1 ., . x
——e ' sin —

—1

2
So, — = ¢? a—j
ot Ox

X

e’ sin —
o X
—e' sin —
c

1, X
—e' cos —
c c

1 ., . x
——e ' sin—
c c

0%z
_ 212~
c [8x2].

. Yes. The function f(x, y) = cos(3x — 2y) satisfies

both equations.

. A function f(x, y) with the given partial derivatives

does not exist.

. %[fx(x, Vs z)] =0

There are no xs in the expression.

. %[f(x, v, z)] = [sinh%

j(y“m)z

.If z = f(x, ), then to find f, you consider y constant

and differentiate with respect to x. Similarly, to find
Jfy» you consider x constant and differentiate with

respect to y.

112.

(¥ Yo 20) 1 (X Yo 20)

“w e

Plane: y =y, Plane: x = x,

—— denotes the slope of surface in the x-direction.

of
ox
L

denotes the slope of the surface in the y-direction.
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194 Chapter 13 Functions of Several Variables

113. Theplane z = —x + y = f(x, y) satisfies 118. (a) C = 32\/xy + 175x + 205y + 1050
g<Oandg>0. A §:16\/£+175
ox oy 4 Ox X

a—c} = 16\/I + 175 = 183
ox (80,20) 4

oc _ = 16\/7 + 205

oy y

114. The plane z = x + y = f{(x, y) satisfies
y =1 y_) ZC} = 16+/4 + 205 = 237
g > 0and 6f \ Y J(s0,20)
ax 6y (b) The fireplace-insert stove results in the cost
oc _ oC
increasing at a faster rate because — > —.
oy Ox
119. 1Q(M,C) = 100%
115. In this case, the mixed partials are equal, f,, = f,. 10, = 100 , 10y, (12 10) 10
See Theorem 13.3.
. 10, = IOOM ,10.(12,10) = —12
116. f(x, y) sm(x - Zy)
f. (x, y) = cos(x — 2 y) When the chFonological age is constant, /Q increases at a
f (x y) - _sin (x B Zy) rate of 10 points per mental age year.
A . When the mental age is constant, /Q decreases at a rate
fo(x.y) = 2sin(x - 2y) of 12 points per chronological age year.
fy(x, ) = =2 cos(x — 2y) e
fw(x, y) =4 sin(x - 2y) 120. f( ) = 200x
«(x,y) = 2sin(x - 2 03
fi(x,7) ( ») () Zl = 140x703,03 = 140(Zj
SO fw( ) fvx(x7 y) x o

At (x, y) = (1000, 500),
117. R = 200x, + 200x, — 4x? — 8xx, — 4x?

af 500 0.3 1 0.3
@ =200 - 8x, - 8, P 140[@) =140 5] ~ 11372
ox,
0.7
At (%, %) = (4,12), R 200-32-96 = 72. ) L2 600707 = 6o
oxy Ox y
R
(b) <= = 200 - 8x - 8x, At (x,y) = (1000, 500),
0Ox,
AR of 1000”7 07
At (n,3) = (412), =5 = 72 < - 6O[Wj = 60(2)"" ~ 97.47.

121. An increase in either price will cause a decrease in demand.

1+0.06(1 - R)]"
1+17

122. V(I,R) = 1000{

- -9 10
- - 1+ 0.06(1 — R
V(1 R) = 10,000 1+0.06(1 - R)|| 1+ 0.06(1 : R)| _ 10,000 (1 + 0.06( - )
L L+1 i (1+1) (1+1)

7,(0.03,0.28) = ~11,027.20

_ -9 9
- 1+ 0.06(1 - R
(0. = 10000 L Oiof(ll R) 000 } _ _600[“((10))}
L 1+ 1)

V(0.03, 0.28) = —653.26

The rate of inflation has the greater negative influence.
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123.

124.

125.

128.

Section 13.3 Partial Derivatives 195

T =500 — 0.6x% — 1.5)° 126. U = =5x% + xy — 3)?
T _ o, 6—T(2, 3) = —2.4°/m (@) Up =-10x +y
ox ox

(b) Uy = x -6y
T 3y =23 = -99m '
> T T (¢) U,(2,3) = -17and U,(2,3) = —16. The person

should consume one more unit of y because the rate

A =0. - 224 1.2 - 0.544
0.885¢ hr+ 1200k = 0.5 of decrease of satisfaction is less for y.

@ X = 0885 +120h (d
ot
o4 N
£2(30°,0.80) = 0.885 + 1.20(0.80) = 1.845 T
ot . P I =y
o = -22.4 + 1.20¢
oh
04
—(30°,080) = 224 +1.20(30°) = 13.6
(b) The humidity has a greater effect on 4 because its 127. z = -0.92x + 1.03y + 0.02
coefficient —22.4 is larger than that of 7. oz
@ & =09
n Ox
PV = —RT 3
xB Z -1,
PV T ¥V o
T = = — =
e or 1 (b) As the consumption of flavored milk (x) increases,
xB xB the consumption of plain light and skim milk (z)
M pT M pT decreases. As the consumption of plain reduced-fat
p - XB - P _ B milk (y) decreases, the consumption of plain light
v oV y? and skim milk decreases.
n n
—RT —R
y —xB v _xB
P or P
n n
or o ov _| v | st
oP oV oT N 2 P
xB
Srr Rr
— xB — xB = -1
VP Y
xB

z = —1.2225x% + 0.0096)* + 71.381x — 4.121y — 354.65
(a) G _ 5445+ 71381
ox

0%z

%2 = 2445
Ox

0z
= = 00192y - 4.121
o

2
=2 _ 0192

0%z
(b) Concave downward | — < 0
ox?

The rate of increase of Medicare expenses (z) is declining with respect to worker’s compensation expenses (x)

2

0%z
(c) Concave upward | — > 0
o

The rate of increase of Medicare expenses (z) is increasing with respect to public assistance expenses ( ).
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129.

130.

131.

132.

133.

134.

136.

Chapter 13 Functions of Several Variables

False

Letz=x+y+1.

True
True
True
Xy xr - y2
f(xy) = )E2+yz) (x.») # (0,0)
0 (x,») = (0,0)
@ fi(xy)= (¢ + 27 )3y = %) - (¥ - w2)2x) et + 4y -y
- (7] T
f, (x y) - (x2 + yZ)(x3 - 3xy2) - (x3y _ xy3)(2y) i x(x4 4y y4)
- (2 + 27 (& + )
— 0 Ax 2 _ 0
(b) fx(O, 0) = lim w = lim M -0
Ax—0 Ax Ax—0 Ax

_ o/[(Ay)’ | -0
00— i SO s )0
Ay—0 Ay Ay—0 Ay

£.00.49) - £(0,0) _ Ay(—(Ay)4)

o(of . .
) f. ,(0, 0) = —(—j = lim = lim = lim 71) =-1
v oy\ ox 09 0 Ay A0 ((Ay)z)z(Ay) Ay—0
_ Ax((Ax)’
/x(0,0) = 6[6}"] = lim /,(Ax,0) - £,(0.0) = lim (( 2) ) =liml=1
ox ay 0.0) Ax—0 Ax Ax—0 ((Ax)z) (Ax) Ax—0
(d) f, or f, orboth are not continuous at (0, 0).
f(xy) = J‘y N1+ 2 odr 135. f(x,y) = (x3 + y3)1/3
By the Second Fundamental Theorem of Calculus, (a) fx(O, 0) - lim / (0 + M?B / (0, 0)
Ax—0
ﬁzij}\/uﬁ dt :—ij?/uﬁ dt = —~J1+x Ax
Ox  dx’x dx?y =A1¥190§:1
g_4d V4 de = 1+ 5 : (0,0 + Ay) - £(0,0)
oy oy £,(0,0) = lim
y—> Ay
= lim o 1
Ay—0 Ay
(b) fx(x, y) and fy(x, y) fail to exist for
y=-x,x # 0.
Fley) = (2 + )"
4x

2, 2\ V3 _
For (x, y) # (0, 0), fx(x, y) = g(x +y ) (2x) = 3(x2 . y2)1/3.

For (x, y) = (0,0), use the definition of partial derivative.

7.(0.0) = tim £ (0+A) - £(0.0) _ (A" ) = o
x>0 Ax A—0 Ax Ax—0

4/3
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Section 13.4 Differentials

1.

10.

z = 2x%y°

dz = 4xy® dx + 6x*y* dy

x2
P
y
2
dz:ﬁdx—x—zdy
y y
L -1
x4y
de=— 2 e g
e e
2
=72(xdx+ydy)
(x2+y2)
_Xx+y
z =3y
dw=—t gy XPE g XPY g
z =3y (z - 3y) (z - 3y)
. Z = XCOSY — yCOSX

dz = (cos y + ysinx)dx + (—xsin y — cos x) dy

= (cos y + ysinx)dx — (xsin y + cos x) dy

21,2 2.2
+2 y[e re ]dy
= (e)‘2+f"2 +er )(x dx + y dy)

z =¢e'siny

dz = (e" sin y) dx + (e)c cos y) dy

w = e’ cosx + z*

dw = —e’sinxdx + e’ cosxdy + 2z dz

. ow = 22ysinx

dw = 22%y cos x dx + 2z° sin x dy + 622y sin x dz
w = x’yz? + sin yz
dw = 2xyz* dx + (xzz2 + z cos yz)dy

+ (2x2yz + y cos yz)dz

11.

12.

13.

14.

15.

16.

Section 13.4 Differentials 197

f(x, y) =2x -3y
(a) f(2, l) =1
f(2.1,1.05) = 1.05
Az = £(2.1,1.05) - £(2,1) = 0.05
(b) dz = 2dx —3dy = 2(0.1) - 3(0.05) = 0.05

f(xy) =x+ )
@ f(21)=5
£(2.1,1.05) = 55125
Az = f(2.1,1.05) - £(2,1) = 0.5125
(b) dz =2xdx +2ydy
= 2(2)(0.1) + 2(1)(0.05) = 0.5

f(x,y) =16 — x? —y2
(@ f(2,1) =11
/(2.1,1.05) = 10.4875
Az = f(2.1,1.05) — f(2.1) = =0.5125
(b) dz = 2xdx —2ydy
= —2(2)(0.1) - 2(1)(0.05) = 0.5

f(xy) =

@@ f(2,1)=05
f£(2.1,1.05) = 0.5
Az = £(2.1,1.05) - f(2,1) = 0

= =

(b) d= = ;—fdx + %dy - %1(0.1) + %(0.05) -0
f(xy) = ye'
(@) f(2,1) = &* ~ 7.3891
f(2.1,1.05) = 1.05¢*" ~ 8.5745
Az = f(2.1,1.05) — f(2,1) = 1.1854
(b) dz = ye*dx + e"dy
= &*(0.1) + €%(0.05) ~ 1.1084

f(x,y) = Xcosy
(a) f(2, 1) = 2cosl = 1.0806
f(2.1,1.05) = 2.1c0s1.05 ~ 1.0449
Az = f(2.1,1.05) — f(2,1) = —0.0357
(b) dz = cosydx — xsin ydy
= cos 1(0.1) — 2sin 1(0.05) ~ —0.0301
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Chapter 13 Functions of Several Variables

17.Let z = X*y, x = 2, y = 9, dx = 0.01, dy = 0.02.

18.

19.

20.

21.

22,

23.

24,

27.

Then: dz = 2xy dx + x* dy
(2.01)°(9.02) - 2> - 9 = 2(2)(9)(0.01) + 2%(0.02) = 0.44

Let z = /x> + y*,x =5,y =3, dx = 0.05, dy =0.1.

Then:

o= —2 v+ —2L gy
\/x2 + 2 \/xz + y?

J(5:05)7 + (3.1 /5% + 3 ﬁ(o.os) + ﬁ(o.l)

4

Let z = (l—xz)/yz, x=3,y
—2(1 N xz)

y3

6, dx = 0.05, dy = —0.05. Then:

dz:—z—fdx+
Yy

dy

1-(3.05)" 1-3
(5.95)° 6*

2(1 - 32
26(3)(0.05)7 (63 Jc005) ~ 0012

Let z = sin(x2 + yz), X =y

sinf (1.05)" + (095)" | - sin 2

4

0.55 ~ 0.094

E

1, dx = 0.05, dy = —0.05. Then: dz = 2x cos(x2 + yz)dx + 2y cos(x2 + yz)dy

2(1) cos(1? + 12)(0.05) + 2(1) cos(1* + 12)(=0.05) = 0

See the definition on page 918. 25. A=1h
Ah dA _]aA —da
In general, the accuracy worsens as Ax and dA =L+ hdl ) "
Ay increases. A = (l + dl)(h + dh) —Ih !
:hdl+ldh+dldh 1 Al
The tangent plane to the surface z = f (x, y) at the point M —dd = dl dh
P is a linear approximation of z.
_ 2 o _
If z = f(x, y), then Az = dzis the propagated error, 6. V= mrh Vv
A i ' dv = 2xrhdr + nr? dh A/,L i !
and — =~ — is the relative error. o
z z Trhdr. |
s
\Ar
. - —\—.
2
=t 4=
3
2
av = 2 g ”Trdh - %(2;1 dr + rdh) = 47”(16 dr + 4 dh)

AV = %[(r + AV (h+ AR = ] = %[(4 + ArY(8 + ) - 128
Ar Ah av AV AV —dV
0.1 0.1 8.3776 8.5462 0.1686
0.1 —-0.1 5.0265 5.0255 —-0.0010
0.001 0.002 0.1005 0.1006 0.0001
—-0.0001 | 0.0002 | —0.0034 —0.0034 | 0.0000
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S =ar\lr? + B2, r = 6,h = 16

ds 12 12 2% + 2
E = 7[(7‘2 + hz) + m’z(r2 + hz) = ﬂﬁ
é - rh
PN e
_ 7 2 2 __r
ds = 7m[(2r + 1 )dr + (rh)dh] - ﬁ[ns dr + 96 dh]

S(6,16) = 322.101353

AS = a(r + AR(r + AP + (h+ AR = (6 + AWJ(6 + Ar)’ + (16 + AR)' — 322101353

Ar Ah ds AS AS - dS
0.1 0.1 7.7951 7.8375 0.0424
0.1 —0.1 4.2653 4.2562 —0.0091
0.001 0.002 0.0956 0.0956 0.0000
—0.0001 | 0.0002 | —-0.0025 | -0.0025 | —0.0000

z = —0.92x + 1.03y + 0.02

(a) dz = —0.92dx + 1.03 dy

(b) dz = ~0.92[+0.25] + 1.03[£0.25] = F0.23 + 02575

Maximum error: +0.4875

[+£0.4875|

Relative error: |— ~ 0.081 = 8.1%
z | -0.92(1.9) + 1.03(7.5) + 0.02
(x, y) (7 2,2. 5
r=AJx>+y = dr= ol dx + 4 dy = 72 dx + 2.5 dy
NEE NEE V7122 1 2.5 V722 4252
~ 0.9447 dx + 0.3280 dy

|dr| < 1.2727(0.05) ~ 0.064
0 = arctan(lj = df = 2 dv + 5 dy ~ ~0.0430 dx + 0.1239 dy

X X+ y x4+ y

Using the worst case scenario, dx = —0.05 and dy = 0.05, you see that ‘dﬁ‘ < 0.0083.

V= xr’h = dv = (2arh)dr + (7r?) dh
qV._pdr dh_ = 2(0.04) + (0.02) = 0.10 = 10%
14 r h

A = Labsin C

dA :%[bsinC da + (asin C)db + (ab cos C) dCJ

= 4 4(sin 45°)(#) + 3(sin 45°)(#5) + 12(cos 45°)(£0.02) | ~ +0.24n”

199
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34.

35s.

36.

37.

Chapter 13 Functions of Several Variables

C = 35.74 + 0.6215T — 35.75v*1% + 0.42757°1°

o = 0.6215 + 0.4275,%16

oT

(Z—C = =5.72v% 1 0.06847v 0%
v

dc = Z—?dT + %Cdv — (06215 + 0.4275(23)" (1) + (-5.72(23) ** + 0.0684(8)(23) "**)(+3)
1%

= +1.3275 + 1.1143 = £2.4418 Maximum propagated error

+
e _ 2808 0190r19%
Cc  -12.6807
W2
a=—
-
2
da = ga’v - V—Zdr
r r
da _ 2ﬂ _dr 2(0.03) — (-0.02) = 0.08 = 8%
a v r

Note: The maximum error will occur when dv and dr differ in signs.

@ V= %bhl = (18 sin g)(lSCos gj(l6)(12) = 31,104sin 6in’ = 18sin O i’

¥ is maximum when sin € = lor 6 = 7z/2.

S2

(b) ¥ = =(sin 0)1

2 2
dv = s(sin 0)l ds + %l(cos 0) do + %(sin 0) di
2 2
- 18(sin f}(m)(lz)(lj + ﬁ(m)(lz)[cos fj(l] + i[sin fj(lj — 1809in? ~ 1.047 fi°
2 2) 2 2)o0) " 21U 22

(a) Using the Law of Cosines:
a* = b* + c* = 2bccos A = 3307 + 420 — 2(330)(420)cos 9°
a ~ 107.3 ft.

(b) a = \[b? + 420> — 2b(420)cos 0

da = %[bz + 420" — 840 cos 0] ' "[(2b — 840 cos 6) db + 840b sin 0 d0 |

= ;{3302 + 420> - 840(330)(005 ;)ﬂ”T(z(BO) ~ 840 cos 2%}(6) + 840(330)[sin 27)](1;[0]}

N %[11512.79]‘]/2[11774.79] ~ 4827 ft
2
P=E |EN_ 30~ 003 || 4% = 004
R |E R

2
ap = 2Eap - £ g
R R

2 2
dap _ EaIE—E—ZaIR P = EaIE—E—ZaU'e (EZ/R):ng—ldR
P | R R R R E R

Using the worst case scenario, de = 0.03 and d?R = -0.04: d?P < 2(0.03) = (—0.04) = 0.10 = 10%.
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39.

40.

41.

42.

43.

Section 13.4 Differentials

1 1

—_— + —_—

R R
RiR,

R + R,

dR, = AR, = 0.5

dR, = AR, = -2

==

2 2
AR:dR:a—RdR+a—RdRZ=L2ARI+ ki - AR,
ORy OR, (R + Ry) (R, + R,)
152 100
When R, = 10and R, = 15, we have AR = =(0.5) + +(-2) = —0.14 ohm.
(10 + 15) (10 +15)

L= 0.00021(1n 2k _ 0.75]
r

+ +
dL = 0.00021[@ - @} = 0.00021{(1/ 100) _ &Y 16)} ~ (£6.6) x 107
hoor 100 2

L = 0.00021(In100 — 0.75) + dL ~ 8.096 x 10™* £ 6.6 x 10~° micro henrys

T =2x I£
g

dg = 32.23 —32.09 = 0.14
dL = 2.48 — 250 = -0.02

ATsz:ang-rardL:_”\/zdg-r ~_dL
g

og oL g JLg

When g = 32.09and L = 2.50, AT ~ —2— |22 (0.14) + ——___(~0.02) ~ ~0.0108 seconds.
32.09V 32.09 (2:5)(32.09)

z:f(x,y):x2—2x+y
Azzf(x+Ax,y+Ay)—f(x,y)=(x2+2x(Ax)+(Ax)2—2x—2(Ax)+y+(Ay))—(x2—2x+y)

= 2x(Ax) + (Ax)2 - 2(Ax) + (Ay) = (2x — 2) Ax + Ay + Ax(Ax) + 0(Ay)
= fulx y) Ax + fo(x, ¥) Ay + &Ax + &,Ay where & = Axand &, = 0.

As (Ax, Ay) - (0, 0), g — O0and g, — 0.

z=flry)=x>+)"

201

Az = f(x + Ax, y + Ay) - f(x, y) =x*+ Zx(Ax) + (Ax)2 + %+ 2y(Ay) + (Ay)2 — (x2 + yz)
= 2x(Ax) + 2p(Ay) + Ax(Ax) + A(Ay) = fi(x, ) Ax + fo(x, ¥) Ay + 6Ax + £,Ay where g, = Axand &, = Ay.
As (Ax,Ay) = (0,0),& — Oande, — 0.

z=f(xy) =2y
Az = f(x+ Ay + &) = f(xy) = (¥ + 2(A0) + (A )(r + AY) - 2y
= 20(A) + y(AX) + PAY + 20(Ax)(AY) + (M)A = 20(Ax) + Ay + (yAX)AT + [ 2xAx + (Ax)] Ay
= fu(x ¥)Ax + £,(x, ¥) Ay + sAY + &Ay where & = y(Ax)and &, = 2xAx + (Ax)’.
As (Ax,Ay) = (0,0),& — Oand & — 0.

© 2010 Brooks/Cole, Cengage Learning



202

44.

45.

46.

47.

Chapter 13 Functions of Several Variables

z = f(x,y) = 5x—10y+y3
Az f(x + Ax, y + Ay) — f(x, y)
5x + 5Ax — 10y — 10Ay + »* + 3y2(Ay) + 3y(Ay)2 + (Ay)3 - (Sx - 10y + y3)

S(ax) + (35 — 10)(Av) + 0(Av) + (3v(av) + (ar)")av
= fu(x, y)Ax + f,(x, 9) Ay + &Ax + &,Ay where g, = Oand &, = 3y(Ay) + (Ay)2.
As (Ax,Ay) > (0,0),& — Oand & — 0.

3x%y

X ,v) # (0,0
s [ ) 00
0o ()= (00)
0 p—
4
fx(()’ 0) = lim w - lim (Ax) -0
Ax—0 Ax Ax—0 Ax
0 -0
2
£,(0,0) = lim S0, 49) = /(0.0) _ lim () -0
Ay—0 Ay Ay—0 Ay
So, the partial derivatives exist at (0, 0).
. . . 3x3 . 3x
Along the line y = x: (x,yl)lzﬂo,o) flx,y) = 112}) S - lim—— = 0
Along the curve y = x*  lim  f(x,y) = 3x _3
& R R R R e R P

/ is not continuous at (0, 0). So, 1 is not differentiable at (0, 0). (See Theorem 12.5)

5x%y
) ,v) = (0,0
flxy) =45+ (v, ) # (0,0)
O’ (X, J’) = (O, 0)
fr(oao) = lim w = lim 0-0 =0
Ax—0 Ax A0 Ax
fy(0,0) = lim w - lim 0-0 -0
Ay—0 Ay M50 Ay

So, the partial derivatives exist at (0, 0).
. . 5%
Along the line y = x:  lim f(x, y) = lim— =
2 ,0 x—> X
Along the line x = 0, lim (x,y) = 0.
£ o g5 )

So, f is not continuous at (0, 0). Therefore £ is not differentiable at (0, 0).

If f is differentiable at (x,, y,), then the partial derivative 48. f(x,y) = /¥ + )
fx(x0, ¥o) exists, which implies that f(x, y,) is @ /(12) = J154 =5 ~ 22361
differentiable at (x,, yo). If f(x,y) = \/x* + »*, then 7(1.05,2.1) = J1052 1 2.1 ~ 23479
f(x,0) = ~/x* =|x|. Because | x| is not differentiable (b) Az = £(1.05,2.1) = £(1,2) = 0.1118
at x =0, f(x,y) =+/x* + »y? is not differentiable. x y

(c) dz = > > dx + > > dy

\/x +y \/x +y
- %(0.5) " %(0.1) ~ 01118

The results are the same.
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Section 13.5 Chain Rules for Functions of Several Variables

1. W=)Cz+y2
x =2ty =3
— o = (20)(2) + (2»)3
dt 8xdt+6ydt (2x)(2) + (2»)(3)

=4x + 6y = 8 + 18 = 26¢

2. w=/xt+ )P

x =cost,y = ¢
dy _ ovds  owdy
dt Ox dt Oy dt

- X __(-sins)+ J !

— ¢
I [ + 2

_ —xsint + ye! _ —costsint + e
\/x2 + y? \/coszt + e

3. w=xsiny

x=¢€,y=nm-1
@:al@+@@:siny(e/)JrXCOS)/(*l)
dt Ox Ot Oy dt

=sin(72'—t)e’—e’ cos(;z—t):e’ sint + e’ cost

4. w=hZ
X
X = cost
y =sint

dw _ [_—J(—sin 1)+ (](cos 1)

dt X y
1
= tant + cott =

sin 7 cos ¢

8. w=xycosz

x =t

y=1r

z = arccost

dw .

@ dr = (ycos z)(1) + (xcos z)(2¢) + (—xy sin Z)(_
dw

b = — =47

®)w dt

9. w=xy+xz+yz,x=t-Ly=£-1z=t

dv _owds  owdy | owd:

5. w=xp,x =€,y =e?

dw  Owdx Owdy
(@ o= m L Y
dt Ox dt Oy dt

= y(e’) + x(—2e’2’) =ee —e'2e? = —e

(b) w=ee* =¢"
dn _
dt

—t

6. w=cos(x —y)x=0y=1

(@) %V — —sin(x — y)(21) + sin(x — y)(0)

= 2sin(x — y) = -2 sin(t2 - 1)

(b) w= cos(t2 - 1),% = -2t sin(t2 — 1)

7. w=x*+y" + 2% x =cost, y =sint, z = €
dv _owde owdy owd:
dt Oox dt Oy dt 0Oz dt
= 2x(-sin ) + 2y(cos 1) + 22(8’)
= —2costsint + 2sinzcost + 2e* = 2e*
(b) w = cos’t + sin’t + & =1+ &*

dw
d

— 262t

(1) + o(t)(2t) = (N1 - zz[ ! ]

1-#
£+20 + 8 =48

:(y+z)+(x+z)(2t)+(x+y)

(@ — = + + ——
dt Oxdt Oydt Ozdt
= (P -1+ )+ -1+ 2)+(t -1+ —1) = 327 - 1)
0) w= (-1 1)+ =1+ (1)
C(lj—v::2t(t—1)+(t2—1)+2t—1+3t2—1:3(2t2—1)
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11.

12.

13.

14.

Chapter 13 Functions of Several Variables

w=x?+x2z+y2, x =1,y =2t,z=2
dw Owdx oOwdy Owdz

@ —=——+—=+——
dt Ox dt oy dt 0Oz dt

(37 + 2x2)(20) + (220 + 22)(2) + (%7 + 232)(0) = (422 + 4¢7)(2¢) + (42> + 4)(2) = 246> + 8
(b) w = £2(4%) + £*(2) + 2¢(4) = 61* + 8¢

D oap vy
dt

Distance = f(t) = \/(xl - x2)2 + (yl - y2)2 = \/(10 cos 2t — 7 cos t)2 + (6 sin 2¢ — 4 sin t)2
12
f(1) = %[(10 cos 2t — 7 cos t)2 + (6sin 27 — 4 sin 1)2}

[[2(10 cos 21 — 7 cos 1)(—20 sin 27 + 7 sin t)] + [2(6 sin 27 — 4 sin £)(12 cos 2 — 4 cos t)ﬂ

f(%j - %[(—10)2 + 42T/2[[2(—10)(7)] + (2(-4)-12)] = %(116)’1/2(—44) - % - ’“2\9/5 ~ —2.04

pisnse = f(t) = \/(x2 - x])2 - y])z _ \/[48 n (\/— _ \/E)T + [481‘(1 - \/E)T _ 482‘m
£1() = 488 - 242 - 26 = £

w=In(x+y,x=¢,y=c¢" 15. w = x* + )?
@:aiw@_‘rﬂﬂ x:S+t,y:S—t
di - oxdi oy dr ? = 2x(1) + 29(1) = 2(s + ) + 2s — 1) = 4s
_ 1 (e’) " 1 (_e,,) _ e’ — e" a:v
X+y X+y e+’ o = 20+ 20(=1) = 2As + ) = 2s — 1) = 4
2 e +elle +e!)— (e —e)e' — e
dizv:( )( ) (2 )( ) Whens=1andt=0,@=4anda—wz0.
dt (e’ 4 e") Os ot
— 4 . 16. w = y* — 3x%y
(e’ + e") x=¢&,y=¢
d*w 4 ow s 2 2 St S 25+t
Att =0, — = =1 — = —6xple’) + (3y° — 3x7)(0) = —6e°e’'e® = —6e
L " (o) (300
R % = (—6xy)(0) + (3y2 - 3x2)e’ = (362’ - 362“')6’
_x !
w= y 3631 _ 362x+/
x=1r When s = —land 7 =2, 2 = _6and 2 = 3¢5 3,
_ Os ot
y=t+1
t =1 17. w = sin(2x + 3y)
@:@@Jralﬂzzl(z,“;x;(l) xE=sd
dt  oxdt oydt y y y=s—-1
_ 2(2t) _ (t+ 1)(4t3) - _ 3t yar o _ 2cos(2x + 3y) + 3cos(2x + 3y)
t+l (i+1) (t+1) (r+1) as
= 5cos(2x + 3y) = 5cos(5s — 1)
Pw (10126 +1262) = (3% + 48 )2(e + 1) ow
a7 s 1)4 == 2 cos(2x + 3y) — 3cos(2x + 3y)
Pw  424) - ()4) 68 = —cos(2x + 3y) = —cos(5s — 1)
Attt =1 — = ———=22 = — =425 T ow ow
dt 16 16 When s = 0and r = —, — = 0and — = 0.
2 0Os ot
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J25 - 5x% = 592 J25 - 557 - 5y

00 J25 — 51> — 5,7

cw =t -y 9. w=22 x=0y=r+6,z=r-0
X = scost x
o ow  —yz z y z+y 2r
= ssint Do Z20) + 20) + 2(1) = - =
: 0 &0 02
— =2 — 2ysi _
o X cos ¢ ysint ow _ #(29) +£(1)+X(—1)
) - 00 X X X
= 2scos” t — 2ssin“ t = 2s cos 2¢
—(r+¢9)(r—6’) (r—H)—(r+¢9)
ow = (20) +
= = 2x(—ssint) — 2y(s cost) = —2s* sin 2t o 6?
z 0 o 0 -r) 2 _ 2
w w = _Z
Wh =3and t = —, — = 0and — = -18.
en s and ¢ R as an o 9(3 )( 9 )93 2
yz r+0)r -0 r
Ow=Tse !
ow _ 2r
o &
ow _ 212
060 6’
w=x2-2xy+y, x=r+6,y=r-0
@ 2% = (2x - 2)(1) + (2 + 2)1) = 0
r
ow
i (2 = 2p)(1) + (-2x + 2p)(-1) = 4x — 4y = 4(x - y) = 4(r + ) - (r - 6)] = 80
0 w=(r+0) =20 +0)(r—0)+(r—0) =(r?+20+6%) - 2 = 6*) + (r* - 2r0 + 0?) = 40
m_y
or
M _ g
06
w = arctanl, x =rcosf, y =rsiné
x
ow -y X . —rsin@cos@ rcosdsinb
(a) 5:x2+y2cos€+x2+yzsm€= = + = =0
w L(—r sin 0) + (1 cos 0) - ~(r sin 6)(—r sin ) . (r cos B)(r cos 6) 4
00  x*+ )’ x2+y? r? r?
(b) w = arctan rsin6 _ arctan(tan 6) = 0
7 COS
M _
or
v
060
w = +/25-5x = 5y%, x = rcosh,y = rsinf
— p— — 2 p— 1 2 p—
@) ow _ S5x cos 6 + Sy sin 6 — Srcos” @ — Srsin” @ _ Sr
or . J25 — 5x2 — 5y° J25 - 552 — 55 J25 - 5x2 = 5)? V25 - 52
_ _ 5,2 qin g2
ow _ S5x (7rsin 9)+ Sy (rcosH) _ Sr* sin” @ cos @ — 5r° sin € cos 6 -0
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23.

24.

25.

26.

27.

Chapter 13 Functions of Several Variables

(b) w=~/25- 5"

ow —5r ow

= — = 0
or  \J25 -5 00

w:xyz,x:s+t,y=s—t,z=st2

%: = yz(l) + xz(l) + xy(tz)

= (s—0)s? + (s + )5 + (s + O)(s — 1) = 2577 + 5% —1* = 35% — ¢* = (357 - 1)

ow
ot

= 2st(s2 - 2t2)

w=x*+y>+z% x =tsins,y = tcoss,z = st*

ow
—— = 2x + coss + 2y(—tsin s) + 2z(¢*
Os y( ) ( )
= 2’ sin s cos s — 2t sin s cos s + 2st* = 2st*
ow .
= 2xsins + 2y coss + 2z(2st)
t

= 2tsin? s + 2t cos® s + 452 = 2t + 45

w=zeV,x =5s—-t,y=5+1tz=st

(?TW = yze” (1) + xze” (1) + €7 (r)
s

= e(sft)(ut)[(s + t)st + (s _ t)st + t:|

_ e(sft)(sﬂ)[zszt + t] _ tes27,2 (252 + 1)
%V = yze”(-1) + xze”(1) + €”(s)

= e(sf’)(”t)[—(s + 1)(st) + (s — t)st + s]

= e(“’)(”')[ﬂstz + S:| = e " (1 - 2t2)

w=2xcosyz, x =5, y=1,z=5-2t

ow
Os

cos(yz)(2s) — xz sin(yz)(0) — xy sin(yz)(1)

= cos(sr? — 26°)2s — 57 sin(s? - 2¢%)
%g:cmoqm)_msmuamg_@mmoﬂpn

= =2s%(s — 21) sin(st = 26%) + 25°* sin(st* — 20°)

= (65212 - 2s3t) sin(st2 - 213)

-xy+y —x+y=0

Q_ Fv(x7y)__2x_y_1

dx Fy(x,y) —x+2y+172y—x+1

oy —2x+1

28.

29.

30.

31.

— = yz(1) + xz(=1) + xp(2st) = (s — 1)st> — (s + 0)st” + (s + t)(s — 1)(2s7) = =258 + 25’1 — 251> = 25°t — 4st°

secxy + tanxy + 5 =0

dy _ F(xy)

dx F, (x, y)

ysec xy tan xy + y sec® xy

x sec xy tan xy + x sec’ xy

_ —y(sec xy tan xy + sec? Aj/) .y
x

x(sec Xy tan xy + sec? xy)
In/x* + 3> +x+y =4
1
—In(x* +y*)+x+y-4=0
(e +07) +x sy

X

1
dy _ Fx(x,y): x2+y2+ _ x + x* + 2
dx Fy(x,y) 2)’ _+1 v+ x2 + y?
x> +y
x2+y2_y2_6:0
& F(x)
dv Fx)

(2 =)+ )
(—2xy)/(x2 + y2)2 -2y

y-x

B 2xy + Zy(x2 + y2)2

32— x?

- 2xy + 2x* + 4x?y? + 2y°

F(x,y,z):x2+y2+z2—1
F, = 2x,F, = 2y,F. = 2z

% _ K _ _x
0, F, z
ez _ F_y
oy F, z
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36.

Section 13.5 Chain Rules for Functions of Several Variables 207

F(x,y,z) =Xz + yz+xy

Fo=z+y
F,=z+x
F, =x+y
0z F, y+z
& F x+y
oz _ K x+:z
oy F, X+ y

oz _ Flxyz) 2x _ —x
Ox Fz(x, v, ) 2y +2z  y+z
Oz _ _E‘,(X, ¥, Z) _ 2z -z
oy Fz(x, Vv, z) 2y +2z  y+z

x+sin(y+z)=0
i 1+ % cos(y + z) = 0implies
0z 1

ox cos(y + z) = —seely + 2)

v

(i) [1 + g;] cos(y + z) = 0implies % = -1

F(x,y,z) = tan(x + y) + tan(y + z) — 1
F, = sec’(x + )
F, = sec’(x + y) + sec’(y + z)
F, = sec’(y + z)
oz F, _ sec’(x+y)
&  F s (y+2)
oz F 7secz(x + y) + sec’(y + 2)
F sec’(y + z)
2
_ _[(W) N ‘]
sec’(y + 2)

F(x,y,z): y+z)

(
F,=¢" sin(y + z)

)
)

z) —

F, = e cos(y + z
Y+

F, = " cos(

&z _ F _ € sin(y + z)
ox F, _l—e""cos(y+x)
oz K, ecos(y+z)
o F _l—e"cos(y+z)

3. F

38.

39.

40.

41.

(xy, )= e“ +xy =0
oz _ F(x,p,2z)  ze% +y
Ox Fz(x, v, z) xe*
@ B _Fy(x,y,z) e A e
»  Fvyz) xe®  ef
xlny+1yz+22-8=0
(1) %_ _Ev(xayaz) _ —llly

ox Fz(x, ¥, z) ¥+ 2z

X
—+2

i & - hlers) oy P xeay

oy Fz(x,y,z) y2+22 y3+2yz
F(x,y,z,w)zxy+yz—wz+wx—s
Fe=y+w
F,=x+z
F,=y-w
F,=-—z+x
w_ B _ y+w _y+w
Ox F, —-Z+x z-x
ow_F  x+z x+z
Oy F, —Z+Xx z-X
w_ Bk _ _y-w _y-w
Oz F, -z + X z—-x

¥+ —z22 - Syw+10w? -2 =

F(x, V, Z, w)

F. =2x,F, =2y - 5w, F, = 2z, F, = -5y + 20w

-2x _ 2x
=5y + 20w B S5y — 20w
_ Sw-=2y
20w - 5y
2z
5y — 20w

F(x,y,z,w) = cosxy + sin yz + wz — 20

ow
ox
ow
EX

o _

Oz

_ ysinxy

z

_ xsinxy — zcos yz

z

ycoszy +w

z
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208 Chapter 13 Functions of Several Variables

42. F(x,y,z,w)z w—Jx—y - Jy—-z=20

ow _ -F, :l(x—y)’l/2 1
&  F, 2 1 2Jx -y
ow -F, -1 a2 1 12 -1 1
— = = —(x - +—(y - = +
oy F, 2 (x y) Z(y Z) 2\/x -y 2\/y -z
61 _—F, -1
0z F, 2y -z
3. @) f(xy) = —=

RPN C) U { xy ]_t .
Sl ) \/(tx)2 + (ty)2 \/ x2+y? 72)

Degree: 1

3 3
(b) f;c s + fy > = - 3/2 + al 3/2 :xiyzlf >
Xo(x y) + (% 7) {02+ﬁy] yhf+yﬂ/] N (. )

44. (a) f(x, y) =x -30%+ )

f(tx, ty) = (tx)3 - 3(tx)(ty)2 + (ty)3 = t3(x3 - 3% + y3) = tSf(x, y)
Degree: 3
®) xf(x, ) + o, (x.y) = x(3x2 - 3y2) + y(76xy + 3y2) =3x" - 9% + 3y’ = 3f(x, )

45. (a) f(x, y) = W
S (e, ty) = M = g7 = f(x, y)

Degree: 0
1 i )
(0) f(x.y) + 3/, (x.y) = J{ye‘”/ j + y[—yxze“/"'j =0
2
X
46. (a) f(x,y) = ———
() = 5
(tx)2 x2
Sflxy) = =1 =if(xy
( ) \/(tx)z + (ty)z \/xz N yz ( )
Degree: 1
3 2 2 4 2.2 2(x2 4+ 42 2
(b) xf\.(x,y)+yﬁ,(x,y)=x : +2xy}/z +y xy}/z == +xy}/z = X(x );/2) = - =f(x,y)
(x2 + yz) (x2 + yz) (x2 + yz) x>+ yz) \/x2 + 32
g7, dv _Oowdc owdy _0ofdg  Of dh 48, v _Owox  owdy
dt Ox dt Oy dt Ox dt Oy dt os Ox 0s Oy Os
Att=2,x=4,y =3, fx(4,3) = —5and fy(4, 3) =17. _ Zl%g n ZL? _ (_5)(_3) " (7)(5) - 50
dw X Os )y Os
So, o = (—5)(—1) + (7)(6) = 47 ow _ ow ax . oway

or  oxot oy ot

/G S A -
R C RGCR
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49.

50.

51. —

53.

54.

5S.

56.

Section 13.5 Chain Rules for Functions of Several Variables

209

52. f(x,y, z) =xyz,x =t} y=2t,z=¢e"

af

. Y Sy

oxdt Oydt Ozdt
vz(21) + xz(2) + xy(—e”)

= 4r’e + 2% — 2P = 2r%7'(3 - 1)

(@)

(b) f =2(2)e") = 2
T - opet 4 6% = 2t%¢7'(3 — 1)
dt

The results are the same.

)

+ 1447 in?/min = 36?”(20 + 9/10) in.2/min

v _Owdr  Oowdy (Page 925)
dt Ox dt Oy dt
ow _owox  owdy
os Ox 0s 0Oy Os
v _owdx W (Page 925)
ot Ox 0t 0Oy ot
dy __filxy)
dx fy(x, y)
oz _ filxy.2)
o fixy2)
oz _ filxy.2)
oy fi(x,y,2)
V = zr*h
‘;—It/ = ﬂ[2rh% +7? %j = 72'}’[2/’1% + r%} = (12)2(36)(6) + 12(-4)| = 46087 in.*/min
S = 27rr(r + h)
g = 271'[(2;’ + h)% + r%} = 27[(24 + 36)(6) + 12(-4)] = 6247 in.*/min
V = —arth
3
% = %72’(2]’]’1% -2 %} - %7[[2(12)(36)(6) + (12" (-4)] = 15367 in?/min
S = o + B+ ot (Surface area includes base.)
das I ) 3 r? dr rh dh
“ h T ) e
” 72'[\/7‘ +ht + s + r]dt + s dt}
I 144 36(12)
= 2| N12% + 36% + ————— + 2(12)|(6) + ———L—
( V122 + 362 ( )]( ) V122 + 362
I 12 36 6487
= x{[ 12410 + —=—|(6) + 144 + (—4)| =
A2V o v Jen) -
pV = mRT
1
T =—(pV
—(p¥)
dr _ L{V@ N pdq
dt  mR| dt dt
2
A= lbh = [xsingj(xcosgj = x—sin&
2 2 2) 2
dA  BAdx 04 de _de X de
—=——+——=x8in0—+-—cos § —
dt  oxd 00 drt dt 2 dt

= 6(sin %]G) + 6—2(005 %][l] _W2 w2 m?/hr ~ 2.566 m?/h

2 90 2 10
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57.

58.

59.

60.

Chapter 13 Functions of Several Variables

S:ﬂ'(R+r) (R—

= =

2

m(r1 + r22)

m[ZrI ﬁ + 2r, dry
dt dl

(r + rR + Rz)h

| ey B E—

[2(15) + 25](10)(

w\é} w\é} u\h\

= —(19,500
(19.500)

= 6,500z cm?/min

£]-

(2r + R)hd—t +(r+ 2R)h% + (r + R + Rz)dh}

m[(6)(2) + (8)(2)] = 28m cm?/sec

dt

+[15 + 2(29)](10)(4) + [(15)" + (15)(29) + (25)2}(12)]

r)2 + I?

AN N S S . ells NN /A SRR S S C el M T
dt (R - r)z 4 B |dt (R - r)z + 2| dt
+(R+7r) h dh
\/(R - r)2 + p2 At
= 7 \J(25 = 15) + 10> — (25 + 15) 2515 (4)
J@s —15) + 102
w1 J@s 157 107+ (25 + 15— 2~ (4) + (25 + 15) 10 (12)
\/(25 —15) + 107 \/(25 —15) + 107
= 32027 cm?/min
w = f(x, y)
X =Uu-v
y=v-u
ow _Owdx owdy Oow _ow
ou Ox du Oy du ox Oy
ow _Owde owdy _ow ow
ov oxdv  Oydv ox Oy
al + al =0
ou  Ov
w = (x - y)sin(y - x)
Z—: = ~(x — y)cos(y — x) + sin(y — x)
% = (x — y)cos(y — x) — sin(y — x)
6l ow _0
ox 6y
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Section 13.5 Chain Rules for Functions of Several Variables

61. w= f(x,y), x =rcosf, y = rsiné

62.

ow
or
ow
20

@

rcos&a—w — sin
15/

7 sin 9% + cos ﬁa—w

owY
(b) (5} +

ow

ol

ox

X

”

)y

Y

arctan =,

7 sin @
arctan

X

7 COS Ha—w
15/

7 sin Ha—w
15/

v

y

—sin 6 a—w
ol

ol
00

ow
-

ox
ow
ox

y

cos HG—W

oo

ow
i
oy

ow

El

@cosﬁ+@sin9

?(—r sin 9) + ?(V cos 9)

a—wr cos? @ + a—wr sin @ cos
Ox Oy

a—w(r sin? 0) - a—wr sin 6 cos 6
Ox oy

g—w(r cos? 6 + rsin? 9)

X
aw(r cos 6) — ow sin 6
or 00

ow Oow sin 6
—cosfd — —

or o0 r

6—Wr sin @ cos 6 + a—wr sin? 6
Ox oy

X

aW(r sin? @ + r cos? 0)

y

= a—Wrsin@ + a—Wcos@
r o6
@ sin & @COS
or o8 r

2
6wj cos? @ + 2%@ sin 6 cos 6 +
X

(&) -3
r*\ o0 Ox

a—w(—r sin @ cos 0) + a—w(r cos? 19)
o oy

(First Formula)

2
- Za—wa—w sin @ cos @ + [ij cos? @ = (

Ox oy y

x =rcosf,y = rsiné

J = arctan(tan 0) = 6 for —% <0< %

r cos
=y ow x 6w_08w_1
2 2° 2 2° - -
x> +y° oy x+y- or 00
owY’ b‘wz B »? x2 B 1
o + oy T, 2\2 + 5 2 42 4 42
(x +y) (x +y) Y
2 2
ow 1)\ ow 1 1
— | +|=|=| =0+—+1) =
[6;’} (rzj[t%’j },2( ) 2

(Second Formula)

ow
oy

ow
Oox

J

ow
oy

2
] sin® 6 + (6w
o

;

X

2
j sin? @

211
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212  Chapter 13 Functions of Several Variables

63. Given 2 = P gpg 2 _ O

o oy oy Ox

and — = ——, x = rcosfand y = rsiné.

a—u = a—ucosﬁ + a—usinﬁ = @cosﬂ - @sinﬁ
or  Ox oy oy ox
» o @(—rsiné’) + @(VCOSQ) =7 @0059 - @sinﬁ
00  Ox Oy oy ox
So, (lu = l@
or r oo
v = @cosé’ + @sinﬁ = fa—ucosﬁ + a—usinH
or  Ox oy oy Ox
o _ au(fr sin 0) + a—u(r cos 0) = —r _ou cos 6 + a—usin 6
00  Ox Oy oy Ox
So, Gl = —la—u
or rob

64. Note first that

u_ v x
ox oy  x*+)?
ou_ v __ ¥

oy o X+ ¥

rcos? @ + rsin’® @ 1

’,2

r

r?sin? @ + r? cos? @

’,2

1

—rsin@cos@ + rsinfcosd

%: zx 2cos19+ 2y zsinH:
o x4y X +y
ﬁ:2_7)}2(—;’sin19)+ > ~(rcos 0) =
00 x~+y X +y
So,a—u—lﬁ.

or r o6
@zziyzcose-k 5 2sin«9:
o x"+y X +y
ou
— = —rsin @) + rcosf) =
60 x2+y2( ) x2+y2( )
So,@ —la—u

or r ol

}"2

—r*sin@cos @ + r’sinfcos @

}"2

Section 13.6 Directional Derivatives and Gradients

1. f(x,y) =3x —4xy + 9y
3. 4.
v ==i+—j
5 5

Vf(x, y) = (3 - 4y)i + (9 - 4x)j
Vf(l,Z) = =5i + 5j
— L — Ei + ﬂ'
v =5
Duf(l,Z) = Vf(l,Z) cu=-3+4=1

u

0
2, .
flen) = ¥ -y = i
Vf(x,y) = 3x2i73y2j
V/(4,3) = 48i - 27j
v V2. V2.
u=—=—i+—j
vl 2 2

D, f(4,3) = Vf(43) - u

:24\/_—%\/5:%\/5
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Section 13.6 Directional Derivatives and Gradients 213
3. f.(xa y) =Xy 8 h(x’ y) _ ef(xzﬂvz)
v:l(i+\/§j) vV=i+]j
2 o gy
Vf(x,y) = yi + xj Vh = —2xe i—2ye j
vr(0,-2) = -2i Vh(0,0) = 0
D,h(0,0) = VA(0,0) -u =0
e 4(0.0) = V1(0.0) - u
u=—= El + T‘]
HVH 9. f(x,y, z) =x* +y? + 22
D,f(0,-2) = V£(0,-2) - u = —1
v = ﬁ(i —j+K)
X 3
S(xy) = ¥ Vf(x, y,z) = 2xi + 2yj + 22k
vV = —j VA(LL1) = 2i+2j+ 2k
VI (xy) = i - 5 wo Vo3 V3L N3
vy R
VALY =i-j
1) D, f(L,L,1) = VA(LL1) - u = 2
u = Yo -j 3
vl
D“f(l, 1) _ Vf(l, 1) cu=1 10. f(x, ¥, z) =Xxy+ yz+xz
v=2i+j-k
5. h(x,y) = e*si
(x.9) = ¢"siny Vf(x.p.2) = (v + 2)i + (x + 2)j + (v + )k
v =
Vh = e*sin yi + €* cos yj V‘/(l’ 2, _1) =i+3k
A L. .
Vh[l, %] =ei u = ‘m‘ = %(21 +J - k)
L S D, £(1,2,-1) = V/(1,2,-1) - u
Ivl 2 3 -J6
Duh(l, ﬁj = Vh(l,fj ‘u=—e “Je Je o 6
2 2
11. h(x, ¥, z) = xyz
6. g(x,y) = arccos xy v=1(212)
v=ij Vh = yzi + xzj + xk
Vg(x,y)=\/ -y 2i+\/ -x . VA(2,1,1) = i + 2 + 2k
1- 1-
(x) (x) u = :gi+lj+gk
Ve(1.0) - -j TR
u= h = D,h(2,1,1) = VA(2,1,1) - u = %
v
Dug(l, O) = Vg(l, O) -u = -1 12. h(x, v, Z) — xarctan yz
v =(1,2,-1
7. g(x, y) = Jx + y2 < >
v = 3i — 4j Vh(x, v, Z) = arctanyzi + l il -0+ a4 -k
+ (yz) 1+ (yz)
X y .
ve 2 2 * 2 2J T, .
Jx+y N Vh(4,1,1)=zl+21+2k
Ve(3.4) = i+ < T e R
v 3 4 vl \We' Ve e
= =Zji-Zj
DR i res  (re 36
(4, 1,1) = VA(4,1,1) - u = -
7 (.11 (4.1.1)-u 46 24
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214 Chapter 13 Functions of Several Variables

13.

15.

16.

17.

f(x,9)

u

g(xy) =

u
Vg
D,g

f(x,y)

v =3i

2

= x? + y?

1. 1 .
NN

= 2xi + 2yj

S(x,y) = sin(2x + y)
w=Liy ﬁj
2 2

Vf = 2cos(2x + y)i + cos(2x + y)j

Vf -u = cos(2x + y) + ? cos(2x + y)

_2+\/§
==

Jmm+ﬁ

= x* +3)°

+ 4j

Vf = 2xi + 6yj, V/(L1) = 2i + 6]

M . .
u=—=-i+—j
v

D f(1,1) = Vf(1,1) - u =

I 5 5
24 _

+— =06
5

w| o

18. f(x,y) = cos(x + y)
T, .
vV = E] —7T)
Vf = —sin(x + y)i — sin(x + y)j
v 2
N IENERNE]
D, f = —% sin(x + y) + %sin(x + y)
= %sin(x + y) = ?Ssin(x + y)

At (0,7),D, f = 0.

19. g(x, ¥, z) = xye®
v = -2i — 4j
Vg = ye’i + xe’j + xye’k
At (2,4,0), Vg = 4i + 2j + 8k.

AR S
N BERVERRVE]

4 4 8

Dg=Vg U=-—————— =

N N AN
20. h(x,y, z) =In(x + y + z)
v=3i+3j+k

Vh = ———(i + j + k)

X+y+z

At (1,0,0), Vi = i + j + k.

\% 1

u=— = 3i+3j+k
ERRNCAAR A

7 719
Dh=Vh-u=—o="Y"7
" R 19

21. f(x, y) =3x+ 5y +1

Vf(x,y) = 3i + 10yj
Vf(2,1) = 3i + 10j

22. g(x,p) = 2xe’
Vg(x, y) = (—2—)}6)’/“' + 2e—"/xji + Zey/xj
X
Vg(2,0) = 2i + 2j

23. z = ln(x2 - y)
2x 1

i-—

Vz(x, y) =

x2—y x2—y

Vz(2,3) = 4i - j
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24,

25.

26.

27.

28.

29.

30.

31.

z = cos(x2 + y2)
Vz(x, y) = —2x sin(x2 + yz)i -2y Sin(x2 + yz)j

Vz(3, —4) =

2~ 5y? + 272
—10yj + 4zk
- 10j — 8k

xtan(y + z)

<
=
ke
=
S—
I

tan(y + z)i + xsec’(y + z)j
+ X sec (y + z)k
Vw(4,3,-1) = tan 2i + 4sec” 2j + 4 sec’ 2k

V2. 2.

PQ—1+J,u——1+—

Vg(x,y) = 2xi + 2yj, Vg(L,2) = 2i + 4j
D,g =Vg-u=+2+2J2=3/2
PO = 4i+ 2ju = —i+_j
VRN

Vf = 6xi — 2], V/(~14) = —6i - 8j

12 8
BV

Du.f:vf'u_

== 2 1
PO = 2i + ju = —=i + —=j
NEENE
Vf = e’ cos xi + e’ sin xj
V£(0,0) =
D,f =Vf-u-=

2
NG 5
= V4 1 2
PO = -Zi+ zju = ———i+ 2
(0] 21 Tj,u \/gl \EJ
Vf = 2cos 2xcos yi — sin 2x sin yj
Vf(7,0) = 2i
: : 2 /5
Df =Vf u=-——=-"2
r=v NA 5
/(%)
Vf(x. y)
v/ (1,0)

[vr(.0)]= 22

x? + 2xy
(2x + Zy) + 2xj

Section 13.6

32.

—6sin 25i + 8sin 25j ~ 0.7941i — 1.0588j

33.

34.

35s.

36.

37.

Directional Derivatives and Gradients 215

X+y
flxy) = 1
. 1 1-x
Vri(x, j
fx9) y+1 (y+1)2]
VI(0,1) = —i + —j
1 1 1
VA0, = ([~ + — = /3
)= JE L - Lo
h(x,y) = xtan y
Vh(x, y) = tan yi + x sec’ yj
Vh(z,f =i+ 4j
4
Vh[z,;’j = V17

h(x,y) = ycos(x — )
Vh(x, y) = -y sin(x - y)i
+ [cos(x - y) + ysin(x — y)]j

w{o, Zj g, (3 = ﬁ”}j
3 6 6
2 2
Vh(O,”) 3L+ 9 — 6:/37 + 37
3 36 36
\/3(2712 - 237 +3)
- 6
g(x,y) = ye*
Vg(x,y) = —ye i + e
vg(0,5) = 5i + j
[ve(0.5)] =
g(x,y) = nYx* + y* = %ln(x2 + y2)
1 2x 2y .
\Y = - i
g(x,y) 3{x2 L7 + 2 +y2j}
12, 43 _ 2. .
Vg(l,2) = g(gl + g]] = 15(1 +2j)
2~/5
[ve0.2)] = 25

f(x,y,z) =/x* + y2 + z2

1

Vf(X, Vs Z) Y s (xi + yj + zk)
X+ Y 4z
Vf(1,4,2) = \%(i t4j+ 2K)
|vr(L4.2)=1
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216 Chapter 13 Functions of Several Variables

1

\/17x27y2722

1
Vw = 3(xi + )+ zk)

( /l—xz—yz—zz)
vw(0,0,0) = 0
o000 - 0

38. w=

39. w=x?2?
Vw = y22% + 2xpz%j + 2xp%zk
Vw(2, 1, 1) =i+4j+4k
[vaf2. 1) = V33

40. (x ¥,z ) = xe¥*
Vf(x,y,z ) = e”i + xze”j + xye’’k
Vf(2,0,-4) = i — 8j
force.0.-4] - &3
For exercises 41-46, f(x,y) = 3 - g _ % and

Dy f(x,y) = —(;J cos 6 — C) sin 6.

41. f(x, y) =3-

(d) D—/t/()f(3’ 2) -

-{515)- 61

2

43.(a) u

44.

45.

46.

47.

Il
VA
Q‘ —
\]
N—

—
=

+

St

~

Df = Vf -u = 7@L . [lj% _ 7%

[v|=~9+16 =5
P
S
: 1 2 3
D.f =V =-+2=2
Wf =N w= ot =
(c) v —3i+ 4j
[v|=~/9 +16 =
u——§i+i
-5 !
: 1 2 1
D.f =V =--Z=_
wf =N w= oo s
(d) v =1+ 3j
[v]=~10
1 3
:74—7]
N/TEEENITY
1 110

9 4

1

Vf = —=i — —j

'f -5l
vf 1

7 INE——
So, u = (I//13)(3i - 2j) and

D, f(3, 2) = Vf - u = 0.Vf is the direction of greatest

rate of change of f. So, in a direction orthogonal to
Vf, the rate of change of f is 0.

(a) In the direction of the vector —4i + j

(b)y Vf = %(2x - 3y)i + %(—Sx + 2y)j
V/(.2) = 4+ 50 = 3+
(Same direction as in part (a))

(c) -Vf = %i - % j, the direction opposite that of the

gradient
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Section 13.6 Directional Derivatives and Gradients 217

48. (a) In the direction of the vector i + j 8
] 50. (a) f(x, y) = ﬁ =2
r 1 . 1~ y . 1 =
b) Vf = —y——i + —/xj = ——i + —/x
(®) Vf 2)’2\/; 5 J 4\/; > J =4y =1+x%+)°
_ 2 2
Vf(l,2)=%i+%j 4 =y"—4y+4+x +1
L . (v- 2)2 +x2 =3
(Same direction as in part (a))
Circle: center: (0, 2), radius: V3
1 1
(¢) —Vf = ——i — =}, the direction opposite that of the _1 2 _ Q2
b 5 (b) Vf = 6xy i 8 + 8x 8)/2.
gradient (1 +x2 + yz) (1 +x2+ yz)
9. f(v2) = ¥ - L (4-37) vr(va.2) = =5
() D, f(x,y) = Vf(x,») - u = 2xcos § — 2ysin @
D, f(4,-3) = 8cos @ + 6sin 0 = I
Dyf (c) The directional derivative of £ is 0 in the direction = j.

(d)

S
ST
SIS
RS,
SIS
255

A
T\

—124

050
SRR
00,20 R0 0Ot o S
:,o.’o,o,o,:,o‘

Generated by Mathematica
(c) Zeros: 0 = 2.21,5.36
These are the angles @ for which D, f(4, 3) equals 51. f(x,y) = 6 —2x — 3y

zero. c=6P=(00)
(d) g(0) = D,f(4,-3) = 8cos & + 65sin & V(. y) = 2i - 3
g'(6) = -8sin 6 + 6cos
6-2x-3y =6
Critical numbers: € ~ 0.64,3.79 0= 2x + 3y
These are the angels for which D, f (4, 73) isa

v£(0,0) = —2i - 3j
maximum (0.64) and minimum (3.79).

@ [Vr(4.-3)| =2(4)i - 2(-3)j| = V64 + 36 = 10, 52. f(x,y) = x* + »?
the maximum value of D, f(4, 73), at 6 = 0.64. c=25P= (3, 4)
) fry)=x*-y" =7 Vf(x,y) = 2xi + 2yj
Vf(4,-3) = 8i + 6j is perpendicular to the level x* 4yt =25
curve at (4, -3). Vf(3,4) = 6i + 8j

53. f(x,y) =xp
c=-3P= (—1,3)

T Vf(x, y) = yi + xj
Ll 2\ 4 6 Xy = -3
L Vf(-1,3) = 3i —

—6-1+

Generated by Mathematica
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218 Chapter 13 Functions of Several Variables

X +y
1
=—P=(L1
C 2’ (7)
2 2
X yo-x . 2xy .
V/(xay): ) 22=_ N 22.]
2+ y ) (x + )
_x _1
¥+ y? 2

¥ +3y?-2x=0

V(1) = -3

55. f(x, y) =4x* -y

(a) Vf(x, y) = 8xi — j
Vf(2,10) = 16i — j

() [16i - j|| = ~/257

1
16i — j) is a unit vector normal to the level
257 (

curve 4x* — y = 6at (2,10).

(c) The vector i + 16j is tangent to the level curve.

Slope = % =16

y—10=16(x—2)
y = 16x — 22 Tangent line
(d) \

—t— —t—
-15-10 -5 \1 5 10 15

56. f(x, y) =x-
(@) Vf(x,y) =i-2yj
VI(4,-1) = i+ 2j
) [v/(4-1)]= /5

1 . .
ﬁ(i + 2j)is a unit vector normal to the level

curve x — y* = 3at (4,-1).

(c) The vector 2i — jis tangent to the level curve.

1
Slope = ——.
Pe=7
y+1= 7l(x - 4)
2
y = ——x+1 Tangent line

27 /
2 & ¢
4, -1

57. f(x, y) = 3x% — 2y?
(@) Vf = 6xi — 4yj
V(L 1) = 6i — 4j

o) [V/(L1)]=~/36+16 = 2413

1
—(3i -2 j) is a unit vector normal to the level
V13 (

curve 3x* — 2y* = lat (1,1).

(c) The vector 2i + 3jis tangent to the level curve.

3
Slope = —.
P 2
y—-1= %(x - l)
y = %x —% tangent line

(d)

58. f(x, y) = 9x? + 4)?
(@) Vf = 18xi + 8)j
v/ (2,-1) = 36i - 8j
) |V/(2,-1)| = V1360 = 4+/85

1
—(91 - 2 j) is a unit vector normal to the level
V85 (

curve 9x> + 4y? = 40at (2, —1).

(c) The vector 2i + 9j is tangent to the level curve.

9

Slope = —.

ope >
y+1= %(x - 2)

%x — 10 Tangent line

(d) )

<
I
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59.

60.

61.

62.

63.

64.

Section 13.6

See the definition, page 934.

Let f (x, y) be a function of two variables and

u = cos di + sin fja unit vector.

(@) If @ = 0° then D, f = g
Ox

(b) If @ = 90°, then D, f = g
oy

See the definition, pages 936 and 937.

The gradient vector is normal to the level curves. See
Theorem 13.12.

f(x,y) =9 -x* - y*and
Dy f(x,y) = —2xcos & — 2y sin 6
= —2(xc039+ysin 9)

@@ flx,y)=9-x-)’
4
(1,2,4)

X 3}?“ - 3'\_‘ '
(b) D f(1,2) = —2(\/25 - \/zj )

© Dys £(1.2) = fz[% + ﬁj - {1+ 243)

@ V/(1L,2) = -2i - 4

[V7(L2)|= /4 +16 =20 = 25
(e V/(1,2) = -2i — 4j

vA(L2) 1

.2
Therefore, u = (1/</5)(2i + j)and
D, £(1,2) = V£(1,2) - u = 0.

65.

66.

67.

68.

69.

70.

Directional Derivatives and Gradients 219

X
T =
X+ y?
22
vr = X =% - 2xy S
(x2 + yz) (xz + yz)
7 24 1

VT(3,4) = —i - ——j = —(7i - 24j

( ) 625l 625‘l 625( ! J)

h(x, y) = 5000 — 0.001x> — 0.004°
Vh = —0.002xi — 0.008j
Vh(500,300) = —i — 2.4jor

5Vh = (51 + 12j)

!
!
|
|
J

The wind speed is greatest at B.

T(x, y) =400 - 2x* — y*, P = (10,10)

% = —4x il

x(f) = Ge™ 1) = Ce™
10 = x(0) = ¢ 10 = »(0) = G,
x(t) = 10 y(7) = 10e™

x = % y*(t) = 100e™
y? = 10x

T(x,y) =100 — x* — 2)*, P = (4,3)
dx b _

a7 i~
x(t) = Ce™ (1) = Ce™
4=x0)=¢ 3=3(0) =G
x(t) = 4e W) = 3
E:e*":y:u:ixz

16 16
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71.

73.
74.

75.
76.

77.

78.

79. (a) f(x, y) =

Chapter 13 Functions of Several Variables

(a)

(b) VT(x,y) = 40087(&@)/ 2[(—x)i - %JJ
VT(3,5) = 4006’7[73i - %J]

There will be no change in directions perpendicular
to the gradient: i(i - 6j)

(c) The greatest increase is in the direction of the

gradient: —3i — 1j

True

False

D, f(x,¥) = ~/2 > l when u = (COS %ji N (Sin %)j.

True

True

(b) The graph of —D = -250 — 30x* — 50sin(7zy/2)

would model the ocean floor.

(©) D(1,0.5) = 250 + 30(1) + 50sin Z ~ 31541t

(d) a = 60x and 6—D(1, 0.5) = 60
Ox ox

(e) ap = 257 cos 22 and
oy 2
6D(1 0.5) = 257 cos - ~ 555
oy 4

(f) VD = 60xi + 257 cos[%]j

VD(1,0.5) = 60i + 55.5)

2
Let f(x, v, z) =e'cosy + % + C.Then Vf(x, v, z) = e" cos yi — " sin yj + zk.

We cannot use Theorem 13.9 because f is not a differentiable function of x and y. So, we use the definition of directional

derivatives.

f(x+tcos,y+tsinb)— f(x,y)
t

D, £(0,0) = lim f{o i [ﬁj 0+ (\tgﬂ = /(0. 0)

t—0 t

D, f(x,y) = lim

If £(0,0) = 2, then D, £(0,0) = lim ( V2 ﬁj‘

[15la)| NEd

10 t

which implies that the directional derivative exists.

therefore continuous by Theorem 13.2.

L2 . .
7 = lim = which does not exist.

t—0

BrE™

2
- liml{ZtQ— 2} -0
=0 ¢ ¢

3/xy is the composition of two continuous functions, 4(x, y) = xyand g(z) = z'*, and
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Section 13.7 Tangent Planes and Normal Lines 221

- ) 73
() £,(0,0) = lim 0+ ax,0) = f(0.0) _ L (0-a0" —0
Ax—0 Ax Ax—0 Ax
— . 3
£,(0,0) = lim 70,0+ 4) - /(0.0 _ . (0-A) -0 _
Ay—0 Ay Av—0 Ay

Let u = cos i + sinfj, 8 = 0, %, 7, 37” Then

0+ 7cos 8,0+ tsin ) — f(0,0 NiE i .3 i
Duf(0,0) = lim 7(0 + 1 cos +t sin ) — £(0.0) _ lim t cost6’s1n6’ - lim costzsmé'
- t— -

, does not exist.

Section 13.7 Tangent Planes and Normal Lines

1. F(x,y,z) =3x -5y +3z-15=0 7. F(x,y,z) =x*+ )" +22 - 6

3x — Sy + 3z = 15 Plane VF = 2xi + zyj + 27k

VF(1,1,2) = 2i + 2 + 4k
|[VF(L1L,2)|= 4+ 4+16 = 246

2. F(x,y,z):x2+y2+zz—25:0
2+ 422 =25

Sphere, radius 5, centered at origin. VE 1. 2

1
=i——=—=i+—F=j+—k
" |VF| NAMNGRING
3. F(x,y,z) =4x* + 9y — 422 =0
4x* + 9y? = 4z* Elliptic cone 8. Flxyz) =~ +y -z
X . y .
VF(x,y,z) = i+ -k
4. F(x,p,z) = 16x* = 9y* + 36z = 0 te2) N R I
16x2 — 9y* + 36z = 0 Hyperbolic paraboloid VF(3,4,5) = %i Lk
5. F(x,y,z):3x+4y+122:0 VF 5 (3. 4.
B RN
VF =3i + 4j+ 12k, [VF| = /9 + 16 + 144 =13 H
= L(3i+4j—5k)

n:‘%‘:%i+%j+%k NG
zli(f(znz;j_sk)
6. F(x,y,z):x+y+z—4

VF =i+j+k 9. F(x,y,z) =x’ -z
VF =3x%i -k
VF 1 /3
_ I V£ P, _
" vE| HUrirk =irivk) VF(2,-1,8) = 12i — k

|VF(2.-1,8)| = V145

n= o1 ik

[VF] ~ V1as
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222  Chapter 13 Functions of Several Variables

10. F(x, ¥, z) =x}y*t -z
VF(x, ¥, z) =204 + 4x%% - k
VF(1,2,16) = 32i + 32j - k
_vFE _ 1
[vr] = 20w
_ 3w

2049

(32i + 32j - k)

(32i + 32j - k)

11. F(x,y,z):x2+3y+z3—9
VF(x, v, z) = 2xi + 3j + 32%k
VF(2,-1,2) = 4i + 3j + 12k

VF 1,. .

12. F(x,y,z) =x"y’ —y’z+2xz° - 4
F = (2xy3 + 223)i + (3x2y2 — 2yz)j + (6)622 - yz)k
VF(-1,1,-1) = —4i + 5j - 7k
|VE(-1,1,-1)|= 3710

VF 1

G

—4i + 5j - 7Kk)

X
13. F(x,y,z) =1 =1 — 1 —
(x,»,2) n(y_zj nx—In(y - z)
VF(x,y,z)zli— L
x y-z y-z

VF(L,43) =i-j+k

k

VE 1, . NET
:‘ﬁ‘:f(l—]-kk):T(l—j-kk)

14. F(x, v, z) = zexz’y2 -3
VF(x, v, z) = 2xze” i - 2yzex2’y2j + e’k
VF(2,2,3) = 12i - 12j + k
\Z

15. F(xy, ):—xsmy+z—4

F(x,y,z) = —sin yi — xcos yj + k

VF(6—7] 77173\/_”1(

2 [7%1 - 33j+ k)

HVFH V113
1 . .
= —m(ﬂ ~ 63/3j + 2k)
= “113 (7 - 63/3j + 2k)
16. F( sV Z )= s1n(x y)
VF( s Vs Z ) = cos(x y)l cos(x - y)j -k
vp(z,z, é] NEPMEEVEFIN
376 2 2 2

3 \/Ej—zk)
3 \/Ej—zk)

17. f(x,y) = x* + 3> +3,(2,1,8)
Flx,y,z) =x*+y" +3 -z
Fi(x,p,2) = 2x F,(x,»2) =2y F(xyz)=-1
FRLY =4 ERLY=2  E@2LY)=-1
4x-2)+ 2y -
4 +2y -z =2

)-1(z-8) =0

8. f(x,y) =2(1,22)

wI< =<

F(x, ¥, z) =

1
F(x,y.z) = —% F(x,y,2) = - F.(x,y,2) = -1
F(L2.2) =1 F(1,22)=-1

—2(x—1)+(y—2)—(z—2):0
2x+y—-z+2=0
2x—y+z =2
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19.

20.

21.

22,

23.

Section 13.7 Tangent Planes and Normal Lines 223

f(xy) =% + 7, (3.4.5)
F(x,y,z) =Jx*+ )yt -z
X y
va7y7Z = T va7y7Z = T szay»Z = -1
() = s Fnd) = e E(n)
F(3.4,5) = % F(3.4.5) = g F(3.4,5) = -1
3 4
g(x—3)+§(y—4)—(z—5):0
3(x—3)+4(y—4)—5(z—5):0
3x+4y -5z =0
- Y
g(x, y) = arctan=, (1,0, 0)
x
G( = Y _
X, V, z) = arctan z
x
*(J’/xz) -y 1/x x
G ) = = G; s Vs = = Gz sV, = -1
(%, y.2) 1+(y2/x2) 2+ 57 (%, 2) 1+(y2/x2) 2+ (x.y.2)
Gx(l, 0, 0) =0 Gy(l, 0, 0) =1 Gz(l, 0, 0) =-1
y—z=0
g(xy) = x>+, (1,-1,2)
G(x,y,z) =x*+y' -z
Gx(x, ¥, z) = 2x G},(x, Vv, z) =2y Gz(x,y, z) = -1
Gx(l, -1, 2) =2 Gy(l, -1, 2) =-2 Gz(l, -1, 2) = -1
2(x—l)—2(y+l)—l(z—2):0
2x -2y —z =12
z = x% - 2xy + yz,(l, 2,1)
F(x,y,z) =x*-2xp+)? -z
Fx(x, Vv, z) =2x -2y Fy(x, v, z) = 2x + 2y Fz(x, v, z) =-1
F(L2,1) = =2 Fy(l, 2, 1) =2 F.(1,2, 1) =-1
72(x71)+2(y72)7(271):0
2x+2y-z-1=0
2x =2y +z = -1
S y) =2-3x-y(3-L1)
F(x,y,z):Z—%x—y—z
Fx(x, ¥, z) = —%, Fy(x, ¥, z) = -1, Fz(x, Vv, z) = -1
-3 (1) =0
—%x -y—-z+2=0
2x+3y+3z=6
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224 Chapter 13 Functions of Several Variables

24. z = ex(sin v+ 1), (0, %, 2)
F(x, ¥, z) = e"(siny + 1) -z

Fx(x, v, z) = ex(siny + 1) Fy(x, v, z) =e"cosy Fz(x, ¥, z) = -1

F\.(O, z 2) -2 F‘,(o, z 2) ) FZ[
’ 2 ’ 2

2x —z =2

25 h(xy) = In/x? +)7,(3,4,n5)
H(x, y,2) = ln\/m —z= %ln(x2 + yz) -z

X y
Hlond) = s Hd) = g Hlerd) =
3 4
H.(3,4,In5) = — H,(3,4,In5) = — = —
+(3,4,In5) 55 ,(3,4,1n5) >3 H.(3,4,In5) = -1
%(x—3)+2is(y—4)—(z—ln5):0
3(x—3)+4(y—4)—25(z—ln5):0
3x + 4y — 25z = 25(1 - lnS)
T 2
26. h(x,y) = , |5 — —
(x, ) cosy[ 2 Zj
H(x,y,z) = cosy — z
Hv(x, y, z) =0 H}(x, ¥, z) = —sin y Hz(x, v, z) = -1
H{s,”,zjzo Hy[s,”,z] _ M2 Hz[s,”,z -
4 2 4 2 2 4 2
I A A
2 4 2
2 V2r 2
I T

42y + 8z = /2(n + 4)

27. x* + 4y + 22 = 36, (2,-2,4)
F(x,y,z) =x*+4y* + 22 - 36
Fx(x, ¥, z) = 2x Fy(x, v, z) = 8y Fz(x, ¥, z) =2z
F(2,-2,4) = 4 F,(2,-2,4) = -16 F.(2,-2,4) =8

4x-2)-16(y+2)+8z—-4)=0
(x-2) -4y +2)+2z-4) =0
x—4y +2z =18
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28.

29.

30.

31.

32.

Section 13.7 Tangent Planes and Normal Lines 225

x2 +2z2% = y2,(1, 3, —2)
F(x,y,z) = x* — y* + 277

Fx(x, ¥, z) = 2x (x, ¥, z) = Fz(x, ¥, z) =4z
F(1,3,-2)=2 F,(.3-2) = F,(1,3,-2) = -8
2x-1)-6(y -3)-8(z+2) =0
(x=1)=3(y-3)-4z+2) =0

x-3y—-4z=0

x? +3x - 22 = 8,(1,-3,2)
F(x,y,z) =x* +3x -2 -8
F(x,y,z)=»*+3 F(xyz) =2xy F(xyz)=-2z
F(1,-3,2) = 12 F,(1,-3,2) = -6 F.(1,-3,2) =
12(x = 1) = 6(y +3) —4(z = 2) = 0

12x — 6y — 4z = 22

6x — 3y -2z =11
x = y(2z - 3),(4,4,2)
F(x,y,z) = x = 2yz + 3y
F(x,y,2) =1 F,(x,y,z)=-22+3 F(x,y,z) =2y
F(4,42) =1 F,(44,2)=-1 F.(4,4,2) = -8
(x-4)-1(y-4)-8z-2)=0

x—y—-82=-16

-x+y+8 =16

X+y+z= 9,(3,3,3)

F(x,y,z) =x+y+z-9

E(x,y, z) =1 (x V. z ) 1 Fz(x, ¥, z)
FX(S, 3, 3) =1 (3 3, 3) FZ(3, 3, 3) =

(x=3)+(y-3)+(z-3) =

0
xX+y+z=9 (same plane!)

1

Il
—_

Direction numbers: 1, 1, 1
Line: x-3=y-3=2z-3

X +y7+22+9,(1,2,2)

F(x,y,z) =x*+y*+z22-9

Fx(x,y, z) = 2x Fy(x, ¥, z) =2y Fz(x, ¥, z) =2z
F(1,2,2) =2 F,(1,2,2) = 4 F.(1,2,2) = 4
Direction numbers: 1, 2, 2

Plane: (x = 1)+ 2(y = 2) +2(z -2) = 0,x + 2y + 2z = 9

Line:x—lzy—2:z—2
1 2 2
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3B. 2+  +z = 9,(1,2,4)
F(x,y,z) =x*+3y +z-9
Fx(x, v, z) = 2x Fy(x, ¥, z) =2y Fz(x, v, z) =1
F(1,2,4) =2 F,(1,2,4) = 4 F(,2,4) =1

Direction numbers: 2, 4, 1
Plane: 2(x—1)+4(y—2)+(z—4):0, 2x+4y +z =14

Line:x_l:y_2:2_4
2 4 1

34, z =16 — x* - yz,(2,2,8)
F(x,y,z) =16-x>-y" -z
F;(x, v, z) = —-2x Fy(x, ¥, z) =2y Fz(x, ¥, z) = -1
Fx(2, 2, 8) =4 Fy(2, 2, 8) =4 FZ(Z, 2, 8) = -1
—4(x—2)—4(y—2)—(z—8) 0
—A4x —4y —z = 24
4x +4y +z =24

Direction numbers: 4, 4, 1

Line:g:g:z—S
4 4

35. z = x? — yz,(3, 2, 5)
F(x,y,z) =x*-y -z
Fx(x,y, z) = 2x Fy(x, ¥, z) =2y Fz(x, ¥, z) =-1
F(3,2,5) =6  F(3,25 =-4  F(3,25=-1
6(x—3)—4(y—2)—(z—5) 0
6x -4y —z =15
Direction numbers: 6, —4, —1

Line:xi3:yiz:zi5
6 —4 -1

36. xy —z =0, (—2, -3, 6)
F(x,y,z) =xy -z

Fx(x, ¥, z) y Fy(x, ¥, z) =X Fz(x, ¥, z) = -1
F;(—2, -3, 6) =3 Fy(—Z, -3, 6) -2 Fz(—Z, -3, 6) = -1

Direction numbers: 3, 2, 1
Plane: 3(x +2) + 2(y +3) +(z - 6) = 0,3x + 2y + z = =6
x+2 y+3 z-6

2

Line:

37. xyz = 10, (1, 2, 5)
F(x,y,z) =xyz — 10
Fx(x, ¥, z) =)z Fy(x, ¥, z) = xz Fz(x, ¥, z) = Xy
Fx(l, 2, 5) =10 Fy(1,2, 5) =5 E.(l, 2, 5) =2
Direction numbers: 10, 5, 2
Plane: 10(x — 1) + 5(y — 2) + 2(z = 5) = 0,10x + 5y + 2z = 30
x-1 _y-2 z-5

Line: =
10 5 2

© 2010 Brooks/Cole, Cengage Learning
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38. z = yezx«",(O, 2, 2)
F(x, v, z) = ye?¥ — z
(x v,z ) = 2y2 2 (x v,z ) (l + ny)ezxy F(x v,z ) =-1
(022) (022) 1 (022):1
8(x-0)+(y-2)-(z-2)=0
8x+y-z=0
Direction number: 8,1, —1
Line: X - ¥=-2_2-2
8 1 -1

39. z = arctan Z, [l,l,zj
X 4

Y

F(X, Y, Z) = arctan— — z
X
—y .
Filxy.2) = X+ y? Fy(x.y.2) = 4+ F(x,,2) = ~1
T
FX(L sz - L Fv(l,l,fj _1 Fz(l,l, )= -1
4 2 ’ 4) 2

Direction numbers: 1, —1, 2
Plane: (x—l)—(y—l)+2(z—%}:O,x—y+2z :%

Line:xl—lzy—llzzf(zr/4)

40. yin(xz?) = 2,(e, 2,1)

F(x,y,z) = y[lnx+2lnz]72

Fx(x, ¥, z) = % Fy(x, ¥, z) =lnx+2Inz Fz(x, ¥, z) = 27)}
Fle21) =2 Fle21) =1 Fie,2.1) = 4
e

2e-e)+(y-2)+4z-1) =0
e
Ex+y+4z:8
e

. 2
Direction numbers: —, 1, 4
e

x—e y-2 z-1

)~ 1 4

41. F(x,y,z):x2+y275 G(x,y,z)zxfz
VF(x, ¥, z) = 2xi + 2yj VG(x, ¥, z) =i-k
VF(1,1,1) = 2i + 2j VG(L,L1) =i-k

= 20 +2j-2k = 2(i - j+ k)

S N e

i
(a) VF xVG = |2

1 -1
Direction numbers: 1, -1, 1
Line: x—lzgzz—l
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(b) cos @ = ‘VF'VG‘ = 2 1
IVEIIVG] (V22 2
Not orthogonal
2. F(x,y,z) = x* +)* -z Glx,p,z) =4-y-:

VF(x,y,z) = 2xi + 2yj -k VG(x,y,z) = -j -k
VF(2,-1,5)=4i-2j-k  VG(2,-15)=-j-k

i j K
() VFxVG =|4 2 —1|=i+4j— 4k
0 -1 -1
Direction numbers: 1,4, —4. ~— 2_y+l_z-3
1 4 4
|VF - VG| 3 3 J42

= = = = N h 1
(b) cosé@ HVFHHVGH NN RN " ; not orthogona

43. F(x,y,z):x2+zz—25 G(x,y,z):y2+zz—25
VF = 2xi + 2zk VG = 2yj + 2zk
VF(3,3,4) = 6i + 8k VG(3,3,4) = 6j + 8k

i j ok
(1) VFxVG =[6 0 8|= —48i — 48j + 36k = —12(4i + 4j - 3k)
06 8

Direction numbers: 4, 4, 3. x-3 =2 3 . 4

4 4 -3
|VF - VG| 64 16
b 0= = = —; not orth 1
) 20 [VF][va| ~ (o) ~ 25" oo
44, F(x,y,z):\/x2+y2—z G(x,y,z)sz—2y+3z:22
VF(x,y,z) = J 2x+ i + N 2y+ —j -k VG(x,y,z) = 5i - 2j + 3k
x4y xT+y
VF(3,4,5) = %i + gj -k VG(3,4,5) = 5i - 2j + 3k
i j Kk
(@) VF xVG =13/5 4/5 -1|= %r?,‘ %k
5 -2 3

Direction numbers: 1,17, 13
x -3 = y—4 = Z_STangentline
1 -17 -13
|VF - VG|  —(8/5) -8

[VF[Ive] ~ V2338~ 576

(b) cos b = Not orthogonal

45. F(x,y,z):x2+y2+zz—14 G(x,y,z):x—y—z
VF(x,y,z):2xi+2yj+22k VG(x,y,z):i—j—k

VF(3,1,2):6i+2j+4k VG(3,1,2):i—j—k
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47.

48.

49.

Section 13.7 Tangent Planes and Normal Lines

i j k
(@ VFxVG =6 2 4 :2i+10j78k:2[i+5j74k]
1 -1 -1
Direction numbers: 1, 5, —4
Line: x-3 _ y-1 _ z -2
1 5 —4
(b) cos b = M = 0 = orthogonal
IvFllvel
F(x,y,z):x2+y2—z G(x,y,z)=x+y+6z—33

VF(x,y,z):2xi+2yj—k VG(x,y,z):i+j+6k

VF(1,2,5)=2i+4j7k
i j k

(a) VFxVG =2 4 -1|=25i-13j -2k
1 1 6

VG(1,2,5) =i+ j+ 6k

Direction numbers: 25, —13, —2. x2_51 _y-2_z-5

-13 -2
(b) cosb = M = 0; orthogonal
IvFlIve]
F(x,y,z) = 3x? +2y2 72715,(2,2,5) 50.
VF(x, ¥, z) =6xi +4yj -k
VF(2,2,5) = 12i + 8j — k
) VF(2,2,5)- k| 1
N T PP | T
6 = arccos[ﬁ} ~ 86.03°
51.
F(x, ¥, z) = 2xy — 23,(2, 2, 2)
VF = 2yi + 2xj — 32k
VF(2,2, 2) =4i +4j - 12k
cos g _\VF(2,2,2)~1<\ RN
~vF2.2)| Vi 1
g = arccos[z,\l/ll—l] ~ 25.24° 52.

F(x,y,z) =x? - y2 + Z,(1,2,3)
VF(x,y,z) =2xi - 2yj+ Kk
VF(1,2,3) = 2i — 4j + k

o5 8 :\VF(l,z,s).k\ 1

[VF12,3)] ~ a1
1 o
0 = arccosﬁ ~ 77.40

229

F(x,y,z) =x* + y2 - 5,(2,1,3)
VF(x, ¥, z) = 2xi + 2yj
VF(2,1,3) = 4i + 2j

\VF(z, 1,3)- k\
COSH = =
|VF(2.1.3)|

6 = arccos 0 = 90°
F(x,y,z) =3-x> -y +6y -z
VF(x,y,2) = -2xi + (-2 + 6)j — k
2x=0,x=0
2y+6=0,y=3
z2=3-0-3+6(3) =12

(0,3,12) (vertex of paraboloid)

F(x,y,2)=3x2+2y2—3x+4y—z_5
VF(x,y,z)z(6x—3)i+(4y+4)j_k

6x—3=0,x:%
4y +4 =0,y = -1

—

SR RECEE AL CIEER

e
(51 -3)
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53.

54.

57.

58.

Chapter 13 Functions of Several Variables

F(x,y,z)=x2—xy+y2—2x—2y—z Ss. F(x,y,z):Sxy—z
VF(x,y,z) = (2x —y = 2)i + (~x + 2y = 2)j — k VF(x,y,z) = 5yi + 5xj — k
2x -y -2=0 5y =
—x+2y-2=0 5¢ = 0
y=2x—2:—x+2(2x—2)—2 x=y=z=0

= -6=0=x=2 Point: (0,0, 0)

y=2,z=-4
Point: (2, 2, —4)

F(x,y,z)=4x2+4xy—2y2+8x—5y—4—z

VF(x,y,z)=(8x+4y+8)i+(4x—4y—5)j—k

8x+4y +8=0

4x -4y -5=0 y =
1

Adding, 12x +3 =0 = x = 1= = —%,and

X =
Point: (—%, -3, —%) Point:

F(x, ¥, z) = x> + 2y2 +3z% - 3,(—1,1,0)
Fx(x, ¥, z) = 2x Fy(x, v, z) =4y Fz(x, ¥, z) = 6z
F(-1,1,0) = =2 F,(-1,1,0) =4  F/(-1,1,0) =0
—2(x+1)+4(y—1)+0(z—0):0
2x+4y =6
-x+2y =3
G(x, Vv, z) = x>+ y?* + 22 + 6x — 10y + 14, (—1, 1, O)
Gx(x, Vv, z) =2x+6 Gy(x, ¥, z) =2y -10 Gz(x, ¥, Z) =2z
G.(-1,1,0) = 4 G,(-1,1,0) = -8 G.(-1,1,0) =0
4x+1) -8y -1)+0z-0)=0
4x -8y +12 =0
-x+2y =3
The tangent planes are the same.
F(x,y,z) =x? + y2 +z2 - 8x — 12y + 4z + 42,(2,3,—3)
F(x,y,z) =2x-8 F(xyz)=2y-12 F(x,yz)=2z+4
F(2,3,-3) = -4 F,(2,3,-3) =6 F.(2,3,-3) = 2
“4x-2)-6(y-3)-2z+3)=0
—4x -6y —2z+20=0
2x + 3y +z =10
G(x, ¥, Z) =x*+y* +2z-7, (2, 3, —3)
Gx(x, y,z) = 2x G,(x,y,z) = 2y Gz(x, y,z) =2
G.(2,3,-3) =4 G,(2,3,-3) =6 G.(x,y,2z) =2
4x—-2)+6(y-3)+2(z+3)=0
4x + 6y +2z-20=0
2x+3y+z =10

The tangent planes are the same.

=
1

2

(1,1,3)

56. F(x,y,z):xy+l+l—z

y

VF(x,y,z) = (y —%)i + (x —ylz]j -k
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60.

61.

62.

Section 13.7 Tangent Planes and Normal Lines 231

(@ F(x,y,z) =20 -z F(L,L,2)=2-2=0
G(x,p,z) =8x* =5y =8z +13, G(1,1,2) =8 -5-16+13 = 0
So, (1, 1,2)lies on both surfaces.
(b) VF =2y% +4x)j— k, VF(L1,2) = 2i + 4j - k
VG = 16xi — 10yj — 8k, VG(L,1,2) = 16i — 10j — 8k
VF - VG = 2(16) + 4(-10) + (-1)(-8) = 0

The tangent planes are perpendicular at (1, 1 2).

(@ F(x,y,z) =x*+ )"+ 22 +2x —4y —4z - 12
F(1,-2,1) =0
G(x, ¥, Z) = 4x* + y? + 1622 - 24
G(1,-2,1) = 0

So, (1,-2,1) lies on both surfaces.
(b) VF = 2x +2)i+(2y —4)j+ (22 - 4k
VF(1,-2,1) = 4i - 8j — 2k
VG = 8xi + 2yj + 32zk
VG(1,-2,1) = 8i — 4j + 32k
VF-VG =32+32-64=0
The planes are perpendicular at (1, -2, 1).

F(x,y,z) =x*+4y’ +22-9
VF = 2xi + 8yj + 2zk
This normal vector is parallel to the line with direction number —4, 8, 2.
So, 2x = 4t => x = -2t
8y =8t = y =t
2z = 2t > z = —t

W44+ 22 -9=42 + 42+ 2 -9 =0=1 =+

There are two points on the ellipse where the tangent plane is perpendicular to the line:

(-2,1,-1) (t = 1)
2,-L1) (r =-1)

F(x,y,z) =x*+4y? -2 -1
VF = 2xi + 8yj — 22k
The normal to the plane, n = i + 4j — k

must be parallel to VF.

t

So, 2x=1t=x=—

2

8y = 4t = _

y y )

t

2z == z=—

2

2 7

x2+4y2—22:—+t2—Z=t2:1:>t=i1

b

Two points: [

© 2010 Brooks/Cole, Cengage Learning



232  Chapter 13 Functions of Several Variables
63. Fx(x01 yo,Zo)(.x - xO) + Fy(x01 y0>ZO)(y - yO) + Fz(x0> yOaZO)(Z - ZO) =0
(Theorem 13.1 3)
64. For a sphere, the common object is the center of the sphere. For a right circular cylinder, the common object is the axis of the
cylinder.
65. Answers will vary.
66. (a) x> — > + 2% =0,(513,-12)
F(x,y,z) =x*-y? + 22
F(x,y,2) = 2x F(x,y,2) = 2y F(x,,2) =2z
Fx(5,13, —12) =10 Fy(5,13, —12) = =26 Fz(x, ¥, z) =24
Direction numbers: 5, -13, —12
Plane: 5(x —5) —13(y —13) = 12(z +12) = 0
S5x =13y —12z =0
(b) Line: x -5 _ y —13 _ z+ 12
5 -13 -12
4xy
67. z = V)= —-——— -2<x<20<y<3
P ey !
(a) Let F(x,y,z) = A z
(x2 + 1)(y2 + 1)
2 5.2 2 5.2 49(1 = x2 4x(1 = »?
VF(x,y,Z)z 24y (x +1 22x i . 24x (y +1 22y i—k = J’( x)2i+ x( y) ik
VIl () Il (024 (P ) 1) (2 0)R 1)
VF(I, 1, 1) = -k

Direction numbers: 0, 0, —1
Line: x =Ly =1z=1-1¢

Tangent plane: O(x —1) + 0(y = 1) = 1(z = 1) =0 = z = 1

(b) VF(—I, 2, —f) — 0i + _4(_32)j k= Sk
5 (2)(5) 25
Line: x = -1,y :2+£t,zz_f_t
25 5

6 4
Plane: 0 )+ —(y-2)-1 =0
ane: O + 1) + (- 2) (z+ 5]

6y —12-25z-20=0
6y —25z2-32=0
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68. (a) f(x,y) = s’mTy,—s <x<30<y<2r

Let F(x,y,z) = sm—y—z

VF(x,y,2) = _S;I;yi + Coiyj -k

ve(2, 2 0 - Lk
2°2 4

Direction numbers: —i, 0,-1lor1,0,4

T

. 1
Line: x =2+t y="z=—+4
2 2

Tangent plane: l(x - 2) + O[y f%) + 4(2 - %j =0=>x+4z-4=0

o vH{-233) 2%
3722 4
Direction numbers: %, 0,-1or 9,0,—4

Line:x:—g+9t,y:3i,zzé_4t
3 2 2

Tangent plane: 9[x + %} + O(y - —j - 4(2 - %) =0=>%-4z+12=0

(©)

2

69. f(x,y) =6-x*— yj,g(x,y) =2x+y

2

(a) F(x,y,z)=z+x2+y776 G(x,y,z)zszcfy

VF(x,y,2) = 2xi + %yj +k  VG(xy,z)=2i-j+k

VF(1,2,4) = 2i+ j+k VG(1,2,4) = 2i - j+k

The cross product of these gradients is parallel to the curve of intersection.
i j kK

VF(1,2,4) x VG(1,2,4) =|2 1 1|=2i-4j
-2 -1 1

Using direction numbers 1,-2,0,youget x = 1+¢,y =2 - 2t,z = 4,

VE-VG _ A1+l _ 4 e

9 = = =
N L7 117 NN

(b)

i
| (1,2,4)

P = T

< L 6

PR~ T~
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234 Chapter 13 Functions of Several Variables

70. (a) f(x,y) = \/16 —x? -y +2x — 4y

g(x.y) = %x/l
(b) f(xy)
16 — x* — »* + 2x — 4y

32 —2x? — 2y% + 4x — 8y

- 3x% + y?

+ 6x + 4y

g(x, y)

%(1—3)62 + 32 +6x+4y)

=1-3x2 + 2 + 6x + 4y

x? —2x + 31 = 3y? + 12y
(¥ = 2x + 1) + 42 = 3(3? + 4y + 4) ) )
(x = 1) + 42 = 3(y + 2)° /
To find points of intersection, let x = 1. Then
3y +2) =42
(v +2) =14
y=-2+14

Vf(L-2 + V/14) = —/2j, Vg(1,-2 + V/14) = (1/~/2)}. The normals to fand g at this point are —/2j — k and
(71/ ﬁ) j — k, which are orthogonal.

Similarly, V/(1, 2 - \/14) = ~/2j and Vg(1,-2 = V/14) = (~1/~/2)jand the normals are ~/2j - k and
(<1/~/2)i - K, which are also orthogonal.

(c) No, showing that the surfaces are orthogonal at 2 points does not imply that they are orthogonal at every point of
intersection.

2 2 2
1. F(x,y,z):?+b—2+c—2—l
2x
F s Vs =
Hxpz) = =
2y
Fars) =2
F(xy) = 2
c
Plane: 2—);0(x - xo) + 2—%0()/ - yo) + Z—ZZO(Z - zo) =0
a b c
XoX oY | ZoZ X5 ¥z
e e T et
2 2 2 _ 22 2.0 2
T2 F(xy.2) = 5 b0y - ] 3. Flx,y,z) = a’x* + by -z
! ¢ E\f(-x’ YV, Z) = 2a2x
F(ny.z) =2
X Vs, - 02 Fy(x, Vv, Z) = 2b2y
2 F(x,y,z) =2z
F,V(X,y,z)=l% ( Y )
Plane:
Fz(x, ¥, z) _ _czzz 2a2x0(x - xo) + 2b2y0(y - yo) - 220(2 - ZO) =0
a’xox + B2yyy — zoz = a’x; + b*y: —z3 =0
Plane: z—xzo(x - xp) + %(y — ) -z -12)=0 So, the plane passes through the origin.
a ¢
XoX | Ny ZoZ x(% yé Z(%
PN A

© 2010 Brooks/Cole, Cengage Learning
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74, z:ﬁgj
(

st A3) ) =)

sna 23 )

Fx(xayaz) = -1

Tangent plane at (xy, yo, Zo):

A2 2ol e 2= =0

R 63 R B IR Y R G R I R £
Xo Xo Xo Xo Xo Xo Xy Xo
A2 22 A -

So, the plane passes through the origin (x, y, z) = (0,0, 0).

0

Il
S

75 f(x,y) = e
fx ) = e fi(xny) = -
falny) =7, fu(ny) = 7, foy(xp) = -
@ R(xy) ~ £(0,0) + £,(0,0)x + £,(0,0)y =1+ x -y
(b) P(x,¥) = f(0,0) + £(0,0)x + £,(0,0)y + L /(0 0)x* + £,,(0,0)xy + £/,(0,0)y> =1+ x - y + 17 —xy + 17

l1-y+ %yz. This is the second-degree Taylor polynomial for ™.

(©) If x = 0, A(0,)
Ify =0, Pz(x, 0) =1+x+ %xz. This is the second-degree Taylor polynomial for e*.

©

DT T3 T e | By | Py

0 0 1 1 1

0 0.1 | 0.9048 | 0.9000 0.9050

0.2 ] 0.1 | 1.1052 1.1000 1.1050

0.2 | 0.5 | 0.7408 | 0.7000 0.7450

1 0.5 | 1.6487 1.5000 1.6250

76. f(x,y) = cos(x + )
fi(x,y) = —sin(x + »), £,(x,y) = —sin(x + )
fulx,y) = —cos(x + y), f,,(x, ¥) = —cos(x + y), f,(x,y) = —cos(x + )
(a) Pl(x, y) ~ f(O, 0) + f)}(O, O)x + fy(O, O)y =1

(b) Pz(x, y) f(O, 0) + fx(O, O)x + fy(O, O)y + %fXX(O, 0)x2 + fxy(O, O)xy + %fyy(O, O)y2

4

=1-30 —w -3y
(¢c) If x = 0, B(0,y) = 1 — 2)*. This is the second-degree Taylor polynomial for cos y.

If y = 0, P(x,0) = 1 — 1x* This is the second-degree Taylor polynomial for cos x.
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236 Chapter 13 Functions of Several Variables

d

DT Ty T rwn | By | 2oy ©)
0 0 1 1 1
0 0.1 | 0.9950 1 0.9950 %

x 'y,;, 5 v

0.2 | 0.1 | 0.9553 1 0.9950 MW
0.2 | 0.5 0.7648 1 0.7550 ’&‘M‘m&t‘
1 0.5 | 0.0707 1 -0.1250

77. Given z = f(x, y), then:

F(x,y,z) = f(x,y) -z=0
VF(xo, ¥, 20) = fo(%0, Yo )i + (%0, ¥0)i — k
|VF(x0, 0. 2) - k|
[VF (0. 30, 20) [ ]
1]
JUGo )]+ [ )]+ (1)

1

JUGo o)+ [l +1

78. Given w = F (x, ¥, z) where F is differentiable at

cosf =

(x(), Yos Zo) and VF(x(n Yo Zo) = 0,
the level surface of F at (o, vy, zo) is of the form F(x, y, z) = C for some constant C. Let
G(x,y,z) = F(x,y,z) -C =0.

Then VG(xy, vy, 20) = VF(xo, yo, Zo) Where VG(xo, ¥y, Z9) is normal to F(x, y,z) — C = 0 at(x,, ¥y, zo ). S0,

VF(xy, yozo) is normal to the level surface through (xy, ¥y, Z).

Section 13.8 Extrema of Functions of Two Variables

Logoy)=@x-1+(-3"20 2. g(xy)=s-(x-3° -(y+27 <5
Relative minimum: (1, 3, 0) Relative maximum: (3, -2, 5)
Check: g, = 2(x 1) = 0 = x = | Check: g, = -2(x —3) = 0 = x = 3
g =2(y-3)=0=y=3 g ="20+2)=0=y ==
o =28, =28, =0d=(2)(2)-0=4>0 8u = 2.8y = 28y =0

d

At critical point(1,3),d > O and g,, > 0 = relative (2)(-2)-0=4>0

minimum at (1, 3, 0). At critical point (3, -2),d > 0 and g,, < 0 = relative

maximum at (3, -2, 5).
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3 f(xy) =+l 2] 4 f(xy) = \/25—(x—2)2 —y? <5

Relative minimum: (0, 0, 1) Relative maximum: (2, 0, 5)
Check: f, = ———=—— = 0= x =0 Check: f, = — X2 =0 = x=
NESE A | \/25—(x—2)2—y2
- y
= =0=>y=0 y
SN e £, = —— = 0= -
. Jas- (k-2 -y
Y
fo= 25 — 2
(XZ + y2 + 1) fxx’ = JZ} R 32
241 [257()572) 7y}
fo =———7
o (x2 + 9y + 1)3/2 fo= 25 - (x - 2)2
xy w = |:25 B (x 3 2)2 B y2:|3/2
So = T, . 2
(2 + 57 +1) . V- 2)
At the critical point (0, 0), f,, > 0 and o [25 —(x - 2)2 B sz/z
2
Sl = ( fxy) > 0. At the critical point (2, 0), f,, < 0

So, (0,0, 1) is a relative minimum.

and ~fxxf:vy - (f:vy)z > 0.

So,(2,0,5)is a relative maximum.

5. f(ny) =2+ +2x—6p+6=(x+1) +(y-3 -4>-4
Relative minimum: (1, 3, —4)
Check: f, =2x+2=0= x = -1
S
Jo =20y =21y =0

At the critical point (<1, 3), f,, > 0 and £, f,, — (fxy)2 > 0. So,(~1,3,—4)is a relative minimum.

2y -6=0=>y=3

6. f(x,y) =—x>—y> +10x + 12y — 64
= —(x* —10x +25) = (> =12y +36) + 25+ 36 — 64 = —(x = 5)' = (y - 6)" =3 < -3
Relative maximum: (5, 6, —3)
Check: f, = 2x+10=0= x =5
fy=2y+12=0=y =6
S =2 fp =2 fy=0d=(2)(-2)-0=4>0

At critical point (5, 6), d > 0and f,, < 0 = relative maximum at (5, 6, —3),

7. f(x,y):3x2+2y2—6x—4y+16 8. f(x,y):—3x2—2y2+3x—4y+5
fo=6x-6=0 fi = —6x+3 =0whenx = 1.
f=ay—a=of b=l
y = B fy = -4y —4=0wheny = -1.

Yx:6a ":45 xv:():d:6470:24>0'
fo = 6. Sy = 4 1y (4) Ju= =61y = 4 [y = 0

At the critical point (1, 1), d>0 .. .
At the critical point (%, 71), fu <0

and f,, > 0 = (1, 1 11) is a relative minimum. 5
and f,.f,, = (f,) > 0.

So, (%, -1, %) is relative maximum.
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10.

11.

12.

13.

Chapter 13 Functions of Several Variables

f(x,y) = —x? —5y% +10x — 10y — 28

fo=-wt0=0]
f, =10y —10=0f" >V~

y
.f;(x = _29 /;/y = _10= .ny = O,d = (—2)(—10) > 0.
At the critical number (5, -1),d > 0

and f,, < 0 = (5, -1, 2) is a relative maximum.

f(x,y) =232 +2xp + > +2x -3

f, =2x+2y =0 yieldsx = —landy = 1.

Se=4x+2y+2= 0} Solving simultaneously

Ja =4[y =20y =2
At the critical point (-1,1), f;, > 0
2
and f,.f,, = (f,) > 0.
So, (—1, 1, —4) is a relative minimum.
fey)=z=x+x+34? -2x+y

Ji = 2x + y — 2 = 0] Solving simultaneously
fy=x+y+1=0 [yieldsx =3,y =4

fo = 2,f)y = l,fxy =1,d = 2(1) -1=1>0.
At the critical point (3, -4),d > 0

and f,, > 0 = (3,-4,-5) s a relative minimum.

f(x, y) = —5x2 +4xy — y* + 16x + 10

Sy = —10x + 4y + 16 = 0| Solving simultaneously
Sy =4 -2y =0

ftx = _10’ f:vy = _2’ f;(y =4
At the critical point (8, 16), fa <0

and /:rx.f_.xy - (,f;(y)z > 0

So, (8,16, 74) is a relative maximum.

f(xy) = /x> +

X

fvzizo
N
x=y=0
f},:#:o

NP
Because f(x, y) > 0 for all (x, y) and
7(0,0) = 0,(0,0,0) is a relative minimum.

yieldsx = 8andy = 16.

14.

15.

16.

17.

18.

19.

20.

h(x, y) = (x2 + yz)l/3 + 2

2x
hXZﬁ:O
3(x +y)
) x=0,y=0
h, = Y =0

3()C2 + y2)2/3 =
Because h(x, y) > 2 for all (x, y), (0, 0, 2) is a relative
minimum.

gl y) =4 —[x =[]

(0, 0) is the only critical point. Because g(x, y) < 4 for

all(x, y), (0, 0, 4) is a relative maximum.

f(x,y) :‘x+y‘72
Since f' (x, y) > -2 for all (x, y), the relative minima

of / consist of all points (x, y) satisfying x + y = 0.

—4x

z=—"-
¥+ 41

Relative minimum: (1, 0, -2)

o
NS
,:’;ﬂill“fll“t“*“
ST
SR

==

Relative maximum: (71, 0, 2)

f(x,y) = =32 —3y? —3x% + 1
Relative maximum: (0, 0, 1)

Saddle points:

(0,2,-3), (++/3,-1,-3)

z = (x2 + 4y2)el_”2_y2

Relative minimum: (0, 0, 0) s

AN
"‘“\\\\ A\

Relative maxima: (0, 1, 4) //‘/:::\\%}‘\)Z;z‘:“\\
AU
;’7:"0‘??“*

=22
==
—

Saddle points: (il, 0, 1)

z =eY

Saddle point: (0, 0,1)
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22,

25.

26.

27.
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h(x, y) = 80x + 80y — x? — y?

ho=80-2v=0]
h=80-2y =0 "~
he = =2,hy, = =2,h, =0,

d=(2)(2)-0=4>0
At the critical point (40,40),d > 0 and

he < 0 = (40, 40,3200) is a relative maximum.

gry)=x" -y —x-y

g, =2x-1=0 |x=1/2
g =2y-1=0[y =12

Cu =28, =-28,=0d=2-2)-0=-4<0
At the critical point (1/2,-1/2),d < 0

= (1/2,-1/2,0) is a saddle point.

f(x,y) =x-xy—-y?-3x-y
fi=2x-y-3=0

fy=—x-2y-1=0

Solving simultaneously yields x = 1,y = 1.

Joo =2y = 2 Sy = -1
d=(2)(2)-(-1)=-5<0

At the critical point (1, —1),d < 0 = (1, -1, 1) is a saddle point.

f(x, y) = 2xy — %(x4 + yz) +1

£, = 20~ 2] (0,0, (L1, (-1.-)

.f:rx = _6x2’,fvy = _6y2’.f:ry =2

AL (0,0), fufsy — (fo) < 0 = (0,0,1) saddle point.

foo =2y - 2x° } Solving by substitution yields 3 critical points:

24.

g(x,y) = xy
gx:yx:OandyzO
g = x

8x=0,g, =0g, =1

At the critical point (0, 0), g,.g,, — (gx_‘,)2 < 0.

So, (0, 0,0)is a saddle point.

h(x, y) =x* - 3xy - )?
h, = 2x — 3y = 0 |Solving simultaneously
h, = =3x =2y = 0|yieldsx = Oandy = 0.

hy =2,h, =-2,h

shy = =2,y = =3
At the critical point (0, 0), A/, — (hxy)2 < 0.

So, (0, 0,0)is a saddle point.

At (L1).fufry — (f)" > Oand £, < 0 = (1,1,2) relative maximum.

At (71, 71),fxxfw - (f)(y)2 > 0and f,, < 0 = (71,71, 2) relative maximum.

S(x,y) = e*siny

f, =€ cosy =0

both zero for a given value of y, there are no critical points.

fo = —eTsiny = 0} Because e™* > 0 for all x and sin y and cos y are never
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8. f(x,y) - G e yj
fo= (20 =207 = 32)e " =0
fy =2y -2y + y)e”zfy2 =0
fxx = (_4x4 + 4x2)/2 + 12x2 - 2y2 — 3)el_X2_Y2

Fy = (A" — 4?12 -8y 4 1)t

fo = (—4x3y + 4xp° + ny)el”‘z’—"z

Solving yields the critical points (0, 0), [0, + \QE} (i\/g, O].

2

At the critical point (0, 0), £, /), — (fw)2 < 0.S0,(0, 0, ¢/2) is a saddle point. At the critical

points (0, +/2/ 2), fuo < Oand £, f,, — ( fxy)2 > 0.So, (0, +/2/2, \/E) are relative maxima. At the critical

points (i \/6/2, 0),fxx > 0and £, f,, — (fxy)2 > 0. So, (i\/g/Z, 0, —\/Z/e) are relative minima.

(2 - )

30. z = > 0.z = 0ifx*> = y* = 0.

Relative minima at all points (x, x) and (x, —x), x = 0.

Lo

5~

3 fudy = (1) = (9)4) - 6> = 0

Insufficient information.

32 fi < 0and fof, — (fo) = (-3)(=8) = 22 > 0

f has arelative maximum at (xo, yo)

3. fudw — (fu) = (-9)(6) - 10> < 0
£ has a saddle point at (xo, yo).

M. £y > 0and £ f, — (f,) = (25)8) - 10 > 0

/ has a relative minimum at (xy, y, )

35s.

36.

37.

d = fuly = nyz = (2)(8) . Xyz =16 - fx,vz >0

= fl <16 => -4 < f, <4

d= fufy - fxy2 < 0if £, and f,, have opposite
signs. So, (a, b, f(a, b)) is a saddle point. For example,
consider f(x, y) = x*> - y*and (a, b) = (0, 0).

flny) =2+

@@ f,=3"=0
fv=3y2=0}x:y:0
Critical point: (0, 0)

(®) fo=6x/, =6yf, =0
AL(0,0), fufy — (fi) = 0.
(0,0,0) is a saddle pont.

(c) Test fails at (0, 0) .

(d)
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38. f(x,y) =+ —6x2 +9y? + 12x + 27y + 19

(@ f, =3 -12x+12=0 Solving yields
f, =3y +18y +27 = 0|x = 2and y = 3.

(b) fuo=6x-12,f, =6y +18,f, =0
AL(2,-3), fuf — (fo) = 0.
(2,-3,0) s a saddle point.

(c) Test fails at (2, 73)‘

(d)

39. f(xy)= (-1 (y+4> 20

@ f. = 2(x —1)(y + 4)° = 0|critical points:
£y = 2(x —17(y + 4) = 0] (La)and (b,-4)

(®) fuo =2y +4)
fy =2x-1)
fo = 4x—-1)(y +4)
Atboth (1, a) and (b, ~4), fufiy — (fis) = 0.
Because f(x, y) > 0, there are absolute minima

at (1, a, 0) and (b, -4, 0)‘

(c) Test fails at (1, a) and (b, 74).
(d)

_4 Absolute
minimum

Absolute
(1,a,0)

minimum
(b,—4.0)

40. f(x,y) = Jx =1 + (r+2) 20

x—1

(@ f.= > ==0
\/(x -1 +(y+2) Solving yields
B y+2 _ |x=Tlandy=-2.
N RS
(b) f\:x = (y i 2)2 32
(-1 + o+ 2]
PR
N
£o- (x = 1)(y + 2)

32
[(x - 1)2 +(v+ 2)1
At(1,=2), fufoy — (fxy)2 is undefined.
(1, -2, 0) is an absolute minimum.
(c) Test fails at (1, 72).
(d)

I
i v
5 2
R4
NS
NS
NS
NS
N

41. f(x,y) =xP +yP >0

(@ fi= 3xL1/3 /. and f, are undefined
atx = Oandy = 0.

2 . .
1= 7 Critical point: (0, 0)

-2 -2
(b) fxx = W:f:vy = 9.)}74/:;’];@' =0

AL(0,0), fuofy — () is undefined.
(0, 0,0) is an absolute minimum.

(c) Test fails at (0, 0).

(d

x Absolute
minimum (0, 0, 0)
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42, f(x, y) = (x2 + y2)2/3 >0

4x
@ fo=
3(x +y ) /. and f, are undefinedatx = 0,y = 0.
4y Critical Point: (0, 0)
b=
3(x +y )
4x* + 3y?
®) Ju = (7/)
9(x +y )
s 4(3x2 + yz)
” 9(x2 + y2)4/3
-8
fx)/ = ad

9(x2 + y2 )4/3

At(0,0), fufy = (f)’ is undefined.
(0,0, 0) is an absolute minimum.

(c) Test fails at (0, 0).

(d

\‘Vy"’éfi" i
\{{%}QQ’&J%’ s !4 /;/1/

B fonz) =+ (-3 +(Ez+1) 20

fi=2x=0
f, = 2(y = 3) = 0} Solving yields the critical point (0, 3, —1).
f. = 2(2 + l) =0

Absolute minimum: 0 at (0, 3, 1)

M. f(urz)=9-[x(y-=z+2)] <9
The absolute maximum value of f is 9, and realized at all points where x( y - 1)(2 + 2) = 0.
So, the critical points are of the form (0, a, b), (c, 1, d), (e, 7, 72)

wherea, b, ¢, d, e, [ are real numbers.

45. f(x,y) =x>—4xy + 5,R = {(x,y): 1<x<40<y< 2} y

=2x-4y =0 4T
/ ” }x = y = 0 (notinregionR)

fy:—4X:0 3+
2l
Alongy = 0,1 < x < 4:f = x> +5, f(1,0) = 6, f(4,0) = 21. N
Alongy =21 <x <4 f =x>-8x+5,f =2x-8=0 ; — N

£(1,2) = -2, f(4,2) = -11. a
Alongx = 1,0 < y < 2. f = —4y + 6, £(1,0) = 6, f(1,2) = 2.
Alongx = 4,0 < y < 2:f = 21 - 16y, f(4,0) = 21, £(4,2) = —11.

So, the maximum is (4, 0, 21) and the minimum is (4, 2,-1 1),
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46. f(x,y) = x>+, R = {(x.y): x| < 2|y < 1}
fi=2x+y =0 y
£(0,0) = 0
Alongy = 1,2 < x <2, f=x>+xf =2x+1=0= x =L N | ‘
Thus, (-2.1) = 2, f(-4.1) = —Land £(2,1) = 6. Ll

Alongy = -1,-2<x <2, f=x*—x, f =2x -1 =0=>x=1
Thus, f(-2,-1) = 6, f(1,-1) = =4, £(2.-1) = 2.

Alongx =2,-1 <y <L f=4+2y= [ =2=%0.
Alongx = 2,-1< y <L f=4-2y = f =-2=0.

So, the maxima are /(2,1) = 6 and f(-2,-1) = 6 and the minima are f(—%, 1) = —1and f(%, —1) = -1

47. f(x,y) = 12 — 3x — 2y has no critical points. On the liney = x + 1,0 < x < 1,
f(x, y) = f(x) =12 - 3x - 2(x +1) = -5x+ 10

and the maximum is 10, the minimum is 5. On the line y = —2x + 4,1 < x < 2, y
fxy)=f(x)=12-3x-2(2x+4) =x+4 3+
and the maximum is 6, the minimum is 5. On the line y = —%x +1,0 < x <2, 2” 2)
fxy) = f(x) =12 -3x - 2(-Lx +1) = 2x + 10 1
and the maximum is 10, the minimum is 6. ! \ 5(2’ 0 p

+

Absolute maximum: 10 at (0, 1)

Absolute minimum: 5 at (1, 2)

48. f(x, y) = (2x - y)2
S
Iy

Ontheliney = x + L0 < x < 1,

S(2) = S() = (2x = (x+ )" = (-1

4(2x—y):O:>2x:y
202x-y)=0=2x=y

and the maximum is 1, the minimum is 0. On the line y = f%x + 1,0 < x <2, v
S2) = 10 = (20 (3w ) = (- 1)
5 2 2 (1,2)
oL
and the maximum is 16, the minimum is 0.On the liney = —2x + 4,1 < x < 2,

f(x, y) = f(x) = (2x - (—Zx + 4))2 _ (4x - 4)2 ©,D | 7(2_ 0

and the maximum is 16, the minimum is 0.

Absolute maximum: 16 at (2, O)

Absolute Minimum: 0 at (1, 2) and along the line y = 2x.
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49.

50.

51.

Chapter 13 Functions of Several Variables

f(x, y) =3x2 + 2y2 -4y

s _
7 } 7(0,1) = -2

Ontheliney = 4,-2 < x < 2,

=6x=0=>x=0
=4y -4=0=y=1

f(x,y) = f(x) =3x>+32-16 =3x* + 16

and the maximum is 28, the minimum is 16. On the curve y = x%, — 2< x
2

f(x, y) = f(x) =3x? + Z(xz) —4x* = 2x* - x? = x2(2x2 - 1)

and the maximum is 28, the minimum is —%.

Absolute maximum: 28 at (+2, 4)

Absolute minimum: 2 at (0, 1)

f(x,y) = 2x - 2xy + y2

fi=2-2y=0=y=1
fi=2y-2x=0=>y=x=>x=1

}f(l, =1

Ontheliney =1,-1 < x <1,

<2, y

@4 4

fley)=f(x)=2x-2x+1=1

Onthecurvey = x%,-1 < x <1

f(x, y) = f(x) = 2x — 2x(x2) + (xz)2

and the maximum is 1, the minimum is —%.

=x* —2x° + 2x

Absolute maximum: 1 at (1, 1) andony =1

Absolute minimum: —11 = -0.6875 at (-1, 1)

fley) =+ 2xp + YR = {(x, y)]x| < 2,|y| < 1 !
fi=2x+2y =0 i
f, =2x+2y = o}y -

flr,-x)=x* -2 +x> =0 5
Alongy =1,-2 < x < 2, Ll
f=x+2x+Lf =2x+2=0= x=-Lf(-21) =1 f(-L1) =
Alongy = 1,2 < x < 2,

f=x-2x+1Lf =2x-2=0= x=1/(-2-1) =9 f(1,-1)
Alongx =2, -1 <y <L, f =d4+4y+ % f =2y +4 0.

Alongx = 2,- 1<y <1, f=4-4y+31* f =2y —4=%0.

So, the maxima are (-2, 1) = 9 and f(2,1) = 9, and the minima are f/(

0, £(2,1) = 9.

0, /(2,-1) = 1.

x,—x) =0,-1 <x< 1.
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52. f(x, y) =x* +2xy + y,R = {(x, y):x2 +y? < 8}

So=2x+2y =0
fy=2c+2y =07 " "

f(x,—x) =x-2x*+x2=0

On the boundary x> + y*> = 8, we have y> = 8 — x?and y = +~/8 — x?. Thus,

f=x 28— %7 + (8- %) = 8+ 2x/8 - ¥

/= i[(S — ) " (2x) + 28 - xz)ﬂ _ gl o4

Then, f' = 0implies16 = 4x?orx = 2.
£(2.2) = f(-2,-2) = 16and £(2,-2) = £(-2.2) = 0

So, the maxima are f(2,2) = 16 and f(-2,-2) = 16, and the minima are f|(x, —x) x| <2
4xy
53, fny)= ——2 R ={(x,1)0<x<L0<y<I1
) = = (a0 22102 2
41 - 2
x:(—x)y2=0:x=10ry=0 v
(y2 + 1)(x2 + 1)
41 - 7 ‘
‘y:—( y)x > > x=0o0ry =1
(x2 + 1)()/2 + 1)
Forx = 0,y = 0,also, and f(0,0) = 0.
Forx = Ly = 1, f(L1) = L.
The absolute maximum is1 = f(1,1).
The absolute minimum is 0 = f(O, 0). (In fact,f(O, y) = f(x, 0) = 0.)
4xy 2 2
54, f(x,y) = ——2 R ={(x,y):x >0,y >0, <1
£(x ) E {(y)x 2 0,y 2 0,x* + 32 < 1)
41— 2 .
.X:(—x)yZ:O:leory:O ’
(y2 + 1)(x2 + 1)
"
41 - y?
),=(—y)xz:0:>y:10rx:0
2 2
(x + 1)()/ + 1)
Forx = 0,y = 0,also, and f(0,0) = 0.
Forx = land y = 1, the point (1, 1) is outside R.
_ 2
Forx? + y* =1, f(x, y) = f(x, 1- xz) = M, and the maximum occurs at x = ﬁ,y = ﬁ
24 x°—x 2 2
Absolute maximum isg = f (?, fj

The absolute minimum is 0 = f(O, O). (In fact, f(O, y) = f(x, 0) = 0)
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55. In this case, the point 4 will be a saddle point. The
function could be f(x, y) = xy.

56. A and B are relative extrema. C and D are saddle points.

57.

2 5
x

TN,

No extrema

Extrema at all (x, )

59. R

Saddle point

60. f(x, y) =x* - yz,g(x, y) = x? + y?
@ f,=2x=0,f,=-2y=0= (0, 0) is a critical
point.
g =2x=0,g,=2y=0= (0, 0) is a critical
point.
®) fou=20y="2/,=0
d =2(-2) -0 < 0 = (0,0) is a saddle point.

x = 23gyy = 2sg.xy =0
d =2(2) - 0> 0 = (0,0) is a relative minimum.
61. False.
Letf(x, y) =1- ‘x‘ - ‘y‘
(0, 0, 1) is a relative maximum, but f, (0, 0) and
/,(0,0) do not exist.
62. False. Consider f(x, y) = x> — y%.
Then £,(0,0) = £,(0,0) = 0,but(0,0,0) s a saddle
point.

63. False. Let f(x, ) = x>y (See Example 4 on page 958).

64. False.
Letf(x, y) = x* —2x* + )2
Relative minima: (il, 0, —1)

Saddle point: (0, 0, 0)

Section 13.9 Applications of Extrema of Functions of Two Variables

1. A point on the plane is given by
(x,»,2) = (x,5,3 = x + y). The square
of the distance from (0, 0, 0) to this point is
S =x+y° +(3—x+y)2.
S, =2x72(37x+y)
S, =2y+2(3—x+y)

From the equations S, = 0 and S, = 0 we obtain

4x -2y =6
—2x + 4y = —6.
Solving simultaneously, we havex = 1,y = -1,z = 1.

So, the distance is /1% + (<1)° + 12 = /3.

2. A point on the plane is given by
(x,»,2) = (x,»,3 = x + ). The square of

the distance from (1, 2, 3) to this point is

S=(x-1V+(-2"+@B-x+y-3)
=(x-10) (-2 + (-2

S, = 2(x - 1) - 2(y - x)

S, =2(y-2)+2(y-x)

From the equation S, = 0 and S, = 0 we obtain

4x -2y =2
2x +4y = 4.

Solving simultaneously, we have
x =4/3,y = 5/3,z = 10/3.

So, the distance is
2 2 2 vy
3 3 3 3 3
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3. A point on the surface is given by (x, ¥, z) = (x, VA1 — 2x — 2y). The square of the distance

from (-2, -2, 0) to a point on the surface is given by

S=(x+2)2+(y+2)2+(1/1—2x—2y—0)2=(x+2)2+(y+2)2+1—2x—2y.
S, =2(x+2)-2
S, = 2(y+2)-2

. L 2x+ 2=
From the equations S, = 0 and S, = 0, we obtain =>x=y=-lz= NG
’ 2y+2=0

So, the distance is \/(—1 + 2)2 +(-1+ 2)2 + (\/5)2 =7

4. A point on the surface is given by (x, ¥, z) = (x, VA1l — 2x — 2y). The square

of the distance from (0, 0, 2) to a point on the surface is given by

S:x2+y2+(2—«/1—2x—2y)2.
S:2x+2(2—«/1—2x—2y) 4

. = —— 2
J1-2x -2y J1-2x =2y
212 — /1 -2x -2y
( ):2y+#—2
J1-2x -2y J1-2x -2y

From the equation S, = Oand S, = 0, we obtain x = y.

S, =2y +

y

So,2x+L72=0.
1 - 4x

Using a graphing utility, x = y = —0.3221.

,Y2
The minimum distance is /S = [xz + 37+ (2 -J1=2x - Zy) } ~ 0.667.

5. Let x, y, and z be the numbers. Because xyz = 27, 7. Let x, y, and z be the numbers and let
7 22T S = x* + y* + z%. Because
e x + y + z = 30, we have

S=x+y+z=x+y+ 27 2 2 2

= y = y o S=x>+»"+(30-x-y)
S, :1—4:0,% :1—2772:0. S, =2x+2030-x—-y)(-1)=0|2x+ y =30

Xy xy S, =2y +2(30 — x — y)(-1) = 0|x + 2y = 30.

X'y = 27}x _ -3 Solving simultaneously yields x = 10,
x? =27 y =10,and z = 10.

So,x =y =2z=3.
8. Let x, y, and z be the numbers. Because
6. Becausex + y + z = 32,z = 32 — x — y.So,
xyz =1,z = 1/xp.
P = x?z = 2xp% — x%y? — x?
2

S=x>+y2+z22 =x>+y*+

P, =32y? —2xp? — ) = y2(32 -2x-y)=0 7
P, = 64xy — 2x%y — 3xy* = y(64x — 2x* - 3xp) = 0. 2

J . . ( o ) Sx = 2x 32 0’ Sy = 2y oI —
Ignoring the solution y = 0 and substituting X y

y =32 - 2xinto P, = 0, we have x(x3y2) -1

’ 4.2 2 4
= = =
64x — 2x% —3x(32 - 2x) = 0 ) = rysry = sy
4x(x — 8) = 0.
So, x =y =z=

So, x =8,y =16, andz = 8.
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9. The volume is 668.25 = xyz = z = 668-25.
xy
C = 0,06(2yz + 2xz) + 0.11(xy) = 0.12(668'25 + 668'25] + O.ll(xy)
X y
c- 500, 00, 0.11(xy)
X y :
C, = 8019+011 =0 I
x? .

C, = _8‘219 +0.11x = 0 )
y

¥y

Solving simultaneously, x = y = 9andz = 8.25.
80.19  80.19
+

Minimum cost: +0.11(xy) = $26.73

10. Letx, y, and z be the length, width, and height, respectively. Then Cy = 1.5xy + 2yz + 2xzandz = %
X+y

The volume is given by
Coxy — 1.5x2)°

vV = =
= Z(x + y)
v - y2(2C0 — 3x? 2— 6xy)
4(x + y)
, ¥(2C, - 3y — 6xy)
- 4(x + y)2

In solving the system /, = OandV, = 0, we note by the symmetry of the equations that y = x.

Substituting y = xinto V, = 0yields

2(2C, — 9x?
M_ozco—%c x_g 2C0,y—ga/ZCo,andz:i«/ZCO.

16x2

1. Leta + b + ¢ = k. Then ¥ = 4”;”’6 - gﬁab(k —a-b)= gﬁ(kab - @’ - ab?)

Va:%(kb—Zab—bz):Okb—Zab—bz:0

Vy = 43”(ka—a — 2ab) = O|ka — a* — 2ab = 0
Solving this system simultaneously yields @ = b and substitution yields b = k/3. So, the solutionisa = b = ¢ = k/3.

12. Consider the sphere given by x> + y? + z? = r?and let a vertex of the rectangular box be (x, yoAJrE = X2 =2 )
Then the volume is given by

V= @027 -5 =) = 8wt -t -2
V*‘S["ym”ﬁ] \/77# Ty

X2 -y

Solving the system
r2

V»V_S[Xyz_yzﬁ_x” - x? —yJ 2(}’2—x2—2y2):0.
re - N

2x2 +y2 =
X2+ 2y = r?

yields the solutionx = y = z = r/ 3.
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13. Let x, y, and z be the length, width, and height, respectively and let 7, be the given volume.
ThenV, = xyzandz = V,/xy.The surface area is

S:2xy+2yz+2xz:2(xy+Vo+VO]
X y

S, 2[y—zg)=0x2y7VO=0
X

v
S, Z[X—yg}=0xy2—V0—0.

Solving simultaneously yields x = 3/V,,y = 3/V,,and z = 3/V}.

4. 4= %[(30 — 2x) + (30 — 2x) + 2x cos @] xsin @ = 30xsin @ — 2x” sin 6 + x” sin 6 cos &

Z—A = 30sinf — 4xsin@ + 2xsinfcos @ = 0
X
o _ 30 cos & — 2x* cos @ + x2(200526 - l) =0
06
Froma—A = Owehavel5 — 2x + xcos@ = 0 = cos @ = 2x - 15.
ox X
2
Froma—A = 0we obtain 30x(2x — 15) - 2x2(2x — 15) + x? Z(Mj -1{=0
00 X X X
30(2x - 15) - 2x(2x - 15) + 2(2x - 15)2 -x*=0
3x2 =30x = 0
x = 10.

Thencos 6 = % = 0 = 60°.

15. R(x, x;) = =5x° — 8x,° — 2xx; + 42x + 102x,

R, = —10x — 2x, +42 = 0,5x + x, = 21
R, = —16x, — 2x; +102 = 0,x; + 8x, = 51
Solving this system yields x;, = 3 andx, = 6.
Ry, = -10

Ryy =2

R,, = -16

Ryy < 0and Ryy Ry — (Ryy) > 0

So, revenue is maximized whenx; = 3 andx, = 6.

16. P(xl,xz) = 15(x1 + xz) -C -G
= 15x + 15x, = (0.02x + 4x + 500) — (0.05x,> + 4x, + 275) = =0.02x” — 0.05x,> + 1y + llx, — 775

P, = —0.04x, + 11 = 0,x, = 275
P, =-0.10x, + 11 = 0,x, = 110

P, = -0.04
Py =0
P,., = —-0.10

Py < 0and PPy — (lexz)z >0

x

So, profit is maximized whenx; = 275andx, = 110.
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17. P(p,q, r) = 2pq + 2pr + 2qr.
p+q+r =1limpliesthatr =1 - p —q.
P(p.q) = 2pg + 2p(1 - p = q) + 29(1 - p — q)
=2pq +2p —2p* —2pq +2q — 2pq — 2¢> = 2pq + 2p + 2q — 2p* — 24*

a—P:72q+274p;6—P:72}7+274q
op 0q
Solvinga—P = op = 0Ogives ¢ +2p =1
op 0q
p+2g =1
andsop = g = fandPll = 2l +2l +2l —2l —2l :E:E.
3 3’3 9 3 3 9 9 9 3
18.(a) H=-xlnx—-ylny-zlnzx+y+z=1=-xlnx—-—ylny—-(1-x-y)n(l-x-y)

H o=-l-lnx+1+mh(l-x-y)=0
Hyz—l—lny+1+ln(1—x—y)=0
Inl-x-y)=lhx=Ihy=x=y.
So,ln(l—Zx)zlnx:1—2x:x2x=y=z=%.

(b) H =-4in(4)-4in(}) - +in(}) = —=In(}) = n3

19. The distance from P to Qis~/x* + 4. The distance from Qto R is s /(y - x)2 + 1. The distance from R to S is 10 — y.

C, =2k L% k=0 —2=x 1
(y-x) +1 (y-x+1 2
X 1
31{ ]+2k—j=0
X2+ 4 2
x 1
x?+4 3
3x =~x? + 4
9x? = x> + 4
el
2
V2
= Y2
2
Z(y—x): (y—x)2+l
4(y—x)2:(y—x)2+1
2 1
(y*x)—g
SR B S V£ /)
NN 6
So,xz% 0.707kmand y = \/— 3\/—~1.284km.
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20. S =di+dy+dy = J(0- 0 + (=07 +:J(0-2 +(y=-27 +J(0+2) +(»

=y 24+ (y-2)

2(y -2 _
§:l+#:0Wheny:2—&:6 23,
dy 4+ (y-2) 3 3

2(3 - /3)
The sum of the distance is minimized when y = — ~ 0.845.

21. (a) S(x, y) =d +d, +d,

—Je 0 (-0 et 2 (-2 A J - A (-2
e e (-2 -4 (-2

From the graph we see that the surface has a minimum.

(b)S(xy): X N x+2 + x—4
o \/x2+y2 Je+2P e (v-27  Jx-4+ (-2
S(xy) + y -2 + y—2

\/x +y? \/x+2) +(y - ) \/(x74)2+(y72)2

© VS(.1) = <8,(L1i = 8,01 = i - (f \Fj’

1-— = 0 =~ 186.027°

TN RN
@ (x232) = (31 = (0 0)o 1 = S, (. yl),):(l \}_t“_[\/_ } N

sli- i1+ Lhl= 2+ Nﬁ—zﬁ 1—i 2lp
V2 (\/— \/—j 5 5

+\/10 - (zm + 2\/3] (l - i 2}2
5 5

AT

tan @ =

_ 2)2

Using a computer algebra system, we find that the minimum occurs when = 1.344. S0 (x,, »,) = (0.05, 0.90).

© (x5, 33) = (x2 = Sc(x2. 3)t ¥2 = S, (%2, 32)t) = (0.05 + 0.03£,0.90 — 0.26t)

$(0.05 + 0.03¢,0.90 — 0.26r) = 1/(0.05 + 0.031)" + (090 — 0.261)° + 1/(2.05 + 0.031)" + (~1.10 — 0.261)’

+3J(53.95 + 0.030) + (~1.10 - 0.267)’

Using a computer algebra system, we find that the minimum occurs whens = 1.78.S0 (x3,y;) ~ (0.10, 0.44).

(x4, y4) = (x3 - Sx(x3, y3)t, V3 — Sy(x3,y3)t) ~ (0.10 —0.09¢,0.44 — 0.01t)

S(0.10 = 0.097,0.45 — 0.017) = 1/(0.10 = 0.097)" + (045 — 0.01)" + /(210 = 0.09)" + (~1.55 - 0.017)’

+J(-3.90 - 0.091)" + (~1.55 - 0.017)’

Using a computer algebra system, we find that the minimum occurs whens ~ 0.44. So, (x4, y,) ~ (0.06,0.44).

Note: The minimum occurs at (x, y) = (0.0555,0.3992)

(f) -VS (x, y) points in the direction that S decreases most rapidly. You would use VS (x, y) for maximization problems.
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252 Chapter 13 Functions of Several Variables

22. (a) S:\/(x+4)2+y2 +\/(x—l)2+(y—6)2 +\/(x—12)2+(y—2)2

The surface appears to have a minimum near (x, y) = (1, 5).

x+4 x—1 x—12
b) S, = + +
Jesat 9 Jo-1 -6 Jr-127 + (v -2
g = Y N y-6 N y-2
Jesat 9 Jo-1 (-6 Jr-127 + (v -2)

(¢) Let (x, ) = (1,5). Then —VS(1,5) = 0.258i + 0.03j. Direction~ 6.6°
(d) t =094, x, =124, y, = 5.03
(e) t = 3.56, x3 = 1.24, y; = 5.06, t = 1.04, x, = 1.23, y, = 5.06
Note: Minimum occurs at (x, y) = (1.2335,5.0694)
(f) —VS(x, y) points in the direction that S decreases most rapidly.
23. Write the equation to be maximized or minimized as a function of two variables. Set the partial derivatives equal to zero (or

undefined) to obtain the critical points. Use the Second Partials Test to test for relative extrema using the critical points. Check
the boundary points, too.

24. See pages 964 and 965.

25. (a) . ) o 2
-2 0 4
0 1 0 0
2 3 6 4
Zx, =0 Zy, =4 Zx,—y,- =6 lez =38
EECECH

26. (a) X v Xy 2
-3 0 9
-1 1 -1 1
1 1 1 1
3 2 6 9
Zx, =0 Zy, =4 inyi =6 Zx,z = 20

(b) §=

|
D
Sl=

|
~—

+
— D
o‘\'
;'I_‘_/
[38]

+
=
sl%
;'l_'_/
(38 ]
=
o‘\o

|
N
(38 ]
W | —
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27. (a)
X y Xy x?
0 0 0
1 3 3 1
1 1 1 1
2 0 0 4
dx=4 | Dy =8| dxy=4|2x*=6
a= 4452)__4(? =-2b=—(8+24)]=4y=-2x+4
b S=(@4-4°+2-3+@2-1+(0-07 =2
28. (a)
X y Xy x?
3 0 0 9
1 0 0 1
2 0 0 4
3 1 3 9
4 1 4 16
4 2 8 16
5 2 10 25
6 2 12 36
Dx; =28 | Yyi=8 | Dxy =37 | Yx’=116
- LYY Bclw:%,%ﬂ:jﬂzg,i
8(116) - ( g5 144 2 8L 2 4 2 4
5 5

29. (0,0), (1,1),(3,4),(4,2),(5.5)
fo =13, Z)’f = 12,
Doxy, =46, Y x? =5l

3 5(46) — 13(12) _ 7437

s(51) - (137 86 43

b= 1{12 - 377(13)} 7
5 43 43

y = 37 ‘4 7
43 43
3., 7
P B s
(54,5).
(3,4 e
o(4,2)
(1, D
-2 T 10

)

4

)

4

2
—2j+

G- -

30. (1,0),(3,3),(5.6)
Zx,- =9,
Zx-y, = 39,

339) - 99) 36 _3

a

35) - (9)

ZY[ =9,
Dx? =35

204 2
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31.

32.

33.

34.

35.

Chapter 13 Functions of Several Variables

(0,6),(4,3), (5, 0), (8, —4), (10, -5)
zxi = 27, Z)’i =0,
Dxy, =70, Y x? =205

~5(-70) - (27)(0) 350 175
©s(205) - (277 296 148

b = l 0-— (_12)@7) - %
5 148 148

175 945
= ——X+ —
148 148
8
(0, 6)
o(4,3)

-4 5.0y 18
B, =g (10,-5)

p= 175, 945
128% * 143

(6,4),(1,2),(3,3),(8,6),(11,8),(13,8);n = 6
dx; =42 >y =31
> xy =275 > x? = 400

6(275) - (42)(31) _ 29

a =2 ) - 25 05472
6(400) — (42) 53

1;:1[317§42=ﬁ >
6 53 318 .

~ 13365
29 425 .

y=—x+_— -

T 537 318 r
(@) y=106x+84

(b) 250

/

ot . . . . . . . .l80
50

(c) For each one-year increase in age, the pressure
changes by approximately 1.6, the slope of

the line.
(a) Using a graphing utility, y = —300x + 832.
(b) Whenx =1.59,y = —300(1.59) + 832 = 355.

(1.0,32), (1.5, 41), (2.0, 48), (2.5, 53)

Dxo =T,y =174 xy, =322, x7 =135
a=14,b =19,y = 14x + 19
When x = 1.6, y = 41.4 bushels per acre.

36. (a) y = 2.09x — 60.2

(b) For each one-point increase in the percent x, y

increases by about 2.09 million.

n

- S(abi) = S - et — b - o)

i=1

g—i = ’z:fo,-z(yi —ax? - bx; — c) =0
Z—i = iz:foi(yi —ax? — bx; — c) =0
oS 2

P 72;()/,- - ax? — bx; — c) =0

azn:x,-4 + bzn:x,-3 + Czn:xiz = Zn:xiz%'
i-1 i-1 i=1 i=1
ln ln ’n j’l

ay x’ + by xP ey x =Xy,
i-1 i-1 i-1 i-1
ln ly, 1 . 1

ay x?+ by x +cn=Yy,
i=1 i=1 i=1

. Letx, y, and z be the length, width, and height,

respectively. Then the sum of the length and girth is
given by x + (2y + 22) =108

orx = 108 — 2y — 2z. The volume is given by

V = xyz = 108zy — 2zy? — 2yz?
V, =108z — 4yz — 2z* = 2(108—4y—22) =0

¥
V, =108y — 2y* — 4yz = y(108—2y—4z) = 0.

Solving the system4y + 2z = 108
and2y + 4z = 108, we obtain the solution

x = 36 inches, y = 18 inches, and z = 18 inches.

- (-2,0), (=1,0),(0,1), (1,2),(2, 5)

Zx,- =0 )

2 =8

25 =10 (_1,\0) (1.(221)5)

fo =0 B 2.0/ (@D
x* =34 2

gx[y,. =12

inzyi =22

34a + 10c = 22,100 = 12,10a + 5¢ = 8

a =

BN (o8]

_ 6 — 26 — 352 6 26
b=50= 55y = 3% 50+ 55
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40. (—4,5),(-2,6),(2,6)(4.2) 43. (a) (0,0),(2,15),(4,30),

Sx =0 (6,50), (8, 65), (10, 70)

! 8
zyi =19 (7:;2)' %) 2.6) in =30
inZ = 40 /\(4. 2) Zy[ = 230

-9 9
T =0 / Y Y2 = 220
>t = 544 N > = 1800
Sxy = 12 D oxt = 15,664
3 xty; = 160 2y = 1670
544a + 40c = 160,40b = —12,40a + 4c = 19 2y = 13,500
15,664a + 18005 + 220¢ = 13,500
a=-2,b=-3c=41y=_35y73y44 ’ ’
24 . oF T TR T 1800a + 2205 + 30¢ = 1670
41. (0,0),(2,2),(3,6),(4,12) 220a + 306 + 6¢ = 230

zx_ —9 y=-Ex"+3x -8~ -022x> + 9.66x — 1.79

=20 14 (b) 120
2)42 i (4, 12)
zx,- = 5.6 /
fo =99 B 2.2) , B "
3xt = 353 ol S

v, = 70
2w =7 44. (a) y = 0.075x + 5.3
Z)cizyi = 254

(b) y = —0.002x + 0.12x + 5.1
353a + 99b + 29¢ = 254

©
99a + 296 + 9¢ = 70
29a + 9b + 4c = 20 i
a=1b=-l,c=0,y=x*—x '

42. (0,10),(1,9),(2,6),(3,0)

1~

(d) For2014, x = 24and

in =6 N
> - y = 0.075(24) + 5.3 = 7.1 (billion)
v =25 0.10) A2 (1.9
Yx? = 14 2.6) y = —0.002(24)2 +0.12(24) + 5.1 ~ 6.8 (billion).
zx_3 - 36 . Go |, The quadratic model is less accurate because of the
z ’4 08 — negative x? coefficient.
Xt =
le-y,- =21
zxizyi =33
98a + 36b + 14c = 33
36a + 14b + 6¢c = 21
14a + 6b + 4c = 25
a=-3b=Fc=y=-3x+Fx+ 2
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256 Chapter 13 Functions of Several Variables

45. (a) InP = —0.14994 + 9.3018

(b) InP = —0.1499k + 9.3018

P = 6—0.1499h+9.3018 — 10’957.76—0.1499)1

() 14,000

-2 24

-2,000

(d) Same answers

47. S(a.b) = Yaz + b - )
i=1

S.(a,b) = zaile + zbixi - 22:@%

Sb(a, b) = 2azn:x,~ + 2nb — Ziyi
i=1 i=1

S.a(a,b) > Oaslongas x; # 0 foralli (Note: Ifx; = 0 foralli, thenx =

2 2
d =SSy — S’ = 4n) x? - 4[2):,) = 4{n2x,~2 - (in] ]
i=1 i=1 i=1 i=1

Aslong as d # 0, the given values for a and b yield a minimum.

Section 13.10 Lagrange Multipliers

1. Maximize f(x, y) = xy.
Constraint: x + y = 10
Vf = Avg
yi+xj:ﬁ,(i+j)

y=4
X =
x =4 Y

x+y=10=>x=y=>5
f(5,5):25

y

Level curves

- .
Constraint

46. () & = ax + b = —0.0074x + 0.445
y
B 1
YT 20.0074x + 0.445
(b) 40 .
0 60

(c) No. For x = 70, y = —14, which is nonsense.

y = 1000 which seems inaccurate.

= 0 is the least squares regression line.)

v

2
n n

0since ny x> = (inj )
i=1 i=1

2. Maximize f(x, y) = xy.

Constraint: 2x + y = 4

Vf = Avg

yi+ xj =2+ A4j

y =2

x =21

2x+y=4=41 =4
A=Lx=1Ly=

f(1,2) =2
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3. Minimize f(x, y) = x> + y. 6. Maximize f(x, y) = x* - y’.
Constraint: x + y = 4
Vf = AVg

Constraint: 2y — x* = 0

Vf = AVg
2+ 2yj = A + 4 2xi — 2yj = —2xAi + 24j
2x=i} 2x = 2xA = x =0or A = —1
X =Y
2y =4 Ifx = 0,theny = Oand £(0,0) = 0.
x+y=4=>x=y=2 IfA = -,
2,2) =8
/2.2) 2y =22==22=y=1=x>=2>=x=-/2.
4\v Constraint f(\/z, 1) = 2 - 1 = 1, Maximum
7. Maximize f(x, y) =2x + 2xy + y.
o I Constraint: 2x + y = 100
=\ v = av
.1 Level curves
- (2 +2p)i + (2x + 1)j = 22i + Aj
4. Minimize f(x, y) = x* + y*. 2+2y=2A>y=4-1
A—1 ¥y =2x
Constraint: 2x + 4y = 5 x+l=4A=x=
Vf = AVg

2x + y =100 = 4x = 100
2xi + 2yj = 241 + 41j

x =25y =150
2x =21 =>x =1
£(25,50) = 2600
2y =41 = y =24
2x +4y =5=104 =5 8. Minimizef(x,y) x4yt 0.
/Iz%,x:%,y—l
Constraint: X’y = 6
1 =5
f(z’l)_4 Vf = AVg
. . . 249
5. Minimize f(x, y) = x* + y. 3i+ j = 2xpdi + x°Aj
Constraint: x + 2y =5 =0 322xyﬂ:ﬁ:i
2x.y 2 3x
Vf = AVg : 3x:2x_y:>y:7
= 42 - L
2xi + 2yj = A(i + 2j) l—xﬂ:ﬂ—xz (x # 0)
2x = 4 = 1/2
X X / xzy:6:>x2(3—x):6
y=41 2
2y =24
X =4
xX+2y-5=0
3
A x:\z/z’y:3\/z
E+2ﬂ.=5:>ﬂ=2,x:l,y:2 2
33/4)  93/4 +20
r12) =3 f[ﬁ / ] :
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258 Chapter 13 Functions of Several Variables

. Note: f(x, y) = /6 — x* — »? is maximum when

10.

11.

12.

g(x, y) is maximum.

Maximize g(x, y) =6—x* -y~
Constraint: x + y = 2
2x =1
X =
2y =21 d

xX+y=2=>x=y=1

L1 = Je(1) =2

Note: f(x,y) = «/x* + y* is minimum when g(x, )

is minimum.
Minimize g(x, y) = x* + )2

Constraint: 2x + 4y = 15

2x = 24
y = 2x

2y = 44
2x +4y =15 = 10x =15
3
x==y=3
2y

) -

Minimize f(x, y,z) = x* + y* + 2%,

Constraint: x + y + z = 9

2x = 4
2y =Apx =y =z
2z = A

X+y+z=9=>x=y=2z=3

f(3.3.3) = 27

Maximize f(x,y,z) = xyz.
Constraint: x + y + z = 3

yz =24
XxZ=Apyz=xz=xy > x=y=
xy =4
X+y+z=3=>x=y=z=1

FL11) =1

2

13. Minimize f(x, ¥, z) = x° + y2 + 2.

Constraint: x + y + z = 1

2x = 4
2y =Apx =y =z
2z = A

X+y+z=1=>x=y=z-=

f(lll):l
S \323%3 3

. Minimize f(x,y) = x* —10x + y* — 14y + 28.

Constraint: x + y = 10
2x—10:/1}x=§(10+/1)
2y -4 =4y = Y14 + 2)
x+y =10
110+ 2) +3(14+ 2) =10
A==2
x=4y==6
f(4,6) =16 — 40 + 36 — 84 + 28 = —44

. Maximize or minimize f(x, y) = x? + 3xy + ¥

Constraint: x* + y* <1
Case 1: On the circle x* + y* =1

2x+3y=2x/1}2_ )

x y
3x + 2y = 2y4
2 2
X+ =l>x=+—"y=+—=—
7 2 7 2
Maxima: f] i—z,iﬁ = Bl
’ 2 2 2
Minima: f|+ \/E —2 S
272 2

Case 2: Inside the circle

fo=2x+3y=0_
f=3x+2y=0F V=0

2
fxx = 2af:vy = 25f;cy = 33fxvay _(fxv) <0
Saddle point: f(0,0) = 0

By combining these two cases, we have a maximum

[+\/_ +\/—] and a minimum of
1 t( \/— \/— ]
2 277 2
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16. Maximize or minimize f(x,y) = e /% 18. Minimize f(x, y,z) = x> + y* + z°.
Constraint: x* + y* <1 Constraints: x + 2z = 6
Case 1: On the circle x* + y* = 1 x+y=12
Vf = AVg + uVh
(et =2, , = AVg + u
—(x/4)e"‘y/4 = 2y = X =y 2xi + 2yj + 2zk = 1(1 + 2k) + /1(1 4 J)
2x = A+ u
N R
rrry= e 2y = u 2x =2y + z
2z = 24
Maxima f(iz,iz = e ~ 1.1331 6 x .
2 2 X+2z2=6=z= 5 =3_=
Minima: f(i;’ ig = e*l/x ~ 0.8825 X+y= 12 = y = 12 — x

x
Case 2: Inside the circle 2x = 2(12 - x) + (3 - E) = x=2T=x=6

fo = —~(y/4)e " =0 =y =0 x=62z=0
b= e o[ T

7(6,6,0) = 72
2 2
ISP TR (L . l)
= ¢ , = —¢ o = e X .
S 16 T 16 Jo 16 YTy 19. f(x,y) = (x - O)2 +(y- 0)2 =x*+)°
At (0’ 0)’ ot — (fw)z <0 Constraint: x + y = 1
2x = A = A/2
Saddle point: f(0,0) = 1 x o / =S x=y
2y = 2 y =2/2
Combining the two cases, we have a maximum .
X+y=
of &8 at iﬁ, ?ﬁ and a minimum 1
2 2 x=y= 5
of e/ at[iﬁ,i\/z]. N2 N2 J2
2 2 Minimum distance: (5] + (E] = >

17. Maximize f (x, ¥, z) = xyz.

20. Minimize the square of the distance f(x, y) = x* + »?
Constraints: x + y + z = 32 q f(xy) y

X—y+z=0 subject to the constraint 2x + 3y = —1.
Vf = AVg + uVh 2x = 24 3
y =
. . R . 2y =34 2
y21+xz_|+xyk:l(1+J+k)+y(1—J+k)
2 3
=1 2x+3y=-1>2x=-—y=—
vz + u X+ 3y X T y 3
XZ=A—-Upyz =Xy = Xx =z -
xy=A1+pu The point on the line is (fﬁ, fﬁj and the desired

X+ y+z=32
2x+2z=32=>x=2z=28
x—-y+z=0

e

distance isd = (—— —
13 13 13

y =16
7(8,16,8) = 1024
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260 Chapter 13 Functions of Several Variables

21, flxy) = 2 +(y -2 2. f(x,y) =+ (y-3)
Constraint: x — y = 4 Constraint: y — x> = 0
2x = 2 x = 1/2 2x = 2xA
4-2 20y -3) =1
oAy —2)=-a|y =222 =3
2 2
y =x
x—y=4 Ifx = 0,y = 0,and f(0,0) = 9 = distance= 3.
A 4 -1
E_[72 ]=4 Ifx # 0,4 = -1y = 5/2,x = +/5/2
-6 (1]2 11
+./5/2,5/2) =52+ |—| =—<3
s A3 = 52+ (o) =
Minimum distance: 32 + (—1 - 2)2 = 3\/5 Minimum distance: g
2
2. f(xy) = (x =1+’ 24 f(x,y) = (x+3) + )
Constraint: x + 4y = 3 Constraint: y — x> = 0
2(x71):ﬁ,x=/1-2,—2 2x +3) = 2ax
2y =44 |y =24 =4
y=x
4y =3
XAy A =2y =2x"
A+2
A2 =3 2x +3) = -2(2%)
A+2+161 =6 4 +2x+6 =10
174 = 4 v+ )2 ~2x+3) = 0> x= ~Ly=1
PR
17 Minimum distance: /(—1)2 + (12) =2
19 8
X = ﬁ,y = ﬁ 2 2
25. fley)=(x-1/2+(y-1)
2 2 .
Minimum distance: (Q) + [ﬁ] - V17 Constraint: y — x* =1 =0
17 17 17
Z(x - %) = —2xA
2(y = 1) =4
y=x+1

A=2y-2=2x+1)-2= 2+
Z(x - %) = —2x(2x2) = —4x}

4 +2x-1=0
0.3855
1.1486

Q

X

y

Q

Minimum distance: f(0.3855,1.1486) ~ 0.188

© 2010 Brooks/Cole, Cengage Learning



26.

27.

28.

2

Minimize the square of the distance f’ (x, y) =x" +
2x = 2(x — 4)4 -
( ) _r Y 10:>y:—§x+10
2(y—10)=2yﬁ. x—4 y 2

(x —4) + )7 :4:(x2—8x+16)+[27f5x2—50x+100j

279x2 — 58x + 112

Using a graphing utility, we obtainx =~ 3.2572 and x ~

Section 13.10 Lagrange Multipliers 261

(y — 10)” subject to the constraint (x — 4)° + y* = 4.

Il
N

=0

4.7428 or by the Quadratic Formula,

ELE: 58 — 4(29/4)(112) 58 + 2/29 4 429
- 2(29/4) o292 T 29
J29) N
Using the smaller value, we havex = 4|1 — N2 and y = 10v29 ~ 1.8570.
L 29) 29
[ J29) 104/ ( J29) (10V )’
The point on the circle is| 4| 1 — ﬁ ,10 2 and the desired distanceis d = , [16]1 — ﬂ + 10~/29 - 10| =~ 8.77.
L 29 29 L 29 J 29 J

The larger x-value does not yield a minimum.

Minimize the square of the distance
f(x, ¥, z) = (x - 2)2 + (y - 1)2 + (z - 1)2

subject to the constraintx + y + z = 1.

2(x72)=/1
Z(y—l)zﬁ.yzzandy:x—l
Az -1 =1

x+y+z:1:>x+2(x—l =1
x=Ly=2z=20

The point on the plane is (1, 0, 0) and the desired distance

isd = \J1-2 +(0-17+(0-1)} = /3.

Minimize the square of the distance

f(x, ¥, z) = (x - 4)2 + y2 + z?

subject to the constraint/x* + y* — z = 0.
Ax—4) = ——2 =22
Xt + y? z
2Ax—4) = 2
2y =2 =2 (x - 4) = -2
¥+ )P z 2y = -2y
2z = -4

P+ —z=0x=2y=0,z=2

The point on the plane is (2, 0, 2) and the desired distance

isd = \J(2- 4 + 02 + 22 = 2/2.

29. Maximize f(x, v, z) = z subject to the constraints

x? + 3y -z = 0andx + 2z = 4.

0=2xA+u
0=2yL=y=0
1 =-2z24+2u

¥ +yr-z22=0
X+2z=4=>x=4-2z

(4-22 +0° -2 =0

322 - 16z +16 = 0

(3274)(274):0
z=4%orz =4

The maximum value of /" occurs when z = 4 at the point
of (~4,0,4).

30. Maximize f (x, ¥, z) = z subject to the constraints
¥+ P+ 22 =36and2x + y — z = 2.
0 =2x4+2u
0=2y4+u x =2y
1 =2z - pu

¥+ 3y + 22 =36

2x+y-z=2=>z=2x+y—-2=5y-2
2 2
(2y) +y2+(5y72) =
30y —20y =32 =0
15y =10y — 16 = 0
5+ /265

15
Choosing the positive value for y we have the point

[10 + 2265 5+ /265 1+ \/265]
bl 2 3 .

15 15

y =
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262 Chapter 13 Functions of Several Variables

31. Optimization problems that have restrictions or 35. Minimize f(x, ¥, z) =x+y+z
constraints on the values that can be used to produce the )
optimal solution are called contrained optimization Constraint: g(x, y, z) = xyz = 27
problems. 1= Ayz = x = Axyz

32. See explanation at the bottom of page 971. l=Axz=>y=Ayz=>x=y=z

1

Axy = z = Axyz
33. Minimize f(x, y,z) = x* + y* + z%.
xyz = 27
Constraint: g(x, ¥, Z) =x-y+z=3
2x = 1= x =12
y=-A=y=-22 36. Maximize P(x, y, z) = xy’z.
2z =1 = z=21/2

¥=2T=>x=y=2z=3

Constraint: g(x, y,z) = x + y + z = 32
x-y+z=3

Yz =4
i,(,ﬁ']+i:3 2xyz = A
2 2 2 5
xy® = A
34
7_3 X+y+z=32
A =2 0w =3yz=x=z (y;tO)

x=1Ly=-1Lz-=
7 2xyz = xp° = 2x%y = x* = 2x =y

Minimum distance = /1> + (<1)* + 1> = /3 X+ 2x +x =32

x =28
e 2 2 2
34. Mlmmlzef(x, ¥, Z) = (x - 1) + (y - 2) + (z - 3) . y =16
Constraint: g(x, y,z) = x =y +z =3 z=38
e —1) = 4= x=2t2 37. Minimize f(x, y, z) = 0.06(2yz + 2xz) + 0.11(xy).
2
_ Constraint: g(x, y,z) = xyz = 668.25
2(y72)=7/1:>y=u )
2 0.12z + 0.11y = yzA4
2(2,3):,1:”:6*/1 0.12z + 0.11x = xz4
2 0.12(y +x) = wi
xX—y+z=3
xyz = 668.25
244 4-1 6+ 4
5 T, + - 3 0.12xz + 0.11yx = xyzA = 0.12yz + 0.1lxy => x = y
I +4=6 0.12(22) = x4 = 4 = 222
2 X
1 =2
3 0.12z +0.11x = xz[o'%j =024z = 7 = 2 _1x
4 5 10 X 012 12
x=§,y=§,2=? 1 3
xyz = xz[l—xj =66825 =>x=y=9,z= =
mimam asnce= (5] + (] (3] =
Minimum distance= |—=| + |—=| +|=| = —
3 3 3 3 33
f19, 9,; = $26.73

© 2010 Brooks/Cole, Cengage Learning



38. Maximize f(x, y,z) = xyz (volume).

39.

40.

Constraint: g(x, ¥, z) =15xy + 2xz+2yz = C
vz = 1.5y + 2z4

xz = 1.5xA4 + 2z4

xy = 2xA + 2yA

1.5xy + 2xz + 2yz = C
wz = x{1.5p4 + 222] = H[1.5x4 + 2z4]
2xzA = 2yzA
X =y (also by symmetry)
2 = 2xA + 2xA = A = x/4

1.5x[1) + 22(1) =z = éx
4 4 4

=
Il

Xz =
1.5x% + ZX(ng + 2x(§x) =C=x*= gC = x = ﬂ
4 4 9 3
2C 2C
y = yZ = T
3 4
Maximize f(x, y, z) = 4”;71)0.
Constraint: a + b + ¢ = K, constant
4rbe 2
3 “\4zbe 4rac K
= S>a=b=>a=b=c=—
4rac 3 3
=1
3
4rab -
3

So, ellipse is a sphere:

¥+ ¥+ 22 = d

Consider the sphere given by x> + 3 + 2% = r?

and let a vertex of the rectangular box be (x, v, z).
Maximize V(x, v, z) = (2x)(2 y)(2z) = 8xyz.

Constraint: g(x, y,z) = x> + y* + 2% = r?

8yz = 2xA = 4xyz = Ax?
8xz = 2yA = dxyz = Ay*ix = y =z
8xy = 224 = 4dxzy = Az’

2

xF 4y 422 =t

So, the rectangular box is a cube.

>

Section 13.10 Lagrange Multipliers 263

41. Maximize P(p, q, r) = 2pg + 2pr + 2qr.

42.

Constraint: g(p,q.7) = p+q+r = 1

2g +2r = A
2p+2r=Ayp=q=r
2p+2qg = A

p+q+r=3p=12p=%and
i) =) -3

Maximize H(x, v, z) =-—xlnx—-ylny-yhz

Constraint: g(x, y,z) = x + y + z = 1

(@ -Inx-1=4
—1‘[1y—1:/1x:y:z
-lnz-1=21

X+y+z=3x=1=>x=y=z=

(b) H(

111

3733

1
3

) = 3[—%111 (g)] =3
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264 Chapter 13 Functions of Several Variables

2 2 2

43. Maximize V(x, ¥, z) = (2x)(2y)(22) = 8xyz subject to the constraint x—z + Z—Z + Z—z = 1.
a c
8yz = 2—)2(1
a
2y x2 y2 ZZ
S ]
8xy = 2—5/1
¥yt 2 3x2 3y? 372
S +5+5=1=>— =1, =1,—=1
a b a* b? c?
a B c

So, the dimensions of the box are

2\/3a 5 23 24/3c
; .

44. (a) Yes. Lagrange multipliers can be used.
(b) Maximize ¥(x, y,z) = xyz subject to the constraintx + 2y + 2z = 108.
yz =4
xz = 2Apy = zandx = 2y
xy =24
X+ 2y+2z =108 = 6y =108,y = 18
x =36y =z=18

Volume is maximum when the dimensions are 36 x 18 x 18 inches.

45. Minimize C(x, y, z) = 5xy + 3(2xz + 2yz + xy) subject to the constraint xyz = 480.

8y + 6z = yzA4

8x + 6z = xzApx = y,4y = 3z '

6x + 6y = xyl E

xyz = 480 = 4)° = 480 —=f-----

y = /360, z = 43/360 | :
Dimensions: 3/360 x </360 x 4</360 feet. Y

X

46. (a) Maximize P(x, v, z) = xyz subject to the
constraintx + y + z = S.
yz =4
xZ=Apx=y=z

xy =4

S
x+y+z=S:x=y:z:5

B[+

IN

So, xyz

IN
|

IA
W |
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n

(b) Maximize P = x;x,x;---x, subject to the constraint in = S.

i=1

XpX30X, = A
XxX3x, = A
XXy 7/1 X| =X, = X3 = =X,
X XoXs X, = A
- S
in=S3x1=x2=x3:---=xn:;
So,
S\ S
XX X3+ ; " ,x[ >0
n
S
X XpX3" ;
S
A i xx30 %, < —
n
XpF Xy b X+ X,
4 xxyx5-x, < =L 2 3 LY

n

47. Minimize A(z,r) = 27rh + 27r* subject to the constraint zr2h = V.

48.

2ar = il

27h + 4nr = Zﬂrhﬂ}
= 2r

arth = Vy = 2m =V,

Dimensions: » = Hﬁ andh = 23 1
2 2r

Maximize T(x, v,

2x = 2xA + u
2y = 2yA
0=2z0-pu

z) = 100 + x* + »* subject to the constraints x* + y* + z’

=50 andx — z = 0.

If y#0,then A =1land # = 0,z = 0.
So, x = z = 0and y = ~/50.

T(o, V50, 0) =100 + 50 = 150

If y =0 then x* + z2 = 2x> = 50and x = z = ~/50/2.

(V50  </30) 50

TL* 0, TJ =100 + 7 = 1125

So, the maximum temperature is 150.
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266 Chapter 13 Functions of Several Variables

. . Distance . . . d? + x* dy? +y* . .
49. Using the formula Time = ————, minimize T(x, y) = \/ ! + \/ 2 7Y subject to the constraint x + y = a.
Rate v V)
— -
v a2 + x2 X B ¥
Yy -1 vl\/dlz + X2 vz\/dzz + y2
v d? + y?
X+y=a
P Medium 1
. X
Because sin § = ——— N '
d? + x? . !
4 X
~ 1
. ~ 0
andsin 6, = o4 '

~
~
N

I A— g
> 2 ey
NV d2 ty X :/\ d
0. 2
1

/ / I a Qo
we have x/ i + % = y/ )’ + or Medium 2
4! V2
sin¢y _ sin6,
W V2 .
e _ 0251075 ¢iihyi
50. Case 1: Minimize P(l, h) =2h+1+ (ﬂ) subject to S1. Maximize P(x, o¢ ) = 100x72y™ subject to the
2 constraint 72x + 60y = 250,000.
2 0.75
the constraint /h + [%J = A 25507075 = 72 = (Xj _ 24
b3 25
0.25
1+§ _ (h . leﬂ 75x925,7025 _ 607 = [ﬁj _ %
y
2:[131:%,1+§:%+§ [Z)OJS(XJMS_(E](EJ
I = 2n X x 25 /\604
- (a?) 2.3
Case 2: Minimize A(l, h) =1h+ L—J subject to X 5
8
18
y=—_x

the constraint 24 + [ + (%Z) = P.

72x + 60[%x) = 288x = 250,000 = x = 15;225
h + il =L +Z]
4 2 y = 3125

Il
=222 a=2hns =L P[ 13925 3125) ~ 226860
2" T4 T2 18

Byl
I

Lorl =2h
2

|— | —————
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52. Maximize P(x, y) = 100x**y*S subject to the
constraint 72x + 60y = 250,000.

0.6
40x706)0% = 722 = [1) - 24
X 40
04
60x0.4y70.4 _ 601 = [ij — @ =
y 60
(zj“(zj“ _7A 1
X X 0 A
y_24,2%
X 5
T2x + 60£%x) = 180x = 250,000 = x

y = 2500

P(IZS’OOO,ZSOOJ =~ 496,399

125,000

Section 13.10 Lagrange Multipliers

53. Minimize C(x, y) = 72x + 60y subject to the
constraint 100x%2°y%7 = 50,000.

075 7
72 = 2550707 = [X) >
X 254
025
60 = 75x0%7025) = [f] _ 60
y 752
(1)0,75(2)0,25 - E ﬂ
X X 254 60
18 18

y
= = = y=—x = 3.6x
x5 V7S
100x%(3.6x)"” = 50,000

500

x = oo > 1913124

y = 3.6x = 688.7247
C(191.3124, 688.7247) ~ 55,097.97

54. Minimize C(x, y) = 72x + 60y subject to the constraint 100x"°y** = 50,000.

0.4
72 = 60x 441 = (Xj -2
X 604
0.6
60 = 40x°6y064 = [fj 03
y 404 22
(y)“[y)("ﬁ 2 2
X X 604 3
y 4
T =—=y=—x
X 5 Y
4 0.4
100x0'6(§xj = 50,000
500
(4/5)04
400
(4/5)04

(500 400 )

s s

~ $65,601.72

55. (a) Maximize g(a, 8, 1) = cos a cos f cosy subject to the constrainter + S + y = 7.

—sinacos fcosy = A

—cosasin fcosy = Aptana =tan f =tany => a = f =y

—cosa cos fsiny = A

a+ﬂ+y:7r:a:ﬂ:y:§

267
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268 Chapter 13 Functions of Several Variables

b a+p+y=a=y=1-(a+p)

gla+p)

cos a cos f3 cos(7r —(a+p ))
= cos a cos f3 [cos zcos(a + f )+ sinzsin(a + S )]

= —cos a cos Bcos(a + B)

56. Letr = radius of cylinder, and / = height of cylinder = height of cone.
S = 2zrh + 27zr~J h* + r* = constant surface area
27r’h Smr’h
3

We maximize f(r, h) = r*h subject to g(r, h) = rh + r~/h* + r* = C.

V = zr’h + volume

(C - rh)2 = rQ(hz + r2)
C* - 2Crh = »*

[

flrh) = F(r) = ,,2[

2Cr 2 2C
4
F/(r) = c_5
2 2C
Cc? = 54
C
2 _ =
SN
-10/°
Fv/ _
()=

ho 25

So,— = ——.
r 5

By the Second Derivative Test, this is a maximum.
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Review Exercises for Chapter 13 269

Review Exercises for Chapter 13

L fx,yz)=x>-y+22 =2
y=xt+z22-2

Elliptic paraboloid

(b) g(x, y) = f (x + 2, y) is the graph of f shifted
2 units back on the x-axis. The hemisphere has
equation

(x+2)2+y2+z2:1,220.

2. f(x,p,z) = 4x* —y* + 422 =0 (¢) g(x,y) = 4 = f(x, y) is the graph of f reflected in

Elliptic cone. the xy-plane, and shifted 4 units upward.

\ @

z = J1 = x* = y?

5. f(x, y) =’
The level curves are of the form
2,2

c=e" "

Inc = x* + %

The level curves are circles centered at the origin.

(b) g(x, y) = f (x, y) + 2 is a vertical translation
of f two units upward.

(¢) g(x,») = f(x,y — z)is a horizontal translation
of f two units to the right. The vertex moves
from (0,0, 0) to (0, 2, 0).

(d) :

Generated by Mathematica

6. f(x,y) = Inxy
The level curves are of the form
c =Inxy

e’ = xy.

The level curves are hyperbolas

1 3
2 ¢F5 =%

&cl

-3 3

=
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270 Chapter 13 Functions of Several Variables

7. f(x,y) =x2 - y2
The level curves are of the form
c=x? P

1= -2
c c
The level curves are hyperbolas.

v

c==12 ¢=-2
/ /_c=2

Generated by Mathematica

X

. f(x, y) =

X+y
The level curves are of the form

X

x+y

()

The level curves are passing through the origin with

y

slope
1
_3¢=glez—3 1
c=-3 2 c=5
c==21—_ %
c=1
-3 3

11.

12.

13.

14.

16.

18.

lim =
(ny)>(L)x" + y

1
2
Continuous except at (0, 0).

. X
lim =

(ny)->(L)x* — y

Does not exist.

Continuous except when y = =*x.

y+xe’—"2 _0+0

im
(x.7)>(0,0) 1+ x? 1+0

Continuous everywhere.

2

T 2
(x.2)=(0,0) x* + y
2 4
X7y X 1
Fory = x?, = - —
d xt + 32 xt+ x* 2

2
Fory = O,% = Oforx = 0.
x'+y

The limit does not exist.

Continuous to all (x, y) * (0, 0)

. f(x, y) = ¢e*cosy

fi = €' cosy
Jfy = —e'siny
_ X
f(an)—x+y
f:y(x+y)—xy: v’
' (x+y)2 (x+y)2
2
X
fy_(x+y)2
z=e' +e”
0z _, Oz .
— =t — =—e
Ox oy
z—ln(x2+y2+l)
0z _ 2x
8x_x2+y2+1
0z 2y

5 2+ rl
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_ xy 24. u(x, t) = c(sin aloc)cos kt
19. g(x,y) =
( ) U Qu _ akc(cos aloc)cos kt
g = y(x2 + yz) - xy(2x) _ y(y2 - xz) ox
) (xz + y2)2 (x2 + yz)z % = —ke(sin akx)sin kt
x(x2 _ yz)
g, =—/
y (xz n yz)Z 25.
3
20, w=+J/x? -y - 2?
oot

NS A y IS
ow -y ;7[

EXN S *‘

@:_72 26.z:x21n(y+1)
oz 2 2
oy %z2xln(y+l).At(2,0,0),%:0.
21. f(x,p,2) = zarctan 2 Slope in x-direction.

x

0z x? 0z

_ E X At(2,0,0,Z = 4,
SV [_sz: — o 1y MO0y
L+ (»?/x2)0 x x>+ y

Slope in y-direction.

7 - z Gj: xz

1+ (yz/xz) ¥+ y? 27. f(x,y) = 3x* — xp + 2)°
1. = arctan% ]]:T ; icc +);y2
1 Su =0
22. f(x,y.2) = NIRRT foy =12y
Jop = -1
S fo = 1

o _ 1 2 2 2y 2
™ 2(1 + X"+ y 4z ) (2x) 28, h(x, y) _ X
X+ y
—x
(1 +xr+ 9y + 22)3/2 h, = ﬁ
X+ y
of -y
- 2 2 2)¥2 ho= —
oy (1+x +y +z) ¥ (x+y)
of -z _
oz - 2 2 2)3/2 hy = 2 3
4 (l+x +y +z) (x“‘J’)
2x
h, =
23. u(x,1) = ce”’z’sin(nx) Y (x + y)3
ZZ _ cne—hzt cos(nx) hw _ (x + y)2 — Zy(x + y) _ X -y
’ (x + ) (x + y)
u _ —en?e sin(rx) 2
ot i :—(x+y)+2y(x+y): X -y
’ (x + y) (x + y)
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29. h(x,y):xsiny+ycosx
h, =siny — ysinx

h, = xcosy + cosx

h, = —ycosx

hy,, = —xsiny

h,, = cosy — sinx

h, = cosy —sinx

30. g(x, y) = cos(x - 2y)
g, = —sin(x — 2y)
g = Zsin(x - 2y)
e = —cos(x - 2y)

31. z

o

32. z = X* - 3p?

g, = —4cos(x - 2y) % = 3x* - 3)?
g., = 2cos(x — 2y) &z _ 6x
g = 2cos(x — 2y) g;‘z
Z -5
oy
2
gyi —6x
&z 9%z
o o T
y
33. z = Ea yz
oz “2xy
x (&4 y2)2
2 A2 2 2
6752_)} 4x - 1 2:2y3x y3
ox (x2 4 y2) (x2 4 yz) (xz 4 yz)
(iZ_ (x2+y2)—2y B x2 = y?
oy (x2 n y2)2 (x2 N y2)2
2z _ (@) (20) - 20 - )+ 07)(2y) 3
oy? (x2 N y2)4 (x2 N y2)3
0%z 0%z
34, z = e?Vsinx
[o74 )
P = e’ cos x
0’z o
e = —e’sinx
2—2 = e’ sin x
y
2
% = e’ sinx
Y
2 2
So,% + % = —e’sinx + e’sinx = 0.
X
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3s.

36.

37.

38.

39.

40.

41.

Review Exercises for Chapter 13 273

z = xsin xy
0z Oz
dz = Zav + Zady = (xycosxy + sin xy)dx + (x? cos x)d
aEt e = (xy cos xy y)dx + (x cos xy)dy
z = a4
X+ 2
dz = @dx + ﬁdy
Ox oy
NN y—xy(x/«/x2+y2) NE Y x—xy(y/«/x +y) 3 3
= > > dx + = 3/2dx + 3/2dy
x*+y X+ y? (x2+y2) (x2+y2)
2= a2yt
2zdz = 2xdx + 2y dy
dz = dx+ ydy 5[1 +2(1j 17 0.654 om
132 1312 26
Percentage error:é = M ~ 0.0503 = 5%
z
From the accompanying figure we observe
tan 6 = ﬁorh = xtan @
X
h
dh = %d + %de = tan @dx + x sec’ 6.d6.
Ox 06
. 1 11z 0
Lettingx = 100,dx = +—,60 = and d@ = +—

2 60° 180 x
(Note that we express the measurement of the angle in radians.) The maximum error is approximately

dh = tan(“—”)(il] + 100 sec Z(M][il] ~ +0.3247 + 2.4814 ~ +2.81 feet.
60 /02 60 /17180

_ 2
V = ixr’h

Av = 2zrhdr + Lzr? dh = %ﬂ(Z)(S)(i 7 = trin’?

A = ot + b
dA = (ﬂ'\/ P+ h o+ Jdr + h

dh
\/r + K \/}’2+h2

A=

z(2rt + K? 2
A ) mh A8+ 5)(;) , loz (ilj 8
N N~ NEEANENSTIN 8/29
w = ln(x2 +y),x =2,y =4-1t 42. u =y — x,x = cost,y = sint
. dw owdx owdy . .du  Ouodx 3u5‘y
a) Chain Rule: — = —— + —— (a) Chain Rule: — = — =
(@ dt ox dt Oy dt dt  oxor 8y ot
= —1(—sint) + 2y(cos ¢
S SN B (=sin?) + 2y(cos 1)
¥ty Xty = sin 7 + 2(sin 7) cos ¢
__ & -1 = sin#(1 + 2 cos?)
47 + 4 —¢ o .,
(b) Substitution: w = In(x* + y) = In4r* + 4 — 1) (b) Substitution:u = sin”f ~ cos
dw 1 @=2sintcost+sint

2 - (8¢ — 1 dt
dt 4z2+4—t(8t )

sin t(l + 2 cos t)
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274 Chapter 13 Functions of Several Variables

43. w:ﬂ,x:2r+t,y:rt,z:2r—t
z

(a) Chain Rule:@ = ow ox + owdy + Ow 0z
or OxoOr Oyor 0Ozor

-20)+ X0 - %0

2
z
2rt N (2r + t)t B 2(2r + t)(rt)
22—t 2r—t (2r — 1)’

4t — 4rt* - 1
(2r - t)2

ow _ Owdx N ow oy N ow oz
ot oxot Oyot 0Oz ot
Yy X Xy
= =(1) + =(r) = =(-1
20) + 2() = 21
_ 4%t — rt? + 417
(2r - t)2
2 2
(b) Substitution: w = X _ (2r i t)(rt) = 2ttt
z 2r —t 2r —t
ow  4rtt —4r? - 1

or (2r — 1)
61 _ 4% — 1t + 47

o (2r - 1)2

4. u = x2 +y2 + ZZ,x = rcost,y — rsint,z =t
(a) Chain Rule; % = & Cudy  oulz
or Ox or Oy or 0Oz or
= 2xcost + 2ysins + 2z(0)
= Z(r cos? ¢ + rsin? t) =2r
o _ouax owy e
ot Ox ot Oy ot 0Oz ot

= 2x(—rsint) + 2y(rcost) + 2z = 2(—r2 sin ¢ cos ¢ + ? sin ¢ cos t) +2t =2t

(b) Substitution: u(r, ) = r*> cos® ¢ + r*sin’ 1 + 1 = 1> + 1

a—u=2r
or
Wy
ot
45. X +xp+ P+ yz+ 22 =0 46. xz? — ysinz = 0
2x+y+y%+2z§:0 2xz§+zz—ycosz@:0
Ox Ox Ox Ox
0z _ 2x-y @: z?
ox v+ 2z Ox  ycosz — 2xz
0z 0z .
x+2y+y%+z+22@:0 2xza——ycosz——smz:O
Oy oy y
0z —x-2y-z oz _ sin z
5: v+ 2z 0y 2xz—ycosz
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47. f(x, y) = x2y
Vf = 2xpi + x%j
Vf(-5,5) = =50i + 25j

u==-i- gj unit vector
D, f(-5,5) = Vf(-5,5) - u
= -30 - 20 = =50

48. f(x, y) = ly2 - x?
N
Vf = -2xi + Ey‘l

VF(1,4) = -2i + 2j
u = Lv = ﬁi + ﬁj
J5 5 5
D, f(1,4) = V/(1,4) - u
W5 25 25

5 5 5

49. w= >+ xz
Vw = zi + 2yj + xk
Vi(l,2,2) = 2i+4j+k
u=1v=2=i-1j+3k

Dw(1,2,2) = Vw(1,2,2) - u =

51N

50. w = 5x% + 2xy — 3y*z
Vw = (10x + 2y)i + (2x — 6yz)j - 3y°k
Viw(1,0,1) = 10i + 2j
u = %(i +j-k)

Dw(1,0,1) = Vw(1,0,1) - u

10 2 12
Y NE)
NNV
51. z = x%
Vz = 2xpi + x%j
V.(2,1) = 4i + 4j
|V2(2.1)]= 4/2
52. z =e7 cosy
Vz = —e™* cos yi — e *sin yj
( q V2. 2. V2 2
Vz0,~|=——i-—j=(—,——
4 2 2 2 2
=1

442 _2
3+3_3

)

Review Exercises for Chapter 13 275

Yy
53. z = =y yz
_ 2xy . X2 _ y2
Vz = (x2 N y2)21 + (x2 N y2)2J
w@g:~4:§g®
1
|vz(L1)] = 2
54. s= %
x -y
2 2
Vs = x° = 2xy. N X i
T o)
Vz(2,1) = 4j
Hvz(z, 1)H =4

55. f(x,y) = 9x* — 4y*,c = 65,P(3,2)

(a) Vf(x, y) = 18xi — 8yj
V/(3,2) = 54i - 16j

(b) Unit normal: ~1 — 100 _ 159 ;)
[54i — 16j]| 793
(c) Slope= 2
8
27
-—z=—x-3
y gx =3
= ﬂx _8 Tangent line
8 8
(d) A
6l
T Unit normal
2+ /\'CCtOl'
Sa A
ot
ot

Tangent line
56. f(x, y) =4ysinx — y,c = 3, P(%, 1)
(@) Vf(x,y) = 4ycosxi+ (4sinx - 1)j

Vf[%, 1] - 3j

(b) Unit normal vector: j

(c) Tangent line horizontal: y = 1
(d) y

3+

2+
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57.

58.

59.

60.

64.

Chapter 13 Functions of Several Variables

F(x,y,z) =xty-z=0
VF = 2xyi + x*j— k
VF(2,1,4) = 4i + 4j - k

So, the equation of the tangent plane is
Hx-2)+4y-1)-(z-4) =0or
4x +4y -z =8,

and the equation of the normal line is
x=4+2,y=4+1z=—-t+4

Flx,y,z2) =y’ + 22 =25=0
VF = 2yj+ 2zk
VF(2,3,4) = 6j + 8k = 2(3j + 4k)
So, the equation of the tangent plane is
3y —3)+4(z—4) =0or3y+4z =25
and the equation of the normal line is
x = 2,)/7_3 = 27_4
3 4
F(x,y,z):x2+y2—4x+6y+z+9:0
VF = (2x - 4)i+ (2y +6)j+ k
VF(2,-3,4) = k

So, the equation of the tangent plane is
z—4=0o0rz=4,
and the equation of the normal line is

x=2y=-3z=4+1

Flx,y,2) =2+ 2 +22-9=0
VF = 2xi+ 2yj + 2zk
VF(1,2,2) = 2i + 4j + 4k = 2(i + 2j + 2k)
So, the equation of the tangent plane is
(x=1)+2y-2)+2>z-2)=0o0r
X+2y+2z=09,

and the equation of the normal line is

x-1_y-2_z-2
1 2 2
(@) f(x,y) = cosx + sin y, £(0,0) = 1
fo = —sinx, £,(0,0) = 0
f, = cosy, £,(0,0) =1
Pl(x, y) =1+y
(b) fu = —cosx, f,(0,0) = -1
S = —siny, £,,(0,0) = 0
Sy = 0,7,(0,0) =0

P(x,y)=1+y—1x*

61.

62.

63.

F(x,y,z) =y’ +z-9= 0,(2,2,5)
G(x,y,z) =x-y

VF =2yj+k

VG =i-j

VF(2,2,5) = 4j+ k

i j K
VFxVG=0 4 1|=1i+j-4k
I -1 0
Tangentline:x7 :y*22275

1 —4
F(x,y,z)=x27y272=0
G(x,y,z)=3—z=0

VF = 2xi - 2yj-k
VG = -k
VF(2,1,3) = 4i - 2j -k
i j ok
VF xVG =@ -2 - =2(i + 2j)
0 0 -1

So, the equation of the tangent line is

R e

1 2

f(x,y,z) = x* + y2 +2z2-14

Vf(x, v, z) = 2xi+ 2yj+ 2zk

Vf(2,1,3) = 4i + 2j + 6k Normal vector to plane.
n-K 6 314

In| /56 14

6 = 36.7°

cos 6 =
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(¢) Ify = 0, you obtain the 2™ degree Taylor polynomial for cos x.

@ x|y | fxy) | By | B(xy)
0 |0 |10 1.0 1.0
0 | 0110998 |11 1.1
0201|1079 | 1.1 1.095
05]03 | 11731 |13 1.175
1 o5 10197 |15 1.0

(©)

x

The accuracy lessens as the distance from (0, 0) increases.

65. f(x,y) = 2x% + 6xy + 9y + 8x + 14
fi=4x+6y+8=0
Jy = 6x+18y = 0,x = 3y

4-3y)+6y=-8=y==%4x=-4

Jo =4
Sy =18
S =6

St = (fuo) = 4(18) = (6] =36 > 0.

So, (—4, %, —2) is a relative minimum.

66. f(x,y):x2+3xy+y2—5x
fe=2x+3y-5=0

fy =3x+2y =0

2x+3(—§) =5
2

4x — 9x =10
x=-2,y=3
Jo =20y =2y, =3d=4-9<0

B
7 2

= (-2,3) is a saddle point.

X

67. f(x,y) = xy+l+—
X

Review Exercises for Chapter 13 277

1

y
. 1 ,
fx:y_T:()’x)/:l
X
1 2
fy:.X*?:O,Xy =1

So,x*y = xp?orx = y and substitution yields the
critical point (1, 1).

2
fxr_xj,
Sy =1

2
fyy:?

At the critical point(l, 1), fo =2 >0and

.fxr/:vy - (f:vy)z =3>0.

So, (1,1,3) is a relative minimum.
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68. z = 50(x + y) - (0.1x* + 20x + 150) — (0.05° + 20.6y + 125}
50 — 0.3x =20 = 0,x = +10
50 — 0.15y% — 20.6 = 0,y = *14

z

x

Zy

Critical Points: (10, 14), (10, —14), (~10,14), (~10, ~14)

zy = —06x,z, = -03y,z,, =0

2
At(10,14), 2,2, — (2] = (-6)(~4.2) = 0 > 0,z < 0.
(10,14,199.4) is a relative maximum.

AL(10,-14), 2.z, — (z,) = (-6)(4.2) - 0> < 0.

(10, -14,-349.4) is a saddle point.

At(-10,14), 2,2, — (z,)" = (6)(~4.2) - 0> < 0.

xx“yy

(~10,14, —200.6) is a saddle point.

At(-10,-14), 2,2, — (x,,) = (6)42) - 0> > 0,z < 0.

y

(—1 0, 14, —749.4) is a relative minimum.

69. The level curves are hyperbolas. There is a critical point at(O, 0), but there are no relative extrema. The gradient is normal to

the level curve at any given point (xo, o ).

70. The level curves indicate that there is a relative extremum at A4, the center of the ellipse in the second quadrant, and that there is

a saddle point at B, the origin.

71 P(x, %) = R = G — Cy = [225 = 04(x + x%,)|(x + x5) = (0.05%7 + 15x + 5400) — (0.03x,> + 15x, + 6100)
—-0.45x% — 0.43x,> — 0.8x,x, + 210x; + 210x, — 11,500

P, =-09x - 08x, +210 =0
0.9x, + 0.8x, = 210
P, = —0.86x, — 0.8x; + 210 = 0
0.8x, + 0.86x, = 210

Solving this system yields x; = 94 and x, = 157.

Py =-09

P, =08

P, = —0.86

Py <0

PiPoyey — (Pyy) > 0

So, profit is maximum when x; ~ 94 and x, ~ 157.
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72. Minimize C(x;, x;) = 0.25x5% + 10x; + 0.15x,> + 12x, 73. Maximize f(x, y) = 4x + xy + 2y subject to the
subject to the constraint x; + x, = 1000. constraint 20x + 4y = 2000.
0.50x1+10:/15 ; " 4+y:20,15 ;

X — 3x, = X -y =-
030x, +12 = 4] 77 X+2 =44
X + X = 1000 = 3x, + 3x, = 3000 20x + 4y = 2000 = 5x + y = 500
5x, —3x,= 20 5x -y = -6
8x, = 3020 10x = 494
x = 3775 x =494
X, = 622.5 y = 253
C(377.5,622.5) = 104,997.50 £(49.4,253) = 13,201.8

74. Minimize the square of the distance:
f(x,y,z) = (x - 2)2 + (y - 2)2 + (xz + 2 - 0)
fo=2x=2) + 2+ y?)2x = 0|x — 2+ 2 + 207 = 0
fr=2y = 2)+2(x* + )2y = 0

2

y-2+2y +2x*y =0
Clearly x = yand hence: 4x> + x — 2 = 0. Using a computer algebra system, x ~ 0.6894.
2
So, (distance)” = (0.6894 — 2)° + (0.6894 — 2)° + [2(0.6894)2} ~ 4.3389.
Distance =~ 2.08
75. (a) y = 0.004x> + 0.07x + 19.4
(b) Whenx = 80,y = 0.004(80)2 +0.07(80) + 19.4 ~ 50.6 Kg.

76. (a) y = 2.29¢ + 2.0

20

(b)

Yes, the data appear linear.
(¢) y =124 +837Int

(d) 20
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77. Optimize f(x, y,z) = xy + yz + xz subject to the 79. PO = \/x* + 4,
constraintx + y + z = 1. 3
OR = /y" +1,
y+z=4 RS =zx+y+z=10

X+z=Apx =y =1z
_ 2 2

ity A C=3/+4+2/y" +1+:

Constraint: x + y + z = 10

VC = AVg
1
3
3x i+ 2y
\/x2+4 \/y2+1

x+y+z=1l=>x=y=z=1

Maximum: f (%, Ly [ ]
jtrk=A4i+j+k

78. Optimize f(x, y) = x* subject to the

constraintx + 2y = 2. 3x = ANx2 + 4
2xy = A _ /2
Zy ¥} =4xy = x = Oorx = 4y 2y = ANy +l
x° =21 1=24
¥+2y =2 9)62:962-&-4:>xz:l
Ifx =0,y = 1. Ifx = 4y, theny = §,x = 4. 2
4y2:y2+1:>y2:l
Maximum: f(%, %) =1 3
Minimum: £(0,1) = 0 So.x = Y2 | 0907 km
i) - 2 ~ . ]
y:?z0‘577km,
z:lO—%—?z8.7l6km.

80. f(x,y) =ax+by,x,y >0

2 y2
Constraint: — + =—
64

=1
36

. 4
(a) Level curves off(x, y) = 4x + 3y are lines of form y = —gx + C.

Usingy = fgx + 12.3, youobtainx = 7,y = 3, and f(7, 3) =28+9 = 37.

~]
=

-8

S

Constraint is an ellipse.

(b) Level curves off(x, y) = 4x + 9y are lines of form y = —gx + C.

Usingy = fgx + 7,youobtainx = 4,y =~ 5.2, andf(4,5.2) = 62.8.
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Problem Solving for Chapter 13

1. (a)

(b)

(©

The three sides have lengths 5, 6, and 5.

$G)2)0) = 12

Thus,s = % = 8and 4 =
Let f(a,b,c) = (arf:a)2 = s(s
subject to the constraint

a + b + ¢ = constant (perimeter).
Using Lagrange multipliers,

—s(s - b)(s - c) =1

—s(s - a)(s - c) =1

—s(s - a)(s - b) = A

From the first 2 equations
s—b=s—-a=a=b

Similarly,b = cand hencea = b = ¢ which is an
equilateral triangle.

Let f(a,b,c) = a + b + ¢, subject
to (Area)2 = s(s — a)(s — b)(s — ¢) constant.

Using Lagrange multipliers,

1= —ﬂs(s - b)(s - c)
1= —ﬂs(s - a)(s - c)
1= —s(s — a)(s - b)

So,s —a=s—-—b= a=>hbanda = b = c.

2.V = éﬂﬁ + zr’h

Material= M = 4zr* + 27rh
1 - (4 3
V =1000 = h = M
r
1000 — (4/3)7r?
So, M = 4zr* + 272'?((2/ )7z'r J
r
= 4zt + 2000 _ §7rr2
r 3
61—1\/[:8”;'720?07E r =0
dr r 3
16 2000
8zr — —nr =
3 r?
r3[§7z] = 2000
3
3
r3:£0:r:5(gj .
T V4
Then, s = 1000 — (4/3) (750/7r) _ o

13
The tank is a sphere of radius r = S[EJ .

r?

~a)(s ~ B)(s ~ <),

3. (a)

Problem Solving for Chapter 13 281

F(x,y,z) =xz-1=0
F.=yz,F, = xz,F. = xy
Tangent plane:

Yozo(x = xo) + xozo(y — o) + Xoyo(z — 2) = 0

YoZoX + XoZoy + XoYoZ = 3Xo¥oZp = 3

b)) V = %base)(helght)

32 YoZo XoZo )\ X0)o 2

ix(J’vO

5=

Tangent plane
3
X(]Zﬂ
s
37__3 Base

4. (a)

(b)

13
Asx — too,f(x) = (x3 - 1)

¥)] = lim[f(x) -

— xand
a(+)] = 0.

Let (xo, (x03 - 1)]/3) be a point on the graph of f.

hence lim [f(x) -

The line through this point perpendicular

togisy = —x + x, + /x> — 1.
This line intersects g at the point
1 1
(E[XO + 3/ x - 1}, E[xo + 3/ x - ID
The square of the distance between these two points

. 1 2
is h(xy) = E(xo -3 xs - 1) .

h is a maximum for x, = —~=. So, the point
\/—
1
on f farthest from g is (— -
7 VR)

4
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5. (a) 6. Heat Loss= H = k(5xy + xy + 3xz + 3xz + 3yz + 3yz)

= k(6xy + 6xz + 6yz)

V=xyz=1000:>z:@.
Xy
Then H = 6k(xy + 1000 + 1000]
v x
Maximum value of f is f(\/z, ,\/5) = 22 Setting H, = H, = 0,youobtainx = y = z = 10.
Maximize f(x, y) =X 7. H = k(5xy + 6xz + 6yz)
Constraint: g(x, y) =x*+y? =4 1000 6000 6000
= = H =k|5xy + — + .
Vf = AVg: 1 =24x Xy y x
-1 =24
g H, =5y - 60(2)0 =0 = 5yx* = 6000
X2+ y2 =4 X
2x = 21y = x = -y By symmetry,x = y = x° = y° = 1200.
) _ _
2 =4 = a =2,y =FV2 So,x = y = 23/150 and z = 23/150.

V2, -V2) = 242, f(-~2,42) = 22
®) f(x,y)=x-y
Constraint: x* + y* = 0 = (x,») = (0,0)

Maximum and minimum values are 0.

Lagrange multipliers does not work:

1 =2x o
x = —y = 0, a contradiction.
-1 =24y

Note thath(O, 0) = 0.

8. (a) T(x,y):2x2+y2—y+10:10 y

2x2+y27y+i:%
2
1 1
2x% + - =] =-
* (y 2] 4
2
2 - (1/2
x—+7(y (/ )) =1 ellipse

1/8 1/4

(b) Onx? + 32 = LT(x,p) = T(y) = 2(1 = »*) + =y +10 = 12— ? - y

T'(y):72y71:0:>y=f%,x=i§.

Inside: 7, = 4x - 0,7, =2y -1 =0 = [0,%)

T| 0, l} = ﬁminimum
2 4
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9. (a) % = Cax® 'yl Zj; = C(l - a)x"y’“

10.

11.

X + y=— = Caxy'™* + C(l - a)x"y1 “

|:Ca+C1—a:|x“ 1-a
Cxyl™ = f

(b) f(tx, ly) = C(tx)a(ty)1 = Crxi-ayl=a = Cxy'- ”() = zf(x, y)

x=rcos@,y =rsinf,z = z

u = Ou Ox + Ou Oy + Ou & ﬁu( —r sin 9) + 6—;” cos € Similarly,
00 ox060 0oyol 0zo0 @ oOx oy
ou = 6—”0059 + 6—usin9.
or  Ox oy
2 2 2 2 2 2 2
a—z = (-rsin 0) — Ou Ox +—au a—er—au i ra—ucos9+(rcosﬁ) Ou g+a—za—y+—au o) 8—us1n0
00 x? 96 oxdy 060  0x0z 06 Ox oyox 00 0y~ 060  0Oyoz 06 oy
2 2 2
= a—Zrz sin? @ + a—zrz cos? @ - 2202 §in G cos 0 — a—urcosﬁ - 6—ursin9
ox oy Oxoy Ox oy
2 2 2 2
Similarly,a—z = a—z cos? 6 + a—z sin? @ + 2 ou cos @ sin 6.
or Ox oy Ox0y
Now observe that
2 2 2 2 2 2
871;1 + l% + %a—z + a—? = a—lzlcos2 0+ — ou sin? 0 + ZLcosﬁsmH 1 %cose + %sine
or ror r- o0 0z Ox oy? Ox0y r| Ox Oy
2 2 2, 2
+a—l;sinz€+a—lzlcoszé—Za sm@cosﬁ—la—u H—fa—smﬁ 82
Ox oy X0y r Ox r Oy 0z

or o o
’u 1 ou 1 &*u

So, Laplace’s equation in cylindrical coordinates, is— + —— + — — + — = 0.
P q Y or? ror r?oee* ozt

() x = 64(cos 45°)1 = 32421
y = 64(sin 45°)¢ — 16> = 32</27 — 1672
y
b) tana =
®) x + 50
( y j 32421 - 16£2
o = arctan = arctan| ————
x + 50 3221 + 50
dot I —64(8\/512 + 251 - 254/2) —16(8v/21* + 251 = 25V/2)
c) — = =
© L 30021 — 1622 (32\/5, N 50)2 64t* — 256~/21° + 102472 + 800~/21 + 625
3221+ 50
(d)
0 /\\ 4

-5

No. The rate of change of « is greatest when the projectile is closest to the camera.
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284 Chapter 13 Functions of Several Variables

(e) da = 0 when
dt

8212 + 25t = 252 =0
254 \/252 - 4(3v/2)(-25v/2)
- 2(3v/2)

No, the projectile is at its maximum height when dy/dt = 32+/2 =32t = Oort = /2 ~ 1.41seconds.

12. (a) d = <Jx* + )7 \/32\/7 32\/—1 — 16t ) = \J4096> — 102427 + 2561 = 161> — 421 + 16

dd 327 3321 +38)
® - - a2+ 16

(c) When ¢ = 2:

32(12 - 62
ﬁ = Q ~ 38.16 ft/sec

. \J20 - 82
ad 3P - 6520 + 360 - 33/12)
d — = = 0 when ¢t = 1.943 seconds. No. The projectile is at its maximum height

dr? (¢ - a2r + 16)3/2
when ¢ = \/5

13. (a) There is a minimum at (0, 0, 0), maxima at (0, +1, 2/¢) and saddle point at (+1, 0,1/e):

~ 0.98 second.

fi = (x2 + ZyZ)ei(xzw )( -2x) + (2x) (v w )

= ef(sz' 2)[(x2 +2y? ( —2x) + ZxJ {7 ” 2x + 4xp? + 2xJ =0=> X +20%-x=0

202)

Iy = (x2 + 2y2)ei(xz+} )( ) (4y)e
:ef(xz+y2)[(x2+2y (—2y) +4y} “y [—y —2xy+4y]— 0= 2y +x?y-2y=0

Solving the two equations x> + 2xy? — x = 0and2y* + x?y — 2y = 0, you obtain the following critical points:
(0, 1), (£1,0), (0, 0). Using the second derivative test, you obtain the results above.

(b) As in part (a), you obtain
f;( _ e—(x2+y2)|:2x(x2 1= 2y2)j|

fy _ e*(x2+yz)|:2y(2 n xz _ 2y2):|
The critical numbers are (0, 0), (0, £1), (+1, 0).

These yield
(#1,0,-1/e) minima

(0, +1, 2/e) maxima
(0,0, 0) saddle
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(c) In general, fora > 0 you obtain
(0,0, 0) minimum
(0, %1, B/e) maxima
(£1, 0, a/e) saddle
Fora < 0, you obtain
(%1, 0, &/e) minima
(0, *1, ﬂ/e) maxima
(0,0,0) saddle

14. Given that f is a differentiable function such that

Vf(xo,J’o) =0, thenfx(xo’yo) = Oandfy(xo,yo) = 0.

Therefore, the tangent plane is —(z — zy) = Oor

z = zy = f(xp, yo) which is horizontal.

15. (a) [ 6 cm

(b) ! 6 cm

|G —|

(c) The height has more effect since the shaded region
in (b) is larger than the shaded region in (a).

(d) A=hl = dd =1dh+hdl
Ifdl = 0.01anddh = 0, then dd = 1(0.01) = 0.01.
Ifdh = 0.01anddl = 0, thendd = 6(0.01) = 0.06.

17. Let g(x, y) = )f [x]
y

Tangent plane at (xy, o, Z9) is f’(xoj(x - xp) + {f(xo
Yo

Yo

- fsf2)-

Problem Solving for Chapter 13

16. (r,6) = (5, %]

dr = £0.05,d6 = £0.05

x =rcosf = SCOS% ~ 4.924

y = rsing = SSin% ~ 0.868

(a) dx should be more effected by changes in .

dx = (cos @)dr + (—r sin 6)d6
~ (0.985)dr — 0.868 dO

dx is more effected by changes in r because

0.985 > 0.868.

(b) dy should be more effected by changes in 6.

dy = sin@dr + rcos 0 do
=~ 0.174 dr + 4.924 d0

285

dy is more effected by @ because 4.924 > 0.174.

-]
oo -0

This plane passes through the origin, the common point of intersection.
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286 Chapter 13 Functions of Several Variables

18. 2+y2:2x

2 yz ' 21
=z + 5 =1 Ellipse ul .
The circle and ellipse intersect at (x, y) and (x, —y) for a unique value of x. A _\‘\ .
-1 1
2= b—z(az - x2) Ellipse 717;/(."'/’«")
a? ol
b2
X+ ?(a2 - xz) = 2x Circle

2
[l _ bsz —2x + b* = 0 Quadratic
a

For these to be a unique x-value, the discriminant must be 0.

2
4—4[1 bij:O
a

a* —a* + bt =0

We use lagrange multipliers to minimize the area f (a, b) = 7zab of the ellipse subject to the constraint
(a b)—a —a*? +b* = 0.

Vf = AVg

(nb, 7a) = A(2a ~2ab*, - 2a%b + 4b*)

b = A(2a - 2ab’)

ra = ,1(—2a2b + 4b3)

b za a
- - 4b* = 2a%H* = 2a* - 2a%H* = 2b* = aF = b = —
2a - 2ab’ 4B —2a% “ @ = o= NG
2
Using the constraint, a®> — a?b* + b* = 0, a* — azjz + % =0
3__a
2 V2
2 2
Ellipse: SN SSS
©2)  (3/2)
19. % = %[— cos(x — ) + cos(x + t)] 20. u(x,1) f[f x—ct)+ f(x + ct)]
2 Let r = x — ds =
a—zjzl[—sin(x—t)—sin(x-rt)] etr =x—ctand s = x + ct.
65 f Then u(r,s) = f[f )]
A f[cos(x — 1) + cos(x + t)]
o2 @:@@Jfl"@:lﬂ(_c) Ly
o%u 1 . . ot or ot Os Ot 2 dr 2 ds
— = 7[— sin(x — #) —sin(x + t)] X s Al .
a2 Fu_1df o 1d f() df+df
u & ot 2 dr? 2 d: dr? ds?
Then. 57 = 5 ou_ouor ouds _1df, 1@

a: 6r8x+8s ox EE()+5ds(l)
@_ld2f(1)2+ L d? f() l{d2f+dzf}

ax? 2 2dr? 2 ds? 2| ar?  ds?
2 2

So, a—g = cza—z.
ot ox
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CHAPTER 14
Multiple Integration

Section 14.1 Iterated Integrals and Area in the Plane

x _ L _ 2yy )
1. Jo(x + 2y) dy = [xy + yzl) =x* +x? = 2x? 3 J} = dx [y lnx]f}

X
Xzy lyz 5 % 2 X/ 5
Sl el [t ey I Sl

yln2y -0 = yln2y,(y > 0)

N

4. '[Oms'vy dx = [yx]gosy = ycosy

4x° — x
o 2

5. jﬁ

0

rﬂ .

1
Xy dy = [Exzyz

&

J‘x\f(xz + 3y2) dy = [xzy + yﬂf = (xz\/; + (\/;)3) _ (x2x3 + (x3)3) N TF TR V- S R

v

. Jﬂ yln x dx = [%y In? x} = %y[ln2 y — In? eq = %[(ln y)2 - yz}, (y > 0)

e’ X oy

2

@

I-y
L 1:‘; (xz + y2) dx = |:lx3 + y2x:| _ = 2|:l(1 _ y2)3/2 4 yz(l _ yz)l/Z} _ 27\/1—)/2(1 + 2)/2)
_Ji—y

3

°

3 3 3 3
* -y/x — (= —y/x 1" Y —y/x I —x2 _ 2 —y/x ¥ — 21 = —x2 2 7)52)
., e dy [ xye JO + x_[o e dy x‘e [x e JO X (1 e xe

u =y du=dy,dv=e’*dy,v=—xe

b 2
10. J‘ﬂ/ sin® x cos y dx = J‘”/ (1 — cos’ x) sin x cos y dx
y y

1 /2

= [(—cos X+ 3 cos’ x) cos y}y = (cos y - %cos3 y) cos y

11. Lj Jj(x+y)dydx = J.;[xy-i—'iyz}zdx = j;(2x+2)dx:[x2 +2xJ =3

1
0
L2, 2 Ll s y32

12. Jll_llz(x —y)dydx: JL] xy—?
-2

_f@u&w_ﬁtwj_pgﬂ{f+ﬂ_4
-1 3 3 3 4 3 3 3 3
4 2

2ea, _ele 0 efes L], [e4 8 T (128 64) (64 8) 8
[ ] -2)axdy = | Lmldy—ﬁhgy =153 =15 3)°573) 73

3

4 [° (s ) axdy = [ B + xyzl = Kz + 3y2j - G + yzﬂ dy

dx = Ijl[2x2 - g + 2x% - g} dx

1

w
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17.
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20.

21.

22.

23.

24.

N

25.

2
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27.

28.

=]

i

°
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z/2

1
72 ¢l 72| 3?2 /2
. J/ chosxdydxz J./ L cosx| dr = I/ lcosxdxz lsinx :l
o Jo o | 2 . o 2 2 2

0

In4 ¢In3 o+ In4 Ty In3
j j e dydy = [ [ex] " ax
0 0 0 0

_ j';n4[ex+ln3 _ equ _ |:ex+ln3 _ ex]z“‘ _ (eln4+ln3 _ eln4) _ (eln3 _ 1) —(12-4)-(3-1)=6

L:[ J.:nx(l + cos x) dy dx = I [y+yc0sx]snxdx = L:[[sinx+sinxc0sx]dx = [—cosx+%sin2 xJ: =1+1=2

4

64

JT JTE 2ye™ dy dx = L4 [J/ze’x]l\/; dx = _[14 (xe’x - e"") dx = [—xe’xl4 = de? + el =

Q| =

Jo LT v = [T = [T e [0 - 0] =4

0

J._44 JOXZ 64— X3 dydx = J.:[y 64 — xﬂxz dx =

0

4
[ e [fon- )] <00 3029 - 2803
-4

3y
5 3y ) 5 ¥ o1,
Jll.[o [3+x +4y)dxdy-j{3x+3+4xy 0 dy

5
39 9 39 9 39 9 39
= 9y +9y° + dy = 9y + =3 |dy = |=y* + =y*| = |=(25) + =(625 + =1 =1629
j{y g y}y j{y 4y}y [2y 16y11 (2() 16! )j (2 16]

2y
2 r2y 5 ) 2 2x° 2 02 16 ;5 3 2 5 3
JOL (10+2x +2y)dxdy—j0{10x+ 3 + 2y°x dy—J.O 20y + 3y + 4y 10y+3y +2y° || dy
v

2
2 20 5y 80 140
= [1oy + 53| ay = |52 + 22| =204+ 22 = 2
Io[y 3y}y {y 3}0 3003

WL e aa = [l e n ] = [0 T e = b b - 4007 -3

0

’” dy = 3.[02(8)/2 - 4y3) dy = [3(%)}3 - y4ﬂ2 =16

352 -6y

Jﬁ '[2} ” 3ydedy = j [3xy]

3y2 -6y

4-y2
2 pfa-y? 2 2 2x ' 2
e {m} d = [, 24 = [27]; = 4

3y 4 34 Ol 34 (7 3m 3
. L IO > +yzcbcdy = J.l L}arctan(yﬂ dy = Il;(szy = J.];dy =[glny] =73

0

. cos . 5 2cos @ z/2
[ rarao = [ de_j 2 cos? ﬁdﬁ—[é’flsiHZQ} _r
o o 2] 2 2

0
0

S

T Ccos T 2 \/ECOSH T 2 T
[0 o = [ do = [[250 g - j“(i(ucosze)—ijde
RS o |2]5 0 2 2 4 2

- /4
- _[/4[§c0529—§jd9=Fsin29—§6} _3. 3
o |2 4 8 4], T8 16
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290 Chapter 14 Multiple Integration
/2 psing /2 e 72 1
29. [ ["orardo = ["|o| do= [T —0sin’0do
0 0 0 2 o 0 2
| a2 16> (1 ) S
= 7.[ (0 — G cos20)do = { 7(7c0s26’ + sinZBH - L2
470 4| 2 4 2 0 32 8
/4 pcos6 /4 cos 6 /4 00540 4 1 1 ¢ 3
30. [T [ 3 sin0drdo = [ [ sin no] do = | cos3sin0d0:{— } = —— [—] -1 ==
0o Jo 0 0 4 ] 4 2 16
o el [y 1o 1 17 11
31. L J-o ydydx = L {21) dx = EJ" x—zdx = [_?xl = 0+5 =5
32 er x* d dx = J [x arctan ] dx J.3x2[£jdx— E-xis —9—”
*JoJdo 1+ y v B Y 0 2 T2 03 0 )
33. J I —dxd I {llnx}00 dy = jw{l(oo)—l(O)}dy
! y : "y y
Dlverges
34 d & « 1 _(X2+y2) wd _ (P12 dv = 1,-y? ” _ 1
'Jj"y" "y—f‘iye Oy—foiy" y—[‘z"’ ]o‘z
8 3 8. .3 8 "
35. 4= [ [ dvae= [ [v]dx = [ 3dx=[3] =24
ol
A= I; J.jdx dy = I;[x]z dy = _[038 dy = [Sy]z =24 ol
ni
oL
2 -}1 6 *
2 3 2. 53 2 2
36. 4= [ [Tdvae = ["[y] = ["2dc=[2n] =2 ]
3 02 3 3
A:L dedy:Jl[x]fdy:jldy:[y]fzz 3
.l
N
1 }2 3
37A—24_X2ddx—2 47dx 4 d x32_16
: _Io.[o Y _.[o[y]o ,[ fx)x— xf?o_?

A= [ = (0T = [T = = [ e = 2 - 1
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4= [ = DL a = [T -
A= I;/z Lsdx dy + Ll/z LH(W dx dy Z
/ (1) / 1 - T
S EL s L - (Poa [t bl 2 2
1 2 3 4 5

2

9. 4= jo(z'ﬁ)z dy dx = j4[y]5)27 Tac = [M(4 - ax + x) e = {4): - fx\/; + T _8

0

RN y

Integration steps are similar to those above. T

k

——
a0 4= [ [, dyax 2 4= [dyas [ [V dyax
- Io [ ds = .{ ) = J [v] ax + I )" de = _fosxdx+ J:%dx
3] o [ oenr
4= o8 ))/22/ V= j:(ym‘zjdy =%+9(ln971n3) 4T<% 3 -
2T [CAY]

278 9
— |:3y5/3 _ y:| — 3(32) 16 = % = E(l +In 9) 2 4 (\ 8

a= [ faw [ aa !
= SN G RURN
1 =I;<9y)dy+jf[zyjdy

A 1,7 1, 9
dl 13545678 =[9y75y21)+{9lny75y21=E(1+ln9)
2x/3 5-x A a (h/a)\/ a?-x2 a (b/a)«/azfxz
41. 4 = j j dydx+j j dy dx 43. L= jo jo dy dx = jo ] dx
- I [y]h/3 dx + J [Y]Z_X dx = éj: Nat - xPdx = abJ:/z cos’> 6 d6
a
J-szxd +,[ (5 - x)dr (x = asin,dx = acos 6 do)
3 s = D (1 4 cos 260)d6 y
= {ch} + [Sx - lxz} =5 27 ( )

30 2 /2
25—y T = a—b 0 + lsin 20

0

I [x ]Sy/z o T4
2 3y EEEE A A So, 4 = mab.
:J‘O 57_)/*7 dy 1+ /b .
q wa
) Y
=_[5——yd=5—§2—5
0 2 Y Y 4y o - So, 4 = nab. Integration steps are similar to those
above.
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292  Chapter 14 Multiple Integration

4. 4 = Iz Jy/zdxdy+ I4 'fz/zdxdy s 47. I; J.Oyf(x, y)dxdy,O <x<y,0<5y<4

= [ dy+j[2 jdy i = [ [ (e y) dy
dEIN T —

o2 3 4
5. 4= [ [ dvas ‘ 48. I:J.\zﬁf(x,y)dxdy,\/;Sx§2,0£y£4

= J. [y]x+2

= le 4fx27x72)dx

[0 ) v

IS

= J.jz(2—x—x2)dx

w

1 f } } }
_ |:2x - lx3:| _9 -2 - 12
2 3], T2

- J'y:/:dxdyﬁ-Zr J'\/rydxdy
= J [x] dy+2I [X]F dy

= J‘O(y72+\/E)dy+2J‘ \/Edy
e e P g F PR L

N
49. LZZJ ' f(x,y)dyde,0 < y <N4-x*,-2<x<2

46. 4 = joz jjﬁdy dx

B N ' /\
:4I”/Zcoszt9dt9 - N L
L
—2] (1 + cos 26) d@
; | . 2 422 )
=[2(9+lsin29)} o i 2 50. I I x,y)dydx,OSyS4—x,0Sx£2
(x=2sin9,dx=20059d€,\/47x2=2cos0) 7.[ J. (. y) dx dy

a= L =

=4[ cos? 0d0 = 27 (1 + cos 20) do

- [2(9 +Lsin 29)}:/ g

(y=25in¢9,dy:20059d0,\/4—y2 :20059) o
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10 clny
51. J.l Io f(x,y)dxdy,OSxSlny,lSySlO

= [ [ ) v

/

8
6
4
2
T

2 pe
52. .[71 .[o f(x,y)dydx,OSySe’X,—lSxS2

P ey [ [ f ) dedy

53. J._ll Jiz‘f(x,y)dy de, x> <y<1l,-1<x<1

1 2

= '[; J.fkf(x, y) dx dy

I”/z Icosxfx y dydx 0<y<cosx,—

72

_ J- J‘ﬂ!‘LCOS) x y dx dy

arccos y

N

&8
e

Section 14.1 lIterated Integrals and Area in the Plane 293

55. I; Iozdy dx = L)z J: dxdy =2

y

s6. [ [lacdy = [ [Tayax=2

ﬂjjf—ﬁ@—ﬁﬁﬁwﬁzg

58. I Jdedx—Iz (\/47x2+\/47x2)dx=47z
I Irdxdy—4ﬂ

71- Il Il
<3 T *

59. J.OZ J-; dy dx + I: J.:ix dy dx = J.Oz Jljiy dxdy =4
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294 Chapter 14 Multiple Integration

O T P P P

]

L1 e = o= =[or -2

R

[eE.

o [ [ [
_ [3x - ng =27-18=9
0
J-S Iyzdxdy _ 3y2 dy _ |:)73:|3 =9
0 0 3,

5]
44
34
>
1

-1 ]
24
34

5

65.
rectangles.

LI e

5
1,2
Io Lx

(50 - x2)3/2 - %xs} dx =

4
2 ST
S
o L v=2] @
?,, 2 :
A REERE R
63. j; ;ﬁdxd - j; jfdydx:%

oo [ wear = 115

_n
=3

The first integral arises using vertical representative rectangles. The second two integrals arise using horizontal representative

y

15,625

24 (0, 5v/2)9

p _y2 st
R e e P e e [ <8
_ 15625 (15,625 _ 15,625) _ 15625 ﬁ
18 18 13 24 }
:

V 3 2

66. (a) A = _[02 Jj; dxdy = J.Oz[x]jz dy = IOZ(Zy —yz)dy = {yz —);} =4 —g = g
0

0 = [ [aa D a- [(VE-gfe
574
:{2)63/2_)‘} 6,4 g
3 4], 3 3

Integrals (a) and (b) are the same.
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67. L)Z sz\/l + 3y dydx = Jj J.ny«/l + 3 dvdy

2
6. | Jj;%ysdydx: Il zfygdxdy

2

Ll

23y

= Tdy = [ln‘Z + 3 H(Z)

02+ y
=Inl0-In2 =1n5

(4,2)

69. [ [ 40" dyax = | j(f/ " 4e” du dy

2 2T 2
= '[0 [4xe» l) dy = .[0 2ye” dy

= [e»VZT =e* -1
0

[ e e [P aes

2 _277
- J.O |:xe" :|o b

= .fzye'y dy
0
2
]
2 0
- _1(6—4) + =
)
= 1(1 - i] ~ 0.4908
2 e

(2.2)

71. I _[ sm dxdy = J I sin| xz)dydx
= jo |:y sin xz):|; dx
= j; X sin(xz) dx
= [—l cos(xz)}1
2 0
= 7% cos1 + %(1)

= %(1 - cos1) ~ 0.2298

72. .[02 I:Z \/; sinxdxdy = J; JO\K \/; sin xdy dx
- [P a
= _[;x sin x dx

= [sin x — x cos x]g

=sin4 —4cos4 ~ 1.858

4.2)
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1oy = a3

2203 2 _ 1664 77. (a) x
73 [ [5 (% +30?) dy v = 1662~ 15,848 @) 2

_ 2 _ -
sin?2  sin3 x =42y © x 2y &y 2

2 3

~ 0.408

74. L; J‘VZ} sin(x + y)dvdy =

3
(b) _[; Ix2/32 (xzy - xyz) dy dx

67,520

75 dedy = (In5)° = 2.590

4y 2
. Lm

(c) Both integrals equal ~ 97.43.

76. ja J;_x (x2 + yz) dy dx = 164 y

0

2

78.a) y=~4-x* o x=+J/4-y
2

y=4-2 o x=.J16 - 4y

4

2 2 Xy 3 2 Xy 4 . J16-4y Xy
(b) IO I/47y2 R dx dy + L IO e dx dy + L IO il dx dy

N

| .
t 1 x

1 2

(c) Both orders of integration yield 1.11899.

84. A region is vertically simple if it is bounded on the left
and right by vertical lines, and bounded on the top and
bottom by functions of x. A region is horizontally simple

80. j‘ 2 J‘ o - & — V3 dy dx ~ 6.8520 if it is bounded on the top anq bottom by hprizontal lines,
0 <x and bounded on the left and right by functions of y.

. [ vy de ~ 20,5648
0 Jo ’

157 85. The region is a rectangle.

27 pl+cosé
8. [ [ """ 6r* cos 0 dr do =
86. The integrations might be easier. See Exercises 59-62.

4572 135 87

T, +sin 0
82. | 2 [ 15 0r dr ao = B 122 < 307541 . True
o o 2 8

88. False, let f(x, y) = x.
83. An iterated integral is integration of a function of several
variables. Integrate with respect to one variable while
holding the other variables constant.
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Section 14.2 Double Integrals and Volume

For Exercises 1-4, Ax; = Ay; = 1and the midpoints of the squares are
(32 (o3} G20 G20 G20 (G2 (5o 3) (-3)

y

1. f(x,y)zx-&-y
8
D F(xy)AxAy; =1+2+3+4+2+3+4+5=24

i=l1

2 0

2
J.; Jﬁ(x+y)dydx = J.:{xy+y2} dx = J.:(Zx+2)dx = [xz +2x]3 =24

1
2. f(x, y) = Exzy

f(x,-,y,-)AxiAyi=L+i+§+£+i+2+ﬁ+ﬂ=2l
16 16 16 16 16 16 16 16

.[ J*xydydx‘ J.A[xzyz}zdx: _[4X2dx=X3T=64z21.3
o 74 | 0 3], 3

3. f(x y)=x2+y2

V!

10 50

fol,yl)AxAy, 2,110,260 50 10 18 34 38 _o
ra 4 4T T a T s s T
s 8 27 8x| 160
2 —_ | =T _ -
'['[ x2 + y? dydx J{xy+} JO(Zx +3jdx—{3 +3}0— 3
1
4.f(x,y)=

(x+1)(y +1)

S S A Ay — 2ttt 2 4 44 0 k0
9 15 21 27 15 25 35 45 4725

i=

4 2 1
jo.[omdydx J[

= :xln+31 dr = [In3-In(x +1)] = (In3)(in 5) ~ 1.768

2

Cn(y + 1)1) dx

ZZ

4 p4
5. IO '[Of(x,y)dydx (32 +31+28+23) + (31 + 30 + 27 +22) + (28 + 27 + 24 + 19) + (23 + 22 + 19 + 14)

= 400
Using the corner of the ith square furthest from the origin, you obtain 272.

2 02
6. jo jof(x,y)dydxz4+z+8+6:20
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7. jz I](1+2x+2y)dydx = J.Oz[y+2xy+y21dx = I02(2+2x)dx = [2x+lez) =8

0 Jo

=
=
N
—
S
z.
=
(S
=
o
@
™
=<
=
&
Il

1 1 k&
IO {2 sin? x[y ts sin ZyH dx

0

V4 T g 2
I lsinzxz dxzzj‘ (1 - cos 2x) dx = zxflsinZ)c -
02 2 870 8 2 8

0

6 3 61, ¥ 6(9 5, 9 3, 5 36
9. '[ L/z(x+y)dxdy=_[ Ex +xy| dy = I (5+3y—§dey: 5y+5y —ay =36

NG 4

5 3.2 72 5 9/2 6

10. '[4J.\/_ xzyzdxdy: J.4|:xy:| dy: j4(y—yjdy:[2y _7 } :%_@zﬁ
)y 0 )

0 J(1/2) 3 (2 oL 3 24 27 144 27 9 27
4T 2,4)
3
N
L
T
a \/azfxz a 1 5 2o a > > 2 5 5 3/2 “
11. J._a J._m(x + y)dydx = J._a{xy + Ey 1 s dx = _a2x\/a - x"dx = [—g(a - x ) la =0
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w

(=)

Section 14.2 Double Integrals and Volume 299

Jo I e avdy + [ [ e dvdy = [ [ ] dy+ [ [e] " ay

y-1
s

- [le= ) = [y =4 = Ao+ o)
ZEAN

P
S _ 225

- Lol =g rac=[3e] -2 ]

. I:/z J.j”sinxsinydxdy = I,ﬂ,, I:/zsinxsinydyd"

= Jl” [—sinxcosy]g/zdx = f sinxdx = 0

n

g e e

- %J'lz [ln(x2 + yz)f dx i

= lj.lz (ln 55 — In 2x2) dx

L
H -

—flné
2 2

2

= w2 e - 1[1115
22k 2\ "2

4 prd-x | 4 prd-y |

v - v
. IO IO xe¥ dy dx = IO IO xe” dx dy v
For the first integral, you obtain:

I: [xe’lzﬁ dx = I; (xe4’x - x) dx

74
= {—64"(1 + x) —xz} = (—5 —8) + et = et —13.
0

[ s = [T vwas
- I; [,yzrj i N
=0y - ]

_ 7J‘;[l678x2 b= (16 - 8y + %) | a

N

5 1
= {300 + 4 4y -8
5 o 5
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300 Chapter 14 Multiple Integration

4

18. J.z'f21+xdxy—jj dydx
\E
ey _1
_210{1“8}0 =5
19. J.4 J.3X/4xdydx j f Vs xdydx = I J. Vo

oL
4 x 1 N o
ST [Zln(1+ )l) n17) |
A
T S
4 x dx dy \
oL
@3
4‘/3 3 /
=% @— ) v [ﬁ@y W)= ]
T T

20.

J:ZZ xzm + ;(4 - X )3/2} dx

2
2 v = L)z%dydx - j:{ﬂodx = [lax=4

y
4+
31

2

22.

{—z(4 - x2)3/2 + %(xm + 4 arcsin gj + é[x@ _ x2)3/z . 6xm + 24 arctan ;ﬂ

2
=4r
-2

0

= a2 .
—I0[4y 5 yjdy .

3 372 ,
N W B R

{y 6 3]
g 8 8_, T
6 3

© 2010 Brooks/Cole, Cengage Learning



Section 14.2 Double Integrals and Volume 301

(-2/3)x+4
6 p(23x+a (12 = 2x - 3y e 3,
Vo= .[o J.o (f) dydx = .[o |:4(12y - 2xy — Ey ﬂ dx

.V o= I;I;*X(z—x—y)dydxz J.;{Zy_xy_y;}zxdx v
- oo - - 2)3}2 -2

02 6 0

. V:I;J.Oy(l—xy)dxdy v

| xzy Y 1 y3 yz y4
- AV a = PN F VN P S
IO{X 2}0 Y IO(y 2 )P T2 T

Vo= Jj '[;(4 - yz)dxdy

0

L e e, el -

31.

32.

33.

V = j: I: e )2 dy dx = J.: [—Ze_(”y)/zr dx = j: 22 dx = [—46’)‘/2]: =4
V = 4_[02\/E J.O\/Q 8 —x2 -y dydx = 32?”
vV = I; K\/l - x? dy dx = %

1

V = I; ijy dy dx = J.; Bxyz}g dx = %I;f dx = [%xqo = %

v

=
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302 Chapter 14 Multiple Integration

4.V = [0 [Pxdyar
= Jj [xy]g dx = JOS x? dx

5
- [Lxﬂ - 125
3 0 3

Row B w
! 1 L L
t t t t

«/r -x* -y dydx

36. V

N

37. Divide the solid into two equal parts.

A fF e (e y}dx
_[0 {)’ r X yo o+ (r X )arcsm m )
4(%}_[0’ (r2 - xz)dx = {27{;’% - ;ﬁﬂ; = 47;r3

[ PN R v = 2 [T

35. 7 = joz j;xz dy dx

= .[02 [xzyJ; dx = '[02 4x? dx

{4);3}2 32
3,73

V =
! 7
= 2];’““ - x2dx = [—%(1 - x2)3/2} =2 ’
0
1
38. V = I J.4 ? dydx y
= J02(47x2)(47x2)dx
2
- J2(16—8x2+x4)dx:{16x—8xs+xs} _3p_ 04 32 256
0 305, 305 15
JL X
39. V = IOZ I;/E(ery)dydx: J‘Oz[xy+'5y2];/ﬁdx 40. V = I Io = dydx = I [arctan y]," dx

= IOZ (x\/m +2 —%xz)dx

| _1 2\¥? 13T 16
7[—5(4—x) +2x—€x}077

S
n
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41. V_zj j“ (47x e B S | P 5.7 = [ j““(y 2[4y = (2 + 20%)] dx ay

| - x
} x
1 14
-1
3 o/9-x2 )

46. V = JL3 Lm ([18 —x? - yz] - [x + yZJ) dy dx

2.7 = 2]02 [ - [2x = (x + ?) ] dy e = 4103 l, T8 - 26 - 20 dy e

43 V—4J.2J‘0\/m(x2+y2)dydx 47. z=9-x"-),z=0
" V:4;J.(:/ﬁ(9—x2—yz)dydx:817”

T P _ 8l
/\ | 8.V = [ [V o-ydedy =8
. ! '
T a9. v = [T 2 v ~ 12315
) Ao 1+ x%+ 32 s

- 16 4y
R IOS [["sin? x dx dy 50. = [ (1 +x+ y)drdy = 3825

51. f'is a continuous function such that
5 0 < f(x, ) < loveraregion R of area 1. Let

f(m, n) = the minimum value of f over R and

.1 (M, N) = the maximum value of fover R. Then

flmom)[ fda < [ [f(x,y)dd < f(M,N)[ [da.

Because IR I dA = land

0 < f(m,n) < f(M, N) < 1, you have

0 < f(m n)1 jjf y)dA < f(M,N)1) < 1.

So, 0 < jR [ y)yaa < 1.
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2. 242 2o
a b ¢ .
. c[l S 1}
a b
H1-(x/a)]
B _qa B1-(x/a)] x y _ a Xy y2 a. by
N N e I C R I S = R
a 2 2
-3 23503
0 a a a 2b a
ab( sz x?b  x°b ab( xT ’ [ ab ab] ( ab abj abc
-2 -2 22422082 = -2 2 o[22 = EE
2 a 2a  3d® 6 al |, 2 3 2 6 6
112 2 V2 o v
53. jo jme dedy = jo ) dy dx
1/2 1+
= [ 2w ar [ﬂe* ] = eVl =1-e" 0221
0

o=

IlnlevEd dx _ J~10 Jalnymdxdy
Iny
10 X
ik
- 110dy:[y]10: —
1 2 3 4 5
_2 )
55. J. J. >4 dydx:j .[7\;%“/4_ dxdy—f [x\/4—y2144:72 dy
O A R A I
_j722(4 y)dy = |:8y 3}2_[6 3) (16+3j . i
_ o
3

T dx dy

56. | jyl T

57. J.; I:mosy sin xo/1 + sin® x dx dy
j:/z I:OSX sin x</1 + sin® x dy dx

_[0”/2 (1 + sin? x)l/z sin x cos x dx = l:l .

277/2

2(1 + sin? x)3/ } = %[2\/— - IJ 1

0
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58. _[02 J-(?/z),\l y cosy dy dx = I; J(:/g Jy cos y dx dy

59. Average

60. Average

61. Average

62. Average =

y

4
%I: Iozxdydx = %J.:bcdx = {t;} =2

1 (5 3 1 osp L,
EJ.O J.o 2xydy dx = E.[o [xy Jo dx
1 s 1o 15

S (Poxae = |22 =2
150 1502 |, 2

ljoz Oz(xz + yz) dx dy

1 x 1
@ﬂ oy b

= 2_[; [ln‘x-k yﬂz dx = 2J'; [ln 2x—1In x] dx

=2[ In2dv = 2xIn 2], =21n2

63. Average

64. Average

1
2|:ex+l _ 162x:| — 2‘:62 — lez —e + l:|
2 2 2

e’ —2e+1 :(e—l)2

1 ¢z ¢z .
P.[o .[o sm(x + y)aj/dx

1 7 T
?J.O [—cos(x + y)]o dx
%J‘: (~cos(x + 7) + cos x) dx
z

%L},{Zcosxdx = %[2sinx]g =0

Section 14.2 Double Integrals and Volume

Jj\/g\/;cosydy = \/Eijcosydy

\/2[cos y + ysin y]g = \/2[cos 2 + 25in 2 — 1]

65.

66.

67.

68.

69.
70.

71.

72.

73.

2,2)

1 325 250
1250 J300 J200

| s 16 250
= s hn {(moym)lé} P
: 200
128,844.1 (325,
1250 .[300 d

Average = 100x%y%4 dx dy

14 7P
= 103.0753| 2—| ~ 25,6454
14|,

00 |—

_[2 J4 (20 — 4x% - y2) dy dx

0 Jo

(3- 3¢

Average

o0 |—

See the definition on page 994.
The value of IR If(x, ) dA would be kB.

(a) The total snowfall in the county R.
(b) The average snowfall in R.

305

Part (b) is invalid. You cannot have the variable of

integration y as a limit of integration.

No, the maximum possible value is (Area)(6) = 67.

The second is integrable. The first contains

I sin 2 dy which does not have an elementary

antiderivation.

f(x,y) = 0forall (x, y)and

[ rCeyyan= [ [} v

=J‘05%dx=1

P(OSxS2,1<yg2):J'02J'12%dydx
2

= Johe =4
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74.

75.

76.

77.

78.

Chapter 14 Multiple Integration

f(x,») = 0forall (x, y)and

o yan = [ [ prava = [}

PO<x<1l1<y<2)-= ﬁfix

f(x,y) = 0forall (x, y)and

Jzﬁf@»ﬂ=ﬁ§;@ﬂ~w@ﬁ=ﬁ;{

PO<x<1,4<y<6) J'.[

f(x,») = 0forall (x, y)and

S L N N T

1) - .[(1 J.l eV dydx = ,[(: |:7eiry:|x dx = .[0 (972" - e*xfl)dx

— l:_le—Zx + e—x—]:|
2

Divide the base into six squares, and assume the height
at the center of each square is the height of the entire

PO<x<lLx<y<

square. So,

~(4+3+6+7+3+2)100) = 2500 m’.

(15,15.7)

(15,5,6) D
o T 1 (5,53
)/

(25,5.4)
*

Sample Program for T1-82:
Program: DOUBLE

: Input A

: Input B

: Input M

: Input C

: Input D

: Input N

10>V

:(B-A)/M > G
:(D-C)/N > H
:For (I, 1,M, 1)
:For(J,1,N, 1)
TA+05G(21-1) > X

:C+0.5H(2J—1)—>Y
:V+sin(\/X+Y)><G><H—>V

: End
: End
:Disp V

9—-x—-y dydx .[02

9y —xy — —

= fle

276
e

“dy = lim [—e”‘lﬁ

b—w

I
—_

~ 0.1998.

79. [ [sinxtydyde  m=4n=%8

80.

81.

82.

83.

84.

(a) 1.78435
(b) 1.7879

_[()2 j; 20@”‘3/8 dy dx

(a) 129.2018
(b) 129.2756

Jj J.Ozycos\/;dxdy m

(a) 11.0571
(b) 11.0414

_[14 J‘lzx/x3 +yidedy m

(a) 13.956
(b) 13.9022

V =~ 125
Matches d.

~ 50
Matches a.

A
4,0, 16) L
P

(4,0,0)

S o—

=10,n = 20

3
|

I
>
N
I
oo

Il
A
N
Il
~

= (4,4,16)

—————— e

0,4,0
= .(_ - ‘_)

°
(4,4,0)
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85. False

N w o] -
So,
86. True '[O“’ et —e™ dx = J‘:’ LZ e dx dy

87. Average = I; f(x)dx = IOI lee’zdt dx = —jol Jle’zdtdx J‘2 I‘”e-xy dx dy
x 1 0

(5]

21 2
L ;aj/ =[Iny] = m2.

—xy

[ [~ e

[+7],

1,2 Y
——e
2

1

He-1)= %(lfe)

89. z = 9 — x* — »?is a paraboloid opening downward
with vertex (0, 0, 9). The double integral is maximized if
z > 0. That is,

i ’ R = {(x, y):x2 + % < 9}.

[

8lx

The maximum value is JR I(9 —x? - yz) dAd = >

]

90. z = x> + y* — 4is a paraboloid opening upward with vertex
(0, 0, —4). The double integral is minimized if z < 0. That is,
R = {(x, y):x2 + 3?2 < 4}.

[The minimum value is —87.]

1 1 1

91. IOZ (tan’1 7x — tan™! x) dx = L)z I\m e dydx = Jj J:/” Ty dxdy + Jj” Jj/,, 5 dx dy
2 X ‘ 2z X : (2 y y/;[ 2 2 y/ﬂ'
- '[0 L-&—yzl/ﬂdy+'|‘2 L+y21/”dy_ '[0 L+y2 —1+y2}dy+'|‘2 {l+y2_1+y2}dy
2 2z y
= E(l - %] ln(l + yz)}o + [Ztan’1 y - i ln(l + yz)}2 A

1

|

2 [

%111 5+ 2tan”'(27) - 2tan”!(2) - i In(1 + 47) ~ 0.8274

oL
T

)

In5+ 2 tan’1(27z) - % ln(l + 471'2) -2 tan’l(Z) + ziln(S)
V4 Vs

o

2

J9 - xr =y dxdy =

because this double integral represents the portion of the sphere x> + 3> + z2 = 9 in the first octant.

L4 97
Vesa =
93. Let [ = jo j(f R e dy dx. y

Divide the rectangle into two parts by the diagonal line ay = bx. On lower triangle, b

b
b*x* > a’y* because y < —x.
a

_abda o0 borafb 2.2 _orebx 22 bay 2.2
[_J.ojlo e dydx+J-OfO e dxdy—J.O ae dx+J.0be dy L.
02 2
_ L[ebﬂ“ L[eaz,#]b _ L[ebzaz e )= ] "1
2ab o 2ab o 2ab ab
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94. Assume such a function exists.

u() = 1+ A u(yu(y - x)dy; 4 > 1,0 <x<1

j dx—jdx+/1jj y - x)dydx

Change the order of integration.

o = J.Olu(x)dx =1+ AJ.; L;Vu(y)u(y ~-x)dxdy =1+ /1.[;

Hold y fixedand let z = y — x, dz = —dx.

a=1+2 I;u(y)|: qu(z)(—dz)} dy=1+2 j;u(y)[ [ u(z) dz}aj/

Let f(y) = IOV u(z) dz. Then f'(y) = u(y), f(O) =0, f(l)

a=1+a[ f()f()dy =1+ A[f(zy)zl —1+ ﬂBf(l)z - %f(o)z} =1+ -a?

la? =20 +2 =0.

a.

For « to exist, the discriminant of this quadratic must be nonnegative.

1
b2—4ac=4—8220é/1£5

1 .
But, 1 > E,acontradlctlon.

Section 14.3 Change of Variables: Polar Coordinates

==Y

[ IOCOSHF dr do

. Rectangular coordinates
. Polar coordinates
. Polar coordinates

. Rectangular coordinates

. R={(r0):0<r<80<0c< x|
. R={(r0):0<r<4sin6,0<0 <}
. R = {(V,H):OS r<3+3sin6,0< 0 < Zﬂ}Cardioid

. R ={(r.0):0<r<4c0s30,0 <0 < x|

(ST

cos 6
— J‘” {rz} 4o

= I fcoszedﬁ

o

= j —(1 + cos 26) d@

= l[9+lsin29} =z
4 "2 4

0

u(y)[_[: u(y — x) dx} dy

R .

sin @
0. |7 r‘”r dr d6 = j”{r} d6

3 0

= %J:Silf 0do = %jo” (1 - cos? 6)sin 0 do

3 T
= l—c0s6’+ cos"0
3 30

S
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11. joz”j(f 3 sin 6 dr d6

J;" [ sin 0], a0 B [P rdrde = [ [—%(9 -2y ZI do
2z .
jo 216 sin 6 d6 ) {5\/39}”/2 s
3

6

= [-216 cos 0]3” = )

ol
G|

! 7/2 3 2 7/2 1 ) 3
I [smecose} do 14. J'O IO ve " dr do = J.o [_Ee_, JO 40

0

{ ?4 1n2 9} _ ? = [—%(e” —1)9}0

i
(5]
=
N
=
—
=
Z.
=3
N
Q
=}
w
s
QU
NS
Il

ol

ol

. “n . 2 1+sin &
15. f”j” * O dr do j/z L
o Jo 0 2 |,
= I”/z l(9(1+sm (9) do
0
1, 11 . 1Y 1.,
=|=6° +sinf —Hcos@ + -6 ——cosf -sinf + —0 |+ —sin” &
8 2 2 2 8

0

1-cos @ z/2

/2 l-cos@ , . /2 2 7/2 sin @ 1 3
16. '[0 IO (sin O)r dr do = IO {(sm 0) 2} do = I 3 (1= cos 6’)2 do = [g(l - 005(9)) } =

0
0 0

N =

4
2

() =01
<

1. jsjg/ﬁydxdy: I:/Zj(jrzsinedrd9=%3f; slnedﬁ—[3
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7/2
a a2 —x2 72 pa a} 7/2 613 ) 613
18. j jo xdydx:jo J'Or2c0s0drd9:?jo cos0do = | Ssing| =

0

2
19, .[fz J.o\/m(x2 + yz)dydx = Jj jozrzrdrdg = I0”|:}::| do = _[0”461'49 = 4r
0

-

20. Note that x — x* = f[xz —x+ %j T

/2

-[0l LJX\/?_; (xz * yz)dydx - Lr/z J-Owsé’rz rdrdf = J.j/r/zz {r‘jo N

= l‘[”/z cos* 0 do = lJ.” cos* @ d6
2 do

4 J-n/2

1(1 3 #n)\ 37

== >-=| == (Wallis's Formula)
22 4 2 32

2. [ jjﬁ (24 dyde = [ ] drdo = ? o = %

3 3 14 3
X J@mdxdy - [ arae - jo”“(z\f) o = (Z\f) 0| = (Z\f) 2=

22.

[

0

/2
2cos 6

xy dydx = J.O”/Z IO 7* cos @ sin 6 dr dO = 4_[0”/2 cos® @ sin df = {—

23 J-z J-Oxlzxfxz

4 cos® @
0

6

0

2. ! jjﬁ

0

x? dx dy I:/z J;Singr3 cos’> @ dr df = I:/Z 64 sin* @ cos® d@

. 72
W + g(e — sin @ cos 9)} =2z

0

64" (sin* 0 — sin® 6) a6 = M{sinf’ 0cos 0 -
0 6

25. Jlll J‘O\/m

1
cos(x® + y*)dydx = [* [ cos(r?)rdrdo = [ B sin (rz)} do = J.O”%sin(l) do = %sin(l) ~ 13218

0

N/ x x
26. J.OZ IO 7 sina/x? + v dydx = IO 2 I; sin(r) r dr do = IO 2 [sin r — 7 cos r]s d®  [Integration by parts]

= J‘O”/z (sin2 — 2cos2)dl = %(sin 2 —2co0s2) ~ 2.7357

e

LN e [ T = [ [ aao

27
74 165/2 N |
= a0 = |
0 3 3
t 0
1 2 3
(v2)/2 px 5 V2512 T
8. joxyaydx+j(5ﬁ)/2jo xydydx = [ [ sin 6 cos 6 dr d6

/4 . . /4
= 625 5in @ cosdf = [@ sin® 6’] = 635
0 4 8 0 16
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29.

30.

(=]

31.

32.

33.

34.

3s.

36. V =

37.

38.

Section 14.3 Change of Variables: Polar Coordinates

e
[

N e ) dvde = [ [ (reos 0+ rsin@)rdrdo = [ [ (cos 0 + sin ) dr do

= %I:/ (cos 6 + sin 0) db = [ (sin @ — cos 6’)}0/2 = %6

(1L = [ [ ]
_ 725/2 g\
L
|: 725/2 J”Zz _ 72'(1 _ 6725/2) 23 —}2%2: o
j
NN y Viofae? y 5
IO I 2 arctan;dxdy + J-l/ﬁ L arctan;dxdy 2 (%%)

- jo”/4 jf or dr do

” 24 2
_J‘/4§9dg_ 36~ :3L
4| " e

I

. (9 —x - y2) dy dx = f;[/z J-OS (9 - rz)r dr do

I

a2 (3 209, 1T 81 /2 81
= .fo '[0 (9r - r3) dr df = Jo [7’2 - Z}AL dg = —| db = ?ﬂ

v = [ [ (r cos 0)(r sin 0)r dr do

=L [P sin20drdo = L[ sin20d0 = [~ L cos20]" = 1

o L e 2 e
0

v=[7 [ drde = jj”%sde - %

IR Iln(xz + yz) dA = IOZﬂ Lz (ln rz)r drdf = 2J.02” J.lzr In rdr d@

T 2 T
=27\ -1+ 2mr)| d0 = 2[4 -2]do = 4x{ma- >
o |4 0 4 4

2

1

cos @
P /2 4cmgmrdrd9—2 mz“ dgz_g /2 64sin® 6 — 64) do
[y 3 3%
0

cos’ HT/Z 64

Sz - a)

_ 128
3

: [1 ~ sin 0(1 — cos® 9)} do = 128{9 +cos 6 —
3 0

4
v = J’Oz” L“ 16 = 727 dr do = joz” [—%(\/16 - r2)3} do = joz” 515 do = 10</157

1

311
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312 Chapter 14 Multiple Integration

z T 37 3
0.V = [ ['N16-rrdrde = | [—%(\/16 - rz)} do = %(\/16 - az) (27)
One-half the volume of the hemisphere is (647)/3.

2—71-(16 - a2)3/2 _ G

3
(16-a?)” = 32
16 — a* = 32%3

@ =16-32 =16 -832
a= \/4(4 -232) = W4 - 232 ~ 24332

40. x2+y2+zz=a232=\/02—(x2+y2)=\/az—r2

V=8 J0”/2 I()a at - rPrdrdé (8 times the volume in the first octant)
" a Al 3 A2 3
= SJ ? [—l : E(az - r2)3/2} do =8 /za—de = Sie _ dna
o |23 . 0o 3 30, 3

41. Total volume = ¥ = jj” j: 25¢ " dr do = joz” [—soe*’2/4}4 do = joz” ~50(e* ~1)d6 = (1 - *)1007 ~ 308.40524
0

Let ¢ be the radius of the hole that is removed.

Ly [ [Caserirarao = [ [—50@*2/4] do
10 0 0 0 0

= J-ozn _50(e—52/4 — 1) do = 30.84052 = 100”(1 _ e“'2/4)

= e = 0.90183
2

~C 010333
4
& = 041331
¢ = 0.6429

= diameter = 2¢ = 1.2858
e S$;l£r£1(l+cos29)
4(x2 + 3% + 9) 4 2

_79< < 9
472 +36 T 4r? + 36

2
(b) Perimeter = Jﬂ r? + (ﬁj dé.
a do 14
~.
»
r:l(1+coszt9)=l+lcoszt9 : b
2 22 7 ]
dr 1 y

= —cos @ sin 0

do

Perimeter = 2_[(:[ \/i(l + cos? 0)2 + cos? @sin® 6 dO ~ 521

COSZ
Vrees?e) 9 = drdf ~ 0.8000

@ v =2f" [ie 2136
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Section 14.3 Change of Variables: Polar Coordinates

T

3. 4= ["["rdrdo = ["18cos’ 06 = 9[ (1 + cos 260)dO = o0+ Lsin2e|| =ox
0 Jo 0 0 2

0

44, 4 = joz j:rdr do = [02”6010 - 127

45. 4 = joz” jol”””’rdr do = joz” (1 +2cos 6 + cos? 6) db

| =

2z

.“2”[1+20059+de9=10+25in9+l(9+lsin20j -3
2 2 2 2 2

0
0

N | =

46. 4 = joz” jj”merdr do = fj (2 + sin )’ do = %joz”(4 + 4sin 6 + sin® 6) dO

do

= 712”[4+4sin9+7] —COSZ@]
2 do

2z
=149—4cos«9+16’—15in20 :1[87z—4+7z+4]:—
2 2 4 2

0
a1 A=3" [ rarao =3[ asin?30d0 = 3] (1 - cos 60) a0 = 30 - Lsineo] = x

/4

48, 4 =8[" [ rdrao = 4[" 9 cos? 20d0 = 187" (1 + cos 40) d0 = 180 + ~sina0| =X
0o Jo 0 0 4

49. r =1=2cosf = 0 = =+

2cos @
A= 2]”/3 Izcosgrdrdg = 2]”/3 {’2} do = 2]”/3 (2cos29 - l]de ’
0 1 0 2 ] 0 2

Wy

. . 7/3 3
:2_[/3(+c0520—7d6—2 lg,sin20" _Jz 3| _z 3
0 2, 6 4 3 2 E
50.r—2+2c0s9—1:cos6’——l:>6—2—”,4—”
2 373

27/3 (2+2c0s6 a3 [ 2 2+2cos @
a=2[""] rdrdo =2|; {l »

SIE]

= '[02”/3 [(2 + 2 cos 9)2 - l} do
= [7"[3+8cos0 + 4cos” 0] do = [7[3+ 8cos & + 2(1 + cos 20)] d6 !

2;z/3_107z' NG \/— 1071'+7\/§

=[50 + 8sin 6 + sin 2(9]
3 2

51. r =3cosf =1+ cosl = cosbl = 6=+

w |y

3cos

1
2
4= 2_[:/3 J.ii’:ird dé = 2'[”/3{}’ } [9 cos® @ — (1 + cos 9)2} do

1+cos €

= IO”/ 8 cos? 0—20059—1 do = I [41+c0s20)—2c0s9—1]d0 0

= [30 + 2sin20 - 2sin 0] = [)+\/——\/§=7r

313
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314 Chapter 14 Multiple Integration
52 r—1+cosz9—3cos(9:>cos¢9—139—+£ i
. =0

72 pl+cos@ T 1+cos @

= jlfz/3 Lcos& rdrdo + J-n/Z J-O rdrdo
. 5 1+cos 6 . 5 1+cos @ n 1 2 _ 2 (1 2

:I/j{r} d9+f{r} dez'[/lz(+c0s9) 9 cos 9d49+ 2(+cos€) 20
73| 2 305t 72| 2 0 7/ 2 7/ 2
721+ 2 0 —4(1 26

_ #2114+ 2cos (1 + cos d9 J- ( +Cos€+l+cos20jd9
7/3 2 4

/2 . T _ _
={—§9+sin9—sin29} +{E¢9+sin9+sng} :[ﬂnj— FLN3_ N3 +(3—”—3—”—1):1
2 /3 4 8 I 4 2 2 2 4 8 8
So, 4 = —
S3. r—4sin30 =2 = sin30 - - =>30-2L% g Z %
2 6 6 1818
5z/18 (4sin36 safis| r? dsin30 3 57/18 )
A=3["0 [" rdrae = 3 { } do = =[] (4sin 30)° — 4]do

718 J2 7/18 5 2 JIx/18

3 esaps 57/18

2 Jx/18

A4

54, r =2 =2-2cosf = cosd =0 = 0 =+

[8(1 - cos 60) — 4]d6 = E{49 ~ 2 sin 66’}
2 3

/18

7r+2\/§

z
2

E=TH

8cos & — 2(1 + cos 20)) dae

4= 2.'.0”/2 Jj—Zcosﬁrdr de

]
- 7
Ioﬂ/z
- [

= [8sin @ — 260 — sin 219]

(2~ 2c050)° |6

8 cos @ — 4 cos 9) do

=8-r

55. Let R be a region bounded by the graphs of

r= gl(e) and r= gz(e), and the ]iHeS 9 = aand
6 =b.

When using polar coordinates to evaluate a double
integral over R, R can be partitioned into small polar
sectors.

56.

57.

58.

59.

60.

61.

See Theorem 14.3.

r-simple regions have fixed bounds for 6.

6-simple regions have fixed bounds for r.

(a) Horizontal or polar representative elements
(b) Polar representative element

(c) Vertical or polar

@ [ jﬁfx, dy dx
) [ [ /(rcos 6, rsin 6) r ar db
(c) In general, the integral in part (b) is easier to

evaluate. The endpoints of the region of integration
are constants.

0<r<40<0<27,x%+y? =712
Answer (c)
You would need to insert a factor of r because of the

r dr d@ nature of polar coordinate integrals. The plane

regions would be sectors of circles.
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Section 14.3 Change of Variables: Polar Coordinates

62. (a) The volume of the subregion determined by the point (5, z/16, 7) is base x height = (5 -10 - 71'/8)(7).

Adding up the 20 volumes, ending with (45 -10 - 7/ 8)(12), you obtain

V

Q

10~g[5(7+9+9+5)+15(8+10+11+8)+25(10+14+15+11)

+35(12 + 15 + 18 + 16) + 45(9 + 10 + 14 + 12)]

57”[150 + 555 + 1250 + 2135 + 2025] ~ 57”[6115] ~ 24,0135 ft’

(b) (57)(24.013.5) = 1,368.769.5 pounds
() (7.48)(24103.5) ~ 179,621 gallons
63. j”/z josr\/l + 1 sin /@ dr dO ~ 56.051

/4

[Note: This integral equals (J-”//j sin /0 d&)( L)S VA dr)}

64. j”“ j“sﬂ@ dr df ~ 87.130
0 0

65. Volume = base x height 66. Volume = base x height = %ﬂ' x 3
~ 87 x 12 ~ 300 Answer (a)
Answer (¢) .
A
4 Gl
16
4l
t
2k
-
i - I2
-3 L 4
Xﬁi-E— e x
67. False

Let f(r, 0) = r — 1 where R is the circular sector

0<r<6and 0 <8 < 7. Then,

IR f(r —1)d4 >0 but r—1% 0forallr.

68. True

6. = [ R L jo”/z [ e drdo = 4 jo”/z [—e”‘z/zrdé — 4 jo”/z do = 2
—0 J—0 0
() So, I = /27.
70. (a) Let u = 2x, then I: e dy = Jio 6_1,2/2% du = L(\/E) = Jr.

(b) Let u

2x, then f e*‘*2 dx = J'jo e*"Z%du = %\/;

7 oN49-x2 70A01(,\-2+)72) 2 07 o012 g oo
7. [T [ 4000e dyds = |7 [ 4000 rrdo = || -2000000 07 | do

= 27(~200,000)(e** — 1) = 400,0007(1 — ¢ ) ~ 486,788

315
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316 Chapter 14 Multiple Integration

72 [ [ ke 2 = [ ke rdrdo . (@) 4] Zz*mfdxdy
ol k e
=, {"e Zl) a0 b 4 [V paya

- I”/zf 9_7

© 2]0”/2 j;“’sgfr dr do

For f (x, y) to be a probability density function,

LA
4
k=2
z

B.@ | [ ey

O o

+ j;/ﬁ L&fdydx + j;/ﬁ j:fdydx

© j”“ [557 f-ar do

/4 J2cscl

R
TN

T
<
L w\

Section 14.4 Center of Mass and Moments of Inertia

Lo = [ [ dyds = j{xy}dx [Paxas =[] = 4

2

3 9-a2 3| xp? o’ 3 x(9 - x2)2 1 (9 - x2)3 ’ 243
2. m = J.O Io Xxydydxz J.O{Xy} dx = _[ —dx = 1 =0+ 4(243) e
0

b7 b7 47 7 in2 /2
3.om= [ [ (reosO)rsin0)rdrdo = [7|(cosOsin0)—| do = [ Leososingao = | L. 20 ]
o Jo 0 4], 0 4 4 .

2 8
2 Lo
4 J-O3 J-33+\/:xydydx - J'O}{xyz} dx = J.sg[(3+\/9—x) —9) = ,J' [6x\/9—x +9x—x}dx

2 4P
G M :1{ﬁ—§+54}:ﬁ
2 212 4 8
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Section 14.4 Center of Mass and Moments of Inertia 317

s@  me [k -k 6@ me [ L= 7Y
a pa a k 2 k 3 a 213
M, = [ jokydydxzjo%dx=% = [ I;,OCdeydx:ka;
a pa ka® a 372
M, = [ [Tecdy dx = % My = [0 [ ke d e = ka6b
g M a5 Mo _a _ M, k)6 2a
mo 27 m 2 YT T ks 30
(x,7) = (g, %) (center of square) - M, _kabl6 2
| YT T ka3
b m= [ [Thdyde =k’ (5.5) = %%
— [ (2 _ 1,4
M= Jy Lok s fka ® = [ [ K ) v = b(a2+b2)
M, = I I:Ig/xdydx = —ka'
4 M, = 2 3 24 + 3b2
e [ [y o) = 9 e )
e o oy S
(%.7) = (5’ ?) M, (keb12)3a + 2b2) a(3a” + 20?)
X = —— =
© o Ioa Io b dy dv = L ka? m (kab/3)(a* + b?) 4(a® + %)
1 _ M, (kap?/12)(2a” +3D%)  b(2d> +3D?)
M, = [ ], o dy e = i YT T (kab/3)(a* +b%) — 4(d* +1?)

M, = j j“kxz dydx = Lk
070 3 ~(a3a® + 2b%) b(2a* + 3?)

- M, 2a - M, a (x.5) )
X=o oS y=-"3 4a* + bz) 4(a2 + bz)
- — 2a a
(X»J’):(?,Ej
_ a ry _1 2 _ a cy _1 3
7.  m= | Iokdxdy—gka ® m=[ J.Okydxdy—gka
- [r L (" 2 N
M"_.[o Iokydxdy—3ka M, = Io .[oky dxdy—zka
e 1 e _1
M, = j j v divdy = — ka M, = [ [ oy de dy = g kat
a _ M, 2a M, 3a _ M, 3a
X y = — X =—=— y ==
m m 3 m 8 m 4
& >=(U] =5 - (23
") =133 .y 2"

M, = kxzdxdy——ka4
- M, a _ M, 3a
¥y=-—2=2= y = -
m 2 m 4
- — a 3a
® =137
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318 Chapter 14 Multiple Integration

8. @ m= [’ J.:/;y/zkdxdy - %kaz
M, = [ P ke ady = ke
0 Jyp2 6
My = [ [ P vy = Lk
0 Jyp 4
_ M, a_ M, a ,_ _ a a
el = (5]

a-y/2

_ [ _ L
(b) mfj‘o J.y/Z kxydxdyfaka

e e, 1
M, = J}) J.y/Z kxy® dx dy = ﬂka
e e, R
M, = J}) J.y/Z kx*y dx dy = %ka
f_&_&*_Mx_g(g*)_(&g)
m 2007 T T T2 T 2002

9. (a) The x-coordinate changes by 5: (X, ) = (g +54

2

)

(b) The x-coordinate changes by 5: (X, ) = (% +5, Ej

3

(c) m

[ [ kv dy ax = %ka ((a+ 5y -25)

<
I

<
I

= [ [y dy e = %kaz((a +5)" - 2s)

L= [0 [k dy = %ka((a +35)' - 125)

_ M, 2[(0 +5) - 125} 2(a? +15a + 75)
X = —— = =
m 3[(51 +5) - 25} 3(a + 10)
M. _a
Y m 2
2(a* + 15a + 75
(g’y) — (3)’0
(a + 10) 2

10. The x-coordinate changes by c units horizontally and d
units vertically. This is not necessarily true for variable
densities. See Exercise 9.

o om= [ [T ydyar - ik
T

M, = Il L;Ekxy dyde = —k '

G-13)

-6 f

|
Y

oo Wi
L]

<
Il

=|

<

(x.7)

2 xz
jo jo fcy dy dx = —k
[ oo dy dx 32
0 Jo 3
2 64
2
jo jo oy dy dv =~k
M, _12
m 7 y
M, _ P 4—7 2.4
m
N
(% 2) 2+ L]
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3. m= [ [k dyde = 30k
M, = [P [T key dy dv = 24k

My = [ [k dy dv = 84k

14. X = 0 by symmetry

a2 k.
o f [

= 1 s -

- M 2+
et S ) -
Y m (+”) v1 4z
_ 2+
=0,
(xy) [ 47r]

15. (a) mz_,‘;'[o kdydx = (efl)
1 pe® 1
M, = jo jo kydydxzzk(ez—l
1 pe*
M, = [ [ krdvds =k
M,
T m e-—1
- M, e? -1 e+l
r = m _4(e71)_ 4
- — 1 e+1
w3 = (755

Section 14.4 Center of Mass and Moments of Inertia 319
1 pe® et -1
b  m= jo jo kydyds = — —k
M, = I; L:lxkyzdydx _eoly
M, = | '[(:kaydydx - %k
_ M, P+l _ M, 4 )
T m o 2(82—1)’)/ Com 9(@2—1)
[ e e
(%.5) = [2(e2 — 1) 9(e? - 1)}
16. )  m= [ [ kdvde={1-e?)k
Mo= [ [ v = - )
M, = | jo kowy dy dv = %(1 ~3¢?)k
5 % 1= 3e7?
T om 2(1 - e’z)
r = m 9(1—@’2)
o [1-3e2 41-e?)
(®.5) = [2(1 —e?) 91 - ez)}
®  m= jo kW dydy = (1 - )k
M= [ [k dyds = =)
M, = oo dy dv = i(l 47k
. M, 1-4e°
m 3(1 - 6’3)
Y= 16(1 - ¢7)
o [1-4er -
(%.7) = [3(1 - ) 16(1 - e-3)]
7. m= [ J:_leocdydx - %k
2
M, = J‘i '[: "y dy dx = %k
X = 0(by symmetry)
M, 16
r = m 7
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320 Chapter 14 Multiple Integration

8. m=[ jog""zlocdxd - % 19. ¥ :% (by symmetry)
M, = [ I;fyz Jwy dx dy = 0 (by symmetry) m= |, I:D(M/Z)kdydx = % }
= L[ e - B M= L a5
f:%:?, y=0 y = M*—% .
-39 n- (53] -
il m 20. - jo”z jo““”” ky dy dx = %L
21 ! L/2 pcos(ny/L) 2kL
H7245;10X MX:J.O .[O}kyde
cos(r Pk(z* - 4
1 oy = [y e - 2T )
M e
YT T 4
M, 16
r = m  9r
L L(z? - 4) 16
(%) :[ (471'2 )9”}
2. m = ”sz
ka(2 -
M, = IRjkydA = jo”/4 jo"krz sin 0 dr dO = 0(26\5)
M, = [ [hedd = jo”“ [ cos 0 ar o = k"}gﬁ s
S M, kN2 8 daV2
T m6 ra*k 3« W
ou, k(2-V2) g 4d2-2)
y = X — . — °
m 6 ra*k 3 ! 0
L 4 4a(2 =2
(x,y) :[ L;f’ ( 3z )]
22. m:I I ot x +y)dydx J”/zjakr3drd9:kagﬂ
M, = ["[ oo k(x? + )y dy dv = j:/z [ kot sin 0 dr do = ’%"5
M, = M, by symmetry
Co M k8 s
T m 5 kd*n 5x
_ . (8a 8
5.7) = (§2.5¢)

© 2010 Brooks/Cole, Cengage Learning



* 1-5e*
23. m:jjo oy dy de = —=—k
2 e 2 1-7e°
M, Ojo fooy? dy dix ok
o2 s 1-13¢*
My_jojo kol dy dv = — =k
_ M, et —13 y
X = =73
m e’ -5
A G 7
y = Y Y
m 27(@ —Se) N
(x.7) = ¢t —13 8(e" -7) \
Y 64—5727(66—562) | 2 !
24. m:J Ilnxkdydx——
e lnxk k y
M =[] Sy =g
iy = [ Eraya =k |
e A |
N
m 1 k /I
oM _k 21 L
YT T k3 '
o 1
5 = [23)
26. y = 0 by symmetry
m= | [kaa = joz jol“"sgkrdrda _ 3k
_ _ 2r pl+cosé 2
MY_JR,[]OCdA_.[o .[0 er
:—I {c0s9+ +c0s2 9)+3cos€(1—sin2 0)+%(1+c0s2¢9)2 do =
e M _skr 2 s
m 4 3k 6
_ 5
5.7) = (2.0)
27. m = bh
bt _bh3
I, = . Oy dy dx T
b b*h
I, = .[o '[ x2dy dx = 5
X = L: bihiz ﬁzizﬁb
m 3 bh N3 3 3
s_ L e 1 ek N3,
PINW N3 w N3 T B3

Section 14.4 Center of Mass and Moments of Inertia

25.

28. m =

321

y = 0 by symmetry
m=[ Jrai= |7 j(f°°”9krdrd9:%”
M, = [ [ lrdd
J‘”:s jzmsw kr? cos O dr dO )
Mk ~ 117k 2 o
g My _8N3 ) @—»0
m 407 e ~
(.7) ~ (1.12,0) \\\\e=-g

cos O drdo = %J'Oz” cos 9(1 +3cos 8 + 3cos® @ + cos’ 0) do

sk

b eh=(fb) bh
o I, v ==
b ophe(m) B bh?
=l v =
I O _bh
N e T
- 1, Brii2 b /6
X = — =— =—)
m b2 J6 6
s_ [L_ (w2 n o _Ne,
Y TN N

i
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29.

30.

32.

33.

Chapter 14 Multiple Integration

m =’ 3w T
J [ o
I, = yodA = rsin® @dr df = —— 2
® 4 o= [ [y an= [T ['rsin?0drdo = 2L
a‘r R o070 16
= [at=["["Fcos’0drao =" e o
4 L= [xdd= [ ["r cos 0 drdo = ==
Y R 0 0
7Z' 7Z' 0472' 16
Ly=1,+1, =—+— =—— ra*  za* ra*
4 4 2 Iy =141, = S0+ T = =
= _ = _ [x a47r 1 _ 6 6 8
PEYINW N e T2 = _s_ L _ |z 4 _a
X =y = = > =
m 16 7ma 2
72'612
m =
2
4
— [ [yraa= | a'n
]X—I jy dA_jo j * sin® 0 dr do = =
V4 a47r
I, = [, [x*da=["['r cos’ 0drdo = ==
4 4 4
]0:[x+[x:ﬂ+ﬂ:ﬂ
8 8 4
= = 1, a‘r 2 a
X =y =,/— — = ==
m 8 za 2
m = mab
a 3 a
I, =4 jj“’/ Zdydx_4j —(a® - %Jo[azJaz—xz xzx/az—xz}dx
a
43| a 1 x|l ab*r
=— x\/a2 — x? + a? arcsin = x(2x2 —012)\/612 - x*> +a*arcsin=|| =
343 2 a 8 all, 4
(a/ph/ 2 -7 Shre
[V :4.[ .[0 x
3 3
Ly=1,+1, = f” ”I;” = ”b”( +0?)
s_ L _ fabr 1 _a
m 4 zab 2
=_ L _ fab’z 1 _b
YT\ 4 zab 2
p=hk 4. p=ky
a b kab 5 2ka’
m:kj. ondydx: 5 m—ZkJ I ydydx—kj a —x)dx 3
g kab* » _ 4ka’
Ix—k_[o jo dy dx I, = f j Y ey dv = =
B b, _ ka’b _pa Na-? _ 2ka’
1, —kJ‘ Joxyydydx— 5 I, =k A Xy dydx = T
4 2.3 5
;oo g o Skab' + 2%b =1 +1, =2k
0 x y 12 y
- [ k6 [ a 3 =_ L _ [kai5 _ @ _ a5
X = _ = = _— = — = —q = - = = —_— =
m kab? |2 3 30 3 2ka’/3
-1 kab'/4a [ b 2, = 4ka’/15 _
= - Y A R, .
Y TN kab*/2 2 2 2 2ka’/3
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Section 14.4 Center of Mass and Moments of Inertia 323

p = kx 38. p=x*+y?
2 pd-x? Jx
m:kJ‘O J.O xdydx:4k m = IIJ‘Z (x2+y2)dydx:%
2 pd-x? 32k 158
I, =k 2dyde = == - _ 18
cm k[ ], e d = = L IJ W dyde = 20
2 pd-y? 16k 158
Iy:kj‘o.[o x3dydx:T l},:IJ‘ x+yxdydx—m
Iy =1, +1, = 16k P [
¢ T 0079
- [, k3[4 2 23
TN TN T N3 T3 3 s_ [Lo_ 158 35 _ [395 _ /351945
T Y m 2079 6 891 891
YN 4 3°J6 3 LI VeI )
m 891
p = kxy
39. p = kx
m:kj‘lj‘zxydydxzﬁ l(x3—x5)dx:i 1 oJx 3k
04 270 24 m:J‘OJZ'kxdydx:—
1 k ¢l k ¥
I, =k xy dyde = — ¥ de = — f
J‘J‘z 4 0( ) 60 IXZI;J\{kXyZdde=%
x k ¢l k *
I, =k Xydydx = — - x)dx = — S
=il 2h( =g L aa-k
Iozlxﬂ’ly,:%:% 55k
240 80 Lo=1,+1, =2%
_ 7 e 504
m k24~ 2 =_ L _ %_g:L;O
m
=  [k/60 10
Vo= k60 _ 10 = L _ [3k 20 _ /70
m\ k24 YT N6 3k 14
m
p = ky 40. p = ky
4 Vr 32k
m_.[o.[o oy dy dx = —= m:2jjjzxkydydx:%
4 oS 3
L= [ ko dy dx = 16k I - 2[5 [k dy e = 32,2568k
PN 512k '
I, = jo jo ey dy de = —— I - 2]; j“;kxzy iy b = ZO:SSk
592k
Iy =1+ 1, = =~ =1+, - 3215,226k
_ I [ [ J
x=,/-2Y = ﬂi = ﬁ :Q — I, 2048k 28 2-/105
m 5 32k 5 5 X === = =
N m 512k 15 15
- I, 16k 3 3 6
y = i:‘,T‘E:\/;:T = &_\/32,7681{0 21 8/1365
” SV 65 512k 65
1=k jb’” af dydv = 2% [ (x a0 - 2 d
b b b b* a’h? kxb?
=ku Wb - 3 dy - 2af xJbt - 2P dv + a* | bz—xzdx}:Zk{-rO }: (p* + 4%
b b -b 8 2 4
4
4 2 2k 3 416k
S =[] K = 6) dy v = jzkx—6)d [3&—6)}0:7
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324 Chapter 14 Multiple Integration

e > 4 ) 20 245, 72 T 42,752
43. 1 = jo jo kx(x — 6)° dy dx = jolcx\/}(x — 12x + 36) dx = k[gx - T
a Y 02*
44. | = J._ Io - a)2 dy dx
a y4 2ay3 a2y2 a?
= J. k| — — + dx
-a | 4 3 2,
a |1 2a a’
= J._ak{“(a“ - 2a%** + x4) - ?(azx/az -x* - x2\/a2 - xz) + 7(02 - xz)} dx
2.3 5 2
= k{l[a“x _2ax x} - %{a(x\/ a* — x* + a” arcsin f)
4 3 5 312 a
2 3\
—1[x(2x2 - az)\/ a* — x> + a* arcsin xﬂ + a[azx - xﬂ
8 a 2 31,
ZQ{TJ_ZJ+lfj_mfwﬁ_a%J+f@f_fH:2{hf_d%j_m{%_lhj
4 3 5 30 4 16 2 3 15 8 60
a eNa® - a ~1027X2 azfxz
45. | = J.o Io - y)(y - a)z dy dx = . .[o k(a - y)3 dy dx = . [——(a - y)q dx
0
a \/02*)’2
= —EJ. [a4 -4’y + 6a*y? — day® + y4]0 dx
= _,J' [ a~Na* - x* + 6a (a2 - x2) - 4a(a2 - xz)\/a2 -x* + (a4 -2a*x* + x ) aq dx
= _ZJ.O [7&4 - 8a%x? + x* = 8a°\a? — x* + dax’~\a* - xz}dx
5 a
= I;P a*x - 8‘31 x>+ x? - 4a3[x\/ a®> — x* + a? arcsin EJ + g[x(sz - az)\/ a®> — x* + a* arcsin xﬂ
a a
0
= —5[7015 - §a5 + las -2a°7 + lasﬂ] = ask(lr - 1—7)
4 3 5 4 16 15
4- \t 3 4 2 k 2
46. 1= [ [k -2 dyar = j 71)0 dx = 725[(27x)+8de

= Er (16 —12x% + 6x* — xs)dx = k 16x — 4x° + gx5 -
372 3 5

47. Let p(x, y) be a continuous density function on the

planar lamina R.

50. (a) p(x,y) = ky

y will increase.

The movements of mass with respect to the x- and y-axes

are
IR [xp(x. ) a4 ®) p(x, y)

2
Lo - (o2 18)
77 ), 3 5 7

49. See the definition on page 1017.

1408k

105

= K2 - x|

M, = J-R J.yp(x, y) ddand M, =
If m is the mass of the lamina, then the center of mass is
A

=N

m’ m
48. I, = JR J.yzp(x, ) dA, Moment of inertia about x-axis

l, = IR IXZP(X, y) dA, Moment of inertia about y-axis

(¥, ¥) will be the same.
© p(x,y) = key

Both x and y will increase.
@ p(x, y) = k(4 = x)(4 - »)

Both x and y will decrease.
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st =L a-pn-L
2 2
b oL L2
b LY e
1T 3
- (L
—Ib[[y (/)]} o L
0 3 12
0
I A ’b/12 _L
Yo T T4 T 2 T W) 3
52. v=2Ad=abh=10-%
2 2
2 3
b ra a a’h
fv:Jofo(y‘gjdd":f
_a @b/ a(3L - 2a)
YT T L (a2)]ab (2L - a)
_ 2L bL L
53. y:?,A:7,h g
b/2 L
Iy = I .|.2Lx/b( 7?} dy dx
2 ¢ 2wy
b2
-2 {[y_ 3” dx
2Lx/b
:,I”/zf_[&_ﬁj dx
27 b 3
47b2
e ppone "o
327 sele 3) ) 36
_ 2L Dbj36 L
e T T Tl 2
Section 14.5 Surface Area
1. f(x,y):2x+2y
fo=f =2
L+ (L) + (/) =VT+4+4=3

%}
Il

[ sdvac =3[ (4~ x)ar

54.

<

Va

Section 14.5 Surface Area 325

=0,4=nma’,h=1L

e 4
= [ sin0dp = T
o 4

- (a47z'/ 4)

Lrad®

_“: Iﬁ% yidydx = Jjﬂ J.: 3 sin? 0 dr dO

‘r

4

a2

4L

55. Orient the xy-coordinate system so that L is along the y-
axis and R is the first quadrant. Then the volume of the

sol

14

idis

= 27xA.

IR I 27x dA

27sz jdi

j [x aa
j [

Ji Jas

By our positioning, x = r.So, V = 27 rA.

Y

2. f(x, y) =15+ 2x — 3y

f;c = 2xfy ==
1+ (fx)2 +

w

o J1a

= [ Viddydr = ['314dx = 9V14

o+
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326 Chapter 14 Multiple Integration
3. f(x,y) =74+ 2x+ 2y
Jfo=f =2
L+ (L) +(f) =VT+4+4=3

S = _[;”IOZSrdr do = j02”6 d6 = 127

4. f(x,y) =12 + 2x - 3y
fi=2/f=-3

1+(fx)2+(fy)2 =J1+4+9 =14
S = joz”fj\/ﬁrdrdez I2ﬁ£d9—9\/_477

O

—— ——
=2 =l 1 2
-1+

24

5. f(x, y) =9 - x?

fo=-2x/f=0

m 1+ 4x?

= [N A dyde = 2[ N1+ 40 an
:2|:i1n(m+2x)+;m:|2
:2[%ln(\/ﬁ+4)+\/ﬁ}
=2\/ﬁ+%ln(4+\/ﬁ)

N

6. f(x,y) =
R = square with vertices (0, 0), (3, 0), (0,3), (3, 3)
=0, fy =2y

«/1+ fY fy N/1+4y

S = j0j0~/1 + 4y dedy = j03«/1 +4y* dy
_ [%(Zy«/l PN ln‘Zy N mz
= 3(6x/37 + nf6 + /37 )

4 4
t t
1 2

7. f(x y) =3+ x¥

f;c_ l/va_O
H+f;[ fy \/14_7 M
g = 03'[: 4+9xdd_4J'\/4+9xd

- [%(4 + 9@”}O = E(slﬂ -3)

S S
8. f(xy)—2+;3/2
fi=0./, =P

«/1+ ;‘Y fy =Jl+vy
= jlozj.oz*y«/l + ydxdy = IOZ 1+ y(2 - y)dy
- [2(1 ) -1+ y)5/2:|2

0

S22 2o

W oo

v
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9. f(x,) = In[secx|
R:{(x,y):OSxS%,OSyStanx}
S =tanx, f, =0

T+ (A) + (A) = I+ tan” x = seox

y

S = I;/4J;mxsec x dy dx

/4
.[o sec x tan x dx

= [sec x] 7t 2 -1
10. f(x, y) =13+ x? - 32
Jo=2x 0, =2y
L+ (LY + () =J1+47 + 47

s = [N+ ar rdrae

2

- Iz [6(1 + 4r2)3/2}0
Io 12(173/2 B

%(mﬁ - 1)

dae

1)d6

13. f(x,y) = Ja* — x* = y?
Rz{(x,y): x? + y? Sb2,0<b<a}

1 =

LR

L _
= J

\/az_xz_yz

\/az_xz_yz

DI

y2

11.

12.

Section 14.5 Surface Area 327

S y) =2+ )2
R = {(x,y): 0 < f(x,y) < 1}
0< U2+ <Lx?+y? <1
. x X y
Jo = Sy =

J e Y2y
«/1+(f)2+(f)2: 1+ x* + g =2

Jx Jy PR

S—J JF\/—dydx— JZ”IS\/EVdrdQZ\/Eﬂ

i

flxy) =xy
R = {(x,y): ¥+ y? < 16}
o=/ =x

1+(fx)2 +(fy)2 = J1+ 2 +x?

16x

S—J. J-_m«/lwty + x2 dy dx
- jjﬂjox/1+r2rdrd0=2?”(17\/1_71)

.
.

3 2
S G0 = 1 s

s= [ e

dydx =

0

T
0. Ja? 2

- x2 = y? \/az_xz_yz

rdr do = 27za(a _Ja& - bz)
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328 Chapter 14 Multiple Integration

14. See Exercise 13. 16. z =16 — x2 — yz
§= La .L/,,Z,xz \/612_7 h@dx 1+ (fy)z + (fy)z = Jl+4x% + 42
R 4 o16-x2
) 772“_ —rdrd = 270’ s= [T 1A s ) e
= J.”/z j. N1+ 4P rdrdd = (65\/— )
15. z =24 - 3x - 2y
L (4) + () = Vi "

o
s=[ j'wz)"”zx/m dy dx = 48/14
0 Jo N

17. z = J25 - & — )7
2 2
5
L+ (Y + () =1+ - + . -
(/o) (fy) \/ 25— x2 —y? 25— x? = y? \/25 - x* = y?

ffﬁ\/zsiawdx— j“j\/irdrdezzoﬂ

18. z = 2/x* + 3?
> 2 4x? 4y2
\l1+(fx) +(fy) :\/1+x2+yz+x2+y2:\/§

S = J‘OM Iozx/gr dr do = 47-/5
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Section 14.5 Surface Area 329

19. f(X, y) =2y + x? 22. f(x, y) = x? + y?
R = triangle with vertices (0, 0), (1, 0), (1,1) R = {(x, y): 0 < f(x,p) < 16}
(LY +(f) =54 0<x+)* <16

foZX,fy=2y
L (£) + (A) = Jiea + 47
s=T, J]M Jiv a4y dyar

il
/65 —
= [ [N+ ar drdo = (6565 - 1)z

o
20. f(x, y) = 2x + y? (\ K
R = triangle with vertices (0, 0), (2, 0), (2, 2) _zJ

JL+ (L) +(fy)2 =5+ 4?
S = J.OZ J-(:«/S+4y2 dy dx 23, f(x,y) =4 - x? P

S—IJ\/5+4x dy dx = (2775f)

y

6

_ 5 [8V21437) N2l 5V R={xy:0<x<L0<y<1
4 5 4 12 fx:—z)@fy:—

L+ (L) + () =T+ 4 + 7
S = [ [l +42) + 4y dydv ~ 18616

R
I+ 24. f(x,y) = %xw + cos x

©
w

L } ; x R:{(x, ):OSxSI,OSySI}

fo=x"—sinx, f, =0

21. f(x, y) =9 - x? —y? \/—
fx f A/1 x—smx
R = {(x, y): 0< f(x, y)} g
0<9-x =32 = 2 +,2<9 S - J;I;4/1+(\/;—sinx)2 dy dx ~ 1.02185
2y

fr=2x, fy = —
R (f )2 + (f )2 _ m 25. Surface area > (4) . (6) =24

Matches (e)

S—j j «/1+4x+4y dy dx :
- _[;ﬂjomrdrda

%(37\/§ - 1) ~ 117.3187 '
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330 Chapter 14 Multiple Integration

26. Surface area =~ 97 28.
Matches (c)
e
2t
%A"‘; g -;!‘-"
29.
27. f(x, y) =¢
:{(x,y) Oéxél,OSysl}
Sfi=e,f, =0
1+ (fx)2 + (f))2 =1+ >
S = ; J.Ol\/l + e dy dx
. 30.
= [[V1+e ~ 20035
31. f(x y) =e'siny
fo=- smy,fv:e cos y
\/1 fx \/1+e “sin? y + e2* cos? y =1+
/ 2){
S - J‘ J‘\/4 x dy dx
32. f(xy) = cos(x2 + yz)

R = {(x,y): x2+ )7 < %}

fo = 2x sm(x + y) fy =2y sm( + yz)

f(xy) =27
R={xy:0<x<10<y<1
—Ofy—y

W NESE
s = jo Iomdxdy: I0«/1+y3 dy ~ 1.1114

flxy) =x =3xp + )’
R = square with vertices (1, 1), (-1,1), (-1, -1), (1, -1)

fo =3x* -3y = 3(x2 - y),
fy = 3x+ 3y? = 3(y2 - x)

S = J:ll J.,ll\/l + 9(x2 - y)2 + 9()/2 — x)l dy dx

S y) = x* = 3xy = y?
R={(x,y):0£x£4,0£y£x}
Jo=2x -3y, f, :—3x—2y:—(3x+2y)

1+ () + () = J1+ (2x - )

1+ 13(x? +y)

3x + 2y)2

l+l3x +y dydx

s=[

N fx ﬁ \/1+4x sin?

J‘\/_J‘\/\/”Z;\/l+4x +y)sm (x +y)dydx

33. f(x, y) = ev

) + 4y? sinz(x2 +y

) = i (s A )

R={xy):0<x<40<y<]10
f = ye f\ - xeﬂ’
1+ (fx) + ) = \/1 + yzez"y + x%e™ = \/1 + ez"‘}’(x2 + y2)

S = Lj J-OlOJl + ez"y(x2 + yz) dy dx
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Section 14.5 Surface Area 331

34. f(x,y) = e siny
R={xy):0<x<40<y<x

Je =—eTsiny, f, =eFcosy

L+ (f) + (fy)2 \/1 +esin? y+ e cos?y = /1 + e

S = J; I:\/l + e dy dx

35. See the definition on page 1021. 38. (a) Yes. For example, let R be the square given by

0<x<L0O0<Ly <],
36. f(x,y) = x* + y*is a paraboloid opening upward.
d S th llel to R given b
Using the figure below, you see that the surface areas an © square paratiel fo £ given by

satisfy: 0<x<L0<y<lz=1

(b) < (¢) < (a) (b) Yes. Let R be the region in part (a) and S the surface
givenby f(x,y) = xy.

xiiyi=d (c) No.
39. =V1-x%f,=—F——.f,=0

T 12 —x2

[N+ ) (/) a4

v

o

%]
Il

37. No, the surface area is the same. 1
z = f(x, y) and z = f(x, y) + k = 16_[; * - dx = [ 16( )1/21) - 16

have the same partial derivatives.

40. f(x, y) = kx? + )2

> > k2x2 k2y2
J1+ () +(fy) :\/1+x2+y2+ - - =R

X +y

S=[[1+(h) + (1) aa= [ N2 +1dd =i +1] Jaa = sk +1 = 22 +1

M@ V=[x

= 8LJ«/625 — x* — y* dA where R is the region in the first quadrant
25

8177 [ 625 —rrarao = -4 [ (625 - r )ﬂ do
4

= —g[o - 609x/609} = 8122609 em? R E e —
2
b) 4= [ [JJ1+( dd = 8[ [ |1+ Y dA
®) II fx fy JJ\/ 625 — x* — »? 625—)62—)/2

dA:Sj”/Z stisrdrdé’

QN v Jos

b
fim [—200 625 — rz} : % — 10077-/609 cm?
4

b—25"
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332 Chapter 14 Multiple Integration

1 4 16
42. () z = —° + —? — 25,425
@ 2=y 4oy - Y
(b) ¥ ~ 2(50) J’ SLLp 4 160 o8l - 100(266.25) = 26,625 cubic feet
o (75 25 15
1 4 16
© floy)=-—y+—y ——y+25

75 25 15

1 816
=0/ = =
/ f= 35 T s

S = 2]050]0‘54 I+ f2 + f2 dy dx ~ 308758 sq ft

(d) Arclength ~ 30.8758
Surface area of roof ~ 2(50)(30.8758) = 3087.58 sq ft

Section 14.6 Triple Integrals and Applications

27?2

jjjx+y+z)dxdzdy_jj{+xy+xz}ldzdy_jj[ +y+zjdzdy_j;Bz+yz+Zz} dy

0

= [+ 2y +2)dy = [3y+ 2] =18

2. J‘_]l I_l] J‘ilxzyzzzdx dy dz = 3! J‘ [x3 2, 2 ! dy ds
S [ =3[ o] e =5 e = [3] < &
N 1
s [ rawar = [l avie = L ferwvar = [[57] a= [ [5] -5
0 0
T G NP Y T K Y P iy g
> j14 '[(i '[g 2207 dy dx dz = .[14 I; [(Zzeixz )ylj dx dz = JT L}l dzxe ™ dy dz
4
= J'14|:7Ze7x2:|; dZ — 142(1 — eil)dz — |:(1 _ 61)222:|1 _ %[1 _ é}
6 [ j””lnzdydzdx_j [T [mzy]/ dede= [ lnzd dx = j{lnz } _j Zde=[2mx[] =24
7. N lixxcosdedydx SN X cos y)z 1ﬁdydx . ”/le—x cos y dy dx
0 Jo 0 0 Jo I:( ) :Io 0o Jo ( )
2 374
= J.;[x(l — x)sin y]g/z dx = I;x(l - x)dx = {); - );}0 -8 % - _?
. o
8. J‘:/Z J.Oy/z J.(I/ySinde dx dy = J‘On/z L)y/z sin y dedy = lJ'zr/z sin y dy = [71 cos y} 2 1
y 270 2 0 P
9.

J. J.\/ﬁj. ydzdxdy = 324
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Section 14.6 Triple Integrals and Applications 333

1632

'[ J‘zY I; Zydzdydx—J. I 4y—2x2y—2y3)dydx=T
T = [T ol

Ja2
= _[; [xz In 4(—cos y)l) T =Jj x* In 4[1 — cos\/ 4 — xz} dx = 2.44167

R e T

2
_ Js -“3'(x/2)l(6 - x - 2y] e_xzyz dy dv ~ 2118
0 Jo 2 3

L e

v P ey as

V—J j\/ﬁfﬁv - dzdydx—f J-\/ﬁrV - dz dx dy
V—I Hiﬁ—j”’ e dy d

Z:%(x2+y2)32zzx2+y2
X4y 4 =224+ =80=>2422-80=0= (z-8)(z+10)=0=>z=8=x*+)’ =22=16

16r 80—x2 )

V_j IJFL/Z dz dy dx

/- u%ﬁ%%ﬁ; -

z=4-x% = x* +3)?
4 = 2x* + 3y?
2
X y .
1= —+ ellipse
2 (a3 OF

Ve P e = [ aea

= %_"_22(4 - yz)z dy = I02(16 -8y + y4) dy = |:16y - §y3 + éysﬁ = %

Vo= .[oz .[o2 .f;xydz‘]ydx = Lf IOZnydydx = Joz[xyz]i dx = J024xdx =8

V—sjj j“"‘ydddx sjj * Ja —x* — % dy dx
= 4_":{)/\/:12 -x -y 4+ (a2 - xz) arcsin(zyzﬂ 7 dx
0

_ 4@ [~ ) = {z,{azx - ;ﬂ -
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334 Chapter 14 Multiple Integration

2. V_4jj3°

2.V = j:z j“”‘z dedydv = [[(4-x) de = [[(16 -8 + x*)dv =

0

J2
0

ST 0w dva
0\/5(9 xS)(Z - xz) dx
V2
o |

18 — 9x2 — 253 +x)dx

1 oV
18x73x377x4+x—
2 6

0

18\/5—6\/5—2+7

12\/_—7

5.7 = [ j;_’yy2 dz dy d

3 272 ﬁ
= 3{2yy+y} dx &
0 2,

26. The region in the xy-plane is:
v= [ [dedyan = [ [V xdyar
_ J‘z[xy]x”dx J~

3 47?
= x+x2—x} 84428
o

x+2) 3)dx

3 4 3 3

Ay

6
4{9xm + 324 arcsin[%j + %x(36 _ x2)3/2}

36-x2
j:" 7 e dy = 4]“[ (36 - 22 - ) dydv = 4 {36y—xy—y} dx
0

3

416{36\/36 S - 36— ¢ - (36 - xz)ﬂ d
’ 3

= 4(1627) = 6487
0

[l6x—fx + xl):%

27.

28.

4

[ asdeay

29. Plane: 3x + 6y + 4z =12

-[03 J-(§1274z)/3 -[512—4273x)/6 dy d dz

30. Topplane: x + y +z = 6

Side cylinder: x> + y* = 9

R

w
bt

e,
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Section 14.6 Triple Integrals and Applications 335

31. Top cylinder: y* + z* =1 32. Elliptic cone: 4x> + z? = y?

Side plane: x = y J,4 -[4 I\/yzj/zdxdy o’
AN o
33 0={(x,y.2: 0<x<LO0<y<x0<z<3 y
J'”xyde = Jj I()l J';xyzdxaﬁzdz = J.o3 I; ijyzdydxdz N @
0
= J‘IJ‘SJ‘Ixyzdxdzdyz J‘IJ.}J‘xxyzdydzdx R
—J.J.J.xyzdzdxdy—JJ' J.xyzdzdydx( %) i

34. Q={(x,y,z):0£x£2,x2 Syé4,0§z£2—x}
[{Jorar = [ 1o [

[
= I: J.o\/; I;_xxyz dz dx dy

[ b da

= .[2 J-Zi I4 xyz dy dx dz * 29 /

LT s [

:4ZJmeﬁ¢@+ﬁﬁwﬁﬂﬂw@%%>

0 Jo

35.Q={(xyz):x2+y2§90§zs4}

”jxyde— I I J.\/;Jo/zdydxdz— I f I\/—xyzdxdydz

__[ .[ IFWZdXdZdY—I I Ixyzdzdxaﬁz

= j_3 J.O I_\/;_jxyz dy dz dx = _[_3 J_\/;_j _[0 xyz dz dy dx (= 0)

3. 0={(x,y20<x<Ly<l-x,0<z<6
[ozar = [ [oraard = [[[77 [ ozt ara
0

= I(j j; J.(I/EWZ‘ZXC]Z dy = I; J; .[O\/gxyzdxdy dz 4

L e dvear = [ wm e = 3
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37. Qz{(x,yz) 0<y<L0<x<1-y? 0<z<1—y}
1ydzafxdy— Vi lvdzdydx
[
=II222 j dydxdz+jj I dydxdz
- “avdzde+ [ [Ty de
1- \/ﬁ 0
=Lﬁ”ﬁyw¢W=LL’ﬂ“www=%
38. 0 ={(ryz0<x<30<y<x0<z<9-x
A N A
A j“ [dyazar = | j [y dv
= j j Tdvdyd: = [ j” _[\/_dxdzd -8
39 m= k[ [T ey e = sk i,
M, - k_[ I4 (2x/3) _[ ~(»/2)-(x/3) xdz dy dx = 12k ",
Lo M. _12% 3
T Tk 2 M,
40. m= kjlo5 J.OSix J.Ol/s(wi}kmy dzdy dz = Ek M,
M, = kj(j J‘;ix j;/5(1573k3y)y2 dz dy dx = 12—Sk X =
- _ M,
y== 2 y =
A m=k [ [ [ xdedyde = k[ ['x(4 - x)dy z =
= 4k [ (4x - %) d = %
, 4. m
M,, = k_[: I: J.(j_xxzdzdydx = kj.: ij@dydx Y -
xy
= 2 [ (163 - 827 +x3)dx=% ;
_ M, g
z=—==1
m sz
4. — J': Ia[lf(y/b)] JJ[I*(Y/th/a)] e dv dy = kabc _
a[1-(y/b)] ¢ 1-(v/b)~(x/a)] kab?
R N R A P R ;

M, _ kab*c/24 b
kabc/6

y:m T4

4 |

m = kj; J.Ob I;xydzdydx = kaS

= kﬁ Lf I;xzydz dy dx = %6

= kj; J.Ob I;xyz dz dy dx = %

= kI; '[()b I;xyzdzdydx = %176

m
M,

M, k)6 2b
m  kb/4 3
M.  kp°/6  2b
m  kb/4 3
M,  k°/8 b
m kb4 2
= k[ [0 [ 2 de dy v = kabe”
a ¢b e kabc®
ho jo IOZZ dz dy dx = 3
a ¢b e ka*bc?
= kj’o jo joxzdzdydx -
a ¢b e kab*c?
:kj J. Iyzdzdydx: 2
M,  ka’bc*/4  a
T ka2 2
- _ kab*c*/4 b
m  kabc?/2 "2
M,,  kabc*/3 2
“m kab*2 3
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45.

46.

47.

48.

49.

51.

x will be greater than 2, whereas y and z will be

Section 14.6 Triple Integrals and Applications
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unchanged. 50. m = 2k.[ j I dz dy dx = 18k
— . — — . 3 97):2 y
z will be greater than 8/5, whereas X and y will be M_ = kI J' j xdzdydx =0
" d Vz -3 Jo 0
unchanged.
M, = k[ jmj) do dy dv = 27k
y will be greater than 0, whereas x and z will be = sl o Y 8
unchanged. Joo2 1
My = k[ [ [z dedydx = Slk
x, y and z will all be greater than their original values. Iy
x=—2=0
_l o "
m—gkizrh )7_sz_9£
X=y= Obysymmetry m 16
;Mo _or
Mxy:4k'[.[ J-\/f/zdzdydx m 32
2 J2_2 97 97
- (r? = a® = »?) dy dr (.7, ):(Oﬁ?zj
akh* ¢/, 2\32 kzr?h?
Y ot =) e = 4
_ My _ kzr*h[4 _ 3h
m kzr*h/3 4
(x.7,2) = (0 0, %j
128kz
m =
3
x =y = 0bysymmetry
=4 - x 2
f2_2 . [2_2_2
M, = 4k 4j ) I ) ! z dz dy dx
0 Jo 0
| 2_2
_ 4 (g2 2 2 _ 4 2 3
,2k.[0 jo 4° — x —y)dydx72kj.0[16y—xy—§y}0 dx
_ 4k 4/ 3/2
= ?J.o (4 ) dx
= 1028k =2 cos* 6 d6 (letx = 4sin 0)
3 Jo
= 64rzk by Wallis's Formula
_ M,  64krn 3 3
zZ =  —— = — - = —
m 1 128k 2

(x.7,2) = (o, 0, g)
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52. x=0

m=2%["[ jol/(yz”)dz dydv = 2% | j;%ﬂdy dx = 2/{%]]0% — kx
y

Mo =[] J;/(yz“)y dedy dx = 2k | =

xy

wy = T V) a

1
2 ¢l 1 2 y 1
=k 7d dX:k ———— + —arctan
OJO(yu =Y L{z(yﬂn 7,

- M, kln4 In4
y: = [ —
m kx V1
- M, (1 ﬂj 2+ 7
z = =kl=+=|/kn =
m 2 4 4
o _ In4 2+ 7
X,Y,z) = 0’77
( Y ) ( V4 471')
53. f(x. ) -2,
’ 12

20 —(3/5)x+12 (5/12)y
m:kjo jo jo dz dy dx = 200k

20 —(3/5)x+12 (5/]2)y
:k_[ [ jo x dz dy dx = 1000k

yE 0o Jo
M, = k[ jo’(y etz jf/ I de dy d = 1200k
M, = k[ jo’“/s)'”” jf“z”’zdz dy dv = 250k
o M. 1000k
m 200k
M. 1200k _
YT T 200k
M, 250k 5
m 200k 4
@ia:@@ﬂ

54ﬂLﬁ=%@—nme)

B 5 ¢=(3/5)x+3 £(1/15)(60-12x-20y) B
m = kjo jo jo dz dy dx = 10k

_ 5 r=(3/5)x+3 (1/15)(60-12x-20y) _ 25k
M, = kjo jo jo xdz dy de = ==
B 5 =(3/5)x+3 ¢—(1/15)(60-12x-20y) _ 15k
M. = k.[o -[O .[0 y dzdy dr = o
5 ¢—(3/5)x+3 (1/15)(60-12x-20y)
M, = kjo jo jo zdzdydx = 10k
__ M. _25k2 s
m 10k 4
M. 15k2 3
YT T ok 4
z = M’W = % =1
m 10k

___, (53
=221
(x7y7z) (4945)

Y dy s = k[ (n2)dx = kIn4
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55. (a) I,

(b) I,

56. (a) 1,

(b) Iy =

57. (@) 1.

Section 14.6 Triple Integrals and Applications

AL b = ] [+ )

a 5
= kaI [;y +z y} dz = ka_[ (ga + az jdz = {ka[;zfz + ;az3ﬂ = 21;“

2ka’

=] =] =

y z

kJ.; Ioa J.; (y2 + zz) xyz dx dy dz = ki;_[; I; (y3z + yz3) dy dz

2[4 2374 4 2.2 4\ 3
_ kel ytz P ket ‘(a2 + 22) d = ka'fa’z”  227) _ ka”
2 90| 4 2 8 7o 8 2 4 0 8

ka®
=1, =1 = ?by symmetry

L] S s

al2 J-af2

ka®
=1, = E by symmetry

ka® ka® ka®

=1, =1 =—+—=—
12 12 6
a2 pal2 pal2 3k a2 a/Z Tk
J.a/Z .[ a2 Jla/zz2(x2 + y2) dz dy dx = % —af2 J a/2 dy dx = %
a2 pal2 eaf al Tka’
J‘ajzj.;_,:;zyz(xz+y)dzdydx_kaj. 2 .[a/2Xy + dydx: 36(1)

= [, by symmetry

7

I
30

a’k
=1,+1,=——
oy Y 30

;

I, + 1, = Tka

180

SN A O P WA E R R TR P
- kj:{)i(4—x)+)3}(4—x)3}:dx = kf:[63—4(4—x)+§(4 )}d _ k[_%@_ o _;(4_)6)4}4

LT s A = [0 o

4
= 4k _“;{4)62 -x + %(4 - x)ﬂ dx = 4k[§x3 - ix“ - %(4 - x)ﬂ 312k

= kj: I: I:_x(xz + y2) dz dy dx = kj: I:(xz + yz)(4 - x) dy dx

= k! szy + y;](4 - x)I d = kj:(4x2 + %j@ — x) dx = 256k

339

= 256k
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) Lo=k[ [ [0+ ) dedyde = k[ J:[y3(4 —x)+ %y(4 - x)ﬂdydx

I,

58. (a)

Xz

yz

(b)

‘kﬁ{f(“— +y62(4—x3}dx k) [64 8 xﬂ
k[ [ ) dedy = kjj{ 4=+ e
O
o A A E e NN e R S

Y EONTI A

4
- 8kj4(32 8+ 4x? - ') dx = | 8K 32x - 4x” + 4o Ll
0 3 4 o

NN TSN T

y2)4 dydx = %J.; J.Oz (2

2

4

tﬁszQG—xf—gm—ﬂq _ 2048k
3 ) 3
)}dydx
1024k
3
2048k
3

56 — 25637 + 96y* —16y° + »*) dy dx

3 5 7 9

_ 5-[4 256y — 256y N 96y° 16y N kI416,384 _ 65,536k

470 3 5 7 9 1, 0 945 315
3 4 02 pd4—y? ) B 42l , 2\2
,kj.o Io J.o yzdzdydxfkjio J-OE —y) dy dx

2
21 16y° ¥’ k 41024 2048k

=k 16 -8yt + dd —— =t d == | ——dx = ——

f f ¥ -8yt ) dy I { 71, " 2h 05 105

I j j4yxzdzdydx—kj .[0 dydx

2
21 8y y° k 14256 8192k

=k 216—8 + dd—f -+ || dx = = X2 de = 22222

X I VPt ) dy d J { ( 375, T 2has 45
= [xz + ]xy = %9 ]_V = ]yz + ]xy = %’ ]Z = [yz + [xz = 63’341.858]C
:If f} 4 - z) d= dy dx
A2t 402 pamy? _ 32,768k 65536k 32,768k
_kjjj 4z dzdydx—kjojojo e dy dy = == - = =

Z—IIJ““ 4—zdzdydx

e 4y R 4=y _ 1024k 2048k _ 1024k
7kJ. J. j 4y* dz dy dx kJ.O J.o .[0 yzdzdydx = 5 05 - 21

jjry 472 dzdydx

— —v2

R N R R b=
S, - 48;11258k’[y 141, - 112;,:;34k’12 I+, = 11,§§4k
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L2 L2
59. 1, = jL/Zj jJ—zz dz dx dy = kjmj PWNa? - x* dx dy
= fIL/Z a— wa? - ¥t +d? arcsin’ | — l(x(2x2 - az)\/ X — a® + a* arcsin = dy
L2 2 a 8 al| ,
9 4 4 4
_ 2k pfam ) g, o aAk
3012 4 16 4

Because m = za’Lk, I,

/
L = .[Lsz I—a
/2
= ZkJLL/2|:
/ a
I»VZ = JLsz Jlfa
_ kjL/z 1{
1, = Ixy + 1.
I, =1,+1,
I, =1,+1
60. l)‘y = injz I:]:jz
o /
Lo = .[7;2 Lajz
L‘/ a/
Iyz = J‘—ch Jlajz
I, = Ixy + 1.
[y = Ixy + ]yz
I, =1.+1

61.

= ma2/4.

J._\/iy dzdxdy—ij J- Vi a? = x* dx dy

( N a* — x* + a* arcsin xﬂ
a

—-a

12
dy = kra? JlL/z y2 dy =

A (12*)(2 a
Lm x2dzdxdy = ZkLLzz _L,xz\/ a* — x* dx dy

a 4
az)\/ a?> — x* + a* arcsin i} dy = ka ”JL/Z dy =
al_, 4 J-12
2 2
:mi+£:ﬂ(3az+y)
4 12 12
_ ma*  ma®  ma’
4 4 2
2 2
ML LM M 4 )
12 4 12
J-b/Z Pddyde = 2 ¢/2 J>a/2 ibz(abc) B imbz
-b/2 —c/2 12
b2, o2 pal2 ) b’ (o2 _ ba’c
J:b/zy dz dy dx = Ic/zj dy dx = 12 J-¢2 12
b, ¢
I/z x2 dz dy dx = ab & x2dx = abc’ = 1 2(abc) = imc
-b2 —¢/2 12 12 12
= Zna + 1)
_ 1 2 2
= Em(b +c )
1 2 2
= Em(a +c )

Jlll J.—ll I;fx(xz + yz)\/m dz dy dx

62. j ij 2x2+y2)dzdydx
63. p = ke
(@) m j IJTF (kz dzdydx( 323"”)
(b) x =y = 0by symmetry
. M7 7{ IJTF szdzdydx(:Z)
© L= jiﬂj“” x2+y)kzdzaj/dx( 323"”)

2kra®

LZ

r 1
L1,
8 12

ka*nL _ ma®
4

1

2 _ 1,
79 (abc) = 7™M
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64. p = kxy
5 N2sx? paf25-2-y2 625
(@ m= J.o Jo Io kxy dz dydx(: Tkj
ML 1 s e et 257 4
0 F =22 - x(lcxy)dzdydx(: 37) .

y = X by symmetry
Mxy 1J-5 J~\/257x2 J-«/257x27y2 25
0 Jo

7o _ 1 . z(kxy) dz dy dx (: EJ ’k' s
. )

m m
() I, = ISI e jo g (x2 + yz)kxy dz dydx(: @kj )

21

65. See the definition, page 1027. 69. V =1 (unit cube)
See Theorem 14.4, page 1028.

1
Average value = — I ”f(x, ¥, Z) av
66. Because the density increases as you move away from V 0

the axis of symmetry, the moment of inertia will

1 ¢l el
increase. = _[O IO _[O (zz + 4) dx dy dz
) ) ) Ll , 1,
67. (a) The annular solid on the right has the greater density. = IO J.O (z + 4) dydz = IO (z + 4) dz
(b) The annular solid on the right has the greater , |
moment of inertia. |2 44z = 1 +4 = 3
3 o 3 3

(c) The solid on the left will reach the bottom first. The
solid on the right has a greater resistance to

rotational motion. 70. V = 64 (cube with sides of length 4)
68. The region of integration is a cube: Average value = l_[”f(x y.z)dV
] = s Vs
0
1 ¢4 ¢4 ¢4
' =aj‘0 .[0 onyzdxdydz
l - 1 (4
) X = ajo Io 8yz dy dz
1 ¢4 4
= gjo 8zdz = Iozdz =38
Answer: (a)
1 .
1. V = gbase x height

- e - Joan
fly.z)=x+y+z

Plane: x + y + z = 2

& (0,2,0)
@.0.0) £ —
Average value = %J.” f(x, y,z)av x% )
o
3 (2 p2-x p2-x-y 32 p2-x 1
:ZIO Io _[0 (x+y+z)dzdydx:ZJO JO E(fofy)(x+y+2)dydx
321 2 3 3
=2 x+ 4)x -2V dr = 2(2) = =2
P ler e = 20 =
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72.

73.

74.

75.

76.
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4 3
Vo= 57[(\6) = 437
Average value —JH [y, z)dv = 4\/_”'[ J‘,\/ﬁ J:\/T X + y)dz dy dx = 0, by symmetry
1-2x2 —y* =32220
2% + 32 +322 <1

0

N2
J‘—]l/\/—

I2x

[N
4\/87r
45

Exact value:

1-x?—y? -2 2>

2

X +y2+zzsl

= {(x yoz): xt + yr 4 27

lX*l

J )

Exact value: 8—”
15

14
15

{(X, v, z): 2x* + y? + 322 < 1} ellipsoid

T

0

N A i
_xz 3—a— )2
(I

-y - 322) dz dy dx ~ 0.684

< 1} sphere

m - x? = y* = %) dzdy dx ~ 1.6755

—x - 7a)dxdy

(-a-5)

94 1la 1,

, 15 3

b [l i)

So, 3a> —22a+32=0

(a - 2)(3a - 16)

0

2,1
3

By symmetry, the volume in the first octant is

l(1671') = 2r.
8
X X
= [ " dy de
By trial and error, b = 4.
y z? .4
Note: Volume at elhpsmd S+t +—5=1is gﬂabc.
c
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77. Let y, =1 — x;.

T T T
2n(xl +oetx,) = %(n — V=Y V) = 3 T(yl V)
So,
1 ¢l 1
I = _[0 J'0-~Iocosz{%(xl + ot x,,)}dxl dxy ++- dx,
0 ¢0 0 .
= L L L smz{%()h + o+ )/n)}(*d)’l)( dyz dyn J I _[ sin { et xn)}dxl dxy - dx, = 1

hth=1=1=1%
2
Finally, nlgralc I, = %
Section 14.7 Triple Integrals in Cylindrical and Spherical Coordinates

L j:/zj reosfdrdfde = | j cos 9 df e = [ [$sin 9] de=["2d=[2] =35 (1) =2

N

0

6-r
T e dzdrae = [T jo[rﬂo drdo = [ j;%(ﬁ —12r + 367) dr dO
- j”/“{ e +18r} do = [ ;(108)d9— 54(4] 277”

2cos? 0

3 j(f/ ? joz“’szg j:"z rsin 0 dz dr dO = j(f/ ? foz“’szgr(4 ~ r)sin 0 dr d6 = j:/ ? Kzrz - V:]sm 9}0 do

8 cos’ @ N 4 cos’ 0 o B 2
5 9 0 45

= Joﬂ/Z[g cost O — 4 cos® 9} “in8d = {_

2

g e A R R
0

4,
2n paf4 peosd 5 B 1 27 pn/4 3 . B 1 r27 . /4 oz
5. J.O -[O J.o psingdp dpdo = g.[o Io cos” ¢ sin ¢ dg dO = _EJ.O [COS ¢:|0 de = n
/4 prf4 pcosd X 1 ¢n/4 pn/a )
6. J.O IO IO p’sin g cos ¢ dp db dg = §J.0 J.O cos® @ sin ¢ cos ¢ dO d¢
= %J;M I:M sin ¢ cos ¢[cos 9(1 — sin? 9)} do d¢
1 (/4 . . sin* 01"
= EJO sin ¢ cos ¢| sin € — d¢
o
52 ¢ sV2sinz g 52
=— sin ¢ cos ¢ d¢ = =
36 Yo 36 2 | 144

7. '[(: '[OZ J.O”/Z re" df dr dz = 72'(6‘4 + 3)

8. J'O”/Z JO” J-;ing(z cos ¢)p2 dpdodp = &
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9. jo”/z j; joz rdz dr df = j:/z jjm’z dr do = j:/z[—%erz}z do = J'O”/Z%(l ~e?)do = %(1 -~ )

N:
10. j:” joﬁ E_rzrdz dr df = jj” jf(Sr ~ P)dr do = joz”[% - ﬂo do = jj”(% - 2745) do = 2 o = 2%

27 pm/2 4 . _ 64 27 px/2 ”/2 32\/— 2” 64\/572’
[0 s odpapado = S [ o = [ ool a0 - a0 -

2. [T [ ot singdpapdo = L[ [Tsingdpdo = L[ [-cos gy do = 25T = 1567

13. jz” jz j“ ¥2 cos O dz dr d6 = 0

N j“‘“‘““”z [ o sin® geos 0 dp dpdo + [ j”“ [ ¥ sin g cos 0 dp d do = 0

0 arctan(1/2)

14. j”/zj [, ol s drdo = 3 a3

J‘”/Z J-ﬂ/()j p sin? $dp dpdo + J'ir/Z J-ﬂ/z J-2csczﬁp3 sin? bdp dpdo = % _ 2”\/5

[2_2
r2cos@dzdrdd =0

s [0

‘[”/4 j2ﬂ J»2a005¢p3 sin? gpcos@dpdddp =0

asec
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16.

17.

18.

19.

20.

Chapter 14 Multiple Integration

8z

Jq[/z J-3 Jmmrdz dr dé =
0 0 Jo

8ix

j;’/z j:/z [0 sin g dp dg do =

vV =
- §a3 jo”/ ? (1 - sin® 6) do = fa3[9 + %cos O(sin® 6 + 2)}
2 72 282 pr 72 4 \16-12
Vo= 571(4)3 + 4{_“0 L) IO rdz dr df + .[o Lﬁ IO rdz dr dﬁ}

(Volume of lower hemisphere) + 4(Volume in the first octant)

[P (T v drdo = 4] [ N 7 dr o

/2
,ﬂ (f_gj:7(3,,_4)
o 37 2 3 9

‘d‘/"'-' -
1287 [ (V2 N 1
VﬁT+4J.0 Io r drd9+.|.o .[zﬁr 16 —r drd9:| 7, -
L -~ 1 Ty
_ 4 : + o
1287 8Vor j”/z[fl(w - rz)ﬂ do i-
| 3 0 3 22
_ 1287 8V2x 8\/5;1 _ 1287 6421 _ 641(2 +V3)
3 |3 3 3 3 3
_ — 2 2 7 pacos a2
In the xy-plane, 2x = 2x* + 2)* = 2.V = 2.[0 J‘O 0 J‘OV v de dr dO
OZXZ—X+y2:(x2_x+l/4)+y2:1/4 7 pacos
. , =2 [ e - drde
= (x = 12) + »* = (1/2) 00
acos @
In polar coordinates, use » = cos @ for this circle. =2 I [_7 - 3/2} do
o
7 pcos@ p2rcosé
V= .[o Io .[zrz r dz dr do = zi ”(1 — sin® 9) do
T pcosd 3 0
=[] (2r* cos 0 - 2r) dr do .
0 Jo 24° cos® 0 24°
X 47e0s0 :3{94—005(9— 3 } =T(37r—4)
= I:{zg cos 6 — 2} dao ’
0
4 B 2z \/E 4- r2
I:(§c0540 cos2 9] J0 22. V = .[0 Io I rdz dr do
o ” - Iznvfﬁ(r\/ﬁfr)drdﬁ
:fj.ocos“ﬁdé’:— e
6 16 Py 1 3/2 3 V2 87
[ { 1 } do = (2 - \2)
2—x2—y2=x2+y2:>x2+y2=1 0 3 30 3
IZII 1-[2 erdZ dr do 27 2 £9-rcos@—2rsinf
oo 1 23. m = IO IO fo (kr)r dz dr do
2z el
Io 0r(2 -2 dr do = J.OM I;kr2(9 —rcos @ — 2rsin 9) dr do

J’;”{r - ’L do = ;(2;:) =

2

do

0

n 4 4
= Iz K33 = cos0 - sino
0 4 2

= .[02” k[24 — 4 cos 6 — 8 sin 8] dO

= k[240 — 45sin 6 + 8 cos 0]3”
= k[487 + 8 — 8] = 48kx
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24, j;/z joz I:H k r dz dr d6 = j;’/z Iozl2ke”2 r dr do

. 2
= '[ 2 [—6ke”2]
0 o

j(f/ " (~6ke™ + 6k) dO

= 3k7r(1 - 64)
35 z=h-L iy zﬁ(,,o_,,)
7o 7o
V= 4]”/2 [ jh(")’r)/")rdzdrde
= j”/zj ) dr do

_ AR
7 0 6

3
= ﬁ ’;0 (ZJ — lﬂ'r&h
6 \2 3

26. x = y = 0 by symmetry
1

g

N|
Il
|

27.

= kx> +y? = kr

X =y = 0 by symmetry

e[
o[

ikﬂ'ro3 h?

A}

<
[

__ M, _ kagh? /30 h

@ﬂﬂ=@&@

3 —xr2hk from Exercise 25

o zr dz dr dé

M2 e dr do = szrr(fh

M2 L e dr do

m krrgh/6 ~s

28.

29.

30.

32.

kz

i)
I

y = 0 by symmetry

el
R A A

= —kﬂ'ro 23

%
™ oy de dr dO = ékmghz

M 2 e dr do

__ My _ kxgh’[30 _ 2k

m kﬁr2h2/1 2 5

(%.7.7) = [ooﬁq

244“11

4kh J-”/Z J‘

IS e dr do

~
Il

dr do

— ﬂ VL fj — Lkmﬂ(fh
7 (20 \ 2 10

Because the mass of the core is m = kV = k(37rr0 hj

from Exercise 25, we have k£ = 3m/71'r02h. So,

1, = 1 ih = Lf 3m rth = imroz.
10 o\ zr¢h 10

: wf+ﬂﬂ

— 4k j:/z [ j:('”"')/"’ # dz dr dO

~
Il

X, V, z)dV

- 4khj”/2 [P ar do
o Jo

_4khj'/zi—r— d9_4khj/”i—’i do
61 6

/2 1

4kh j i do = akh—r3 = = Lyszin
30°2 15

.m= k(;rbzh - ﬁazh) = k;zh(b2 - az)

I, = 4ch.7[/2 jb Ihr3 dz dr d6

7r/2

=4khj”/2 ["rdrdo = kn["(b* - a*)do

B kzr(b“ - a4)h ~ kzr(bz - aZ)(b2 + az)h
- 2 - 2

= %m(a2 + b2)

m = kzxa*h

1, = ZkJ.”/2 J-Zasim9 Ihr3 dz dr df = Ek7m4h = ima2
o Jo 0 2 2

© 2010 Brooks/Cole, Cengage Learning



348 Chapter 14 Multiple Integration

Bv=[" j”//j [ p*sin g dp dp o

- [ j;/j9 sin ¢ dg d6
/2

JOM [-9 cos ¢]”/4 do
[ 9[%) o = 187{%} = 912

0

4. X+ 2+ 22 =2

x2+y2+(z——j =— = e
2 4 1 1 y

Sphere with center (0, 0, %j p = cosg

v=[" j:“ [ p? sin g dp dp do

0 0

VY ) 3 | — 4 i ”
J-z I/4COS ¢sin¢d¢d0:I2 cos” ¢ dH=I2 i(l_ljdgzz
3 , 012

0 12 4 8

5.7

01 o sin g dp dg do = 167°

36. V =38 I:M I:/z I: p*singdpdddg (includes upper and lower cones)
~ S - ) [ [ sin g do dg
= Y5~ o) [T sin g dp

(6* - a*)(~cos ¢)T4 - (1 - QJ“_”(;; — &) = - ) - &)

Il
—
w|§

. E 3
72 px/2 pa ) 2
37. m =8k [ [ [ psingdp do dg 39. m = gkﬂr3
= 2ka* [ [ sin ¢ do dp ¥ = 7 = 0 by symmetry
z - 2 ¢x/2 pr .
= kaa* [sin ¢ dp = [kra*(~cos §)]" = kra® My =4k [ [ [ p? cos gsin g dp do dg
1, 4 o2 pal2
2 enls e = —krt sin 2¢ dO0 d¢
38. m:gkj0/2 jo/z [0 sin® g dp do dg Nk
krtm ex2
B 4 (72 (E2 L, = sin 2¢ d¢
= 2ka jo jo sin® ¢ d6 d¢ Io
1 |
= kna* J‘;/z sin® ¢ d¢ = [—gkﬁr“ cos 240 = Zkﬁr“

1,1 i 1
= kﬁa4(—¢ — —sin 2¢) = kna*= = ~kr’a*
2 4 0 4 4

M,  kzr'/4  3r

m  2kzrf3 8

(7.7.7) = (o, 0, %’)

N
Il
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Section 14.7 Triple Integrals in Cylindrical and Spherical Coordinates 349

40. x = y = 0 by symmetry

m = k[EﬁRS - Em”}j = Ekﬂ'(R3 - r3)
3 3 3

72 ¢x/2 R .
M, = 4k.[o JO L P> cos gsin g dp dO de

_ %k(R“ — ) [ [ sin 26 a6 dp

- %kﬁ(R“ —r) jo”/ *sin 29 dg
- =L (R* = r*) cos 2 ”/2—1/( R =7
—[871' r*) cos 40 —471'( r

_ % B kzr(R4 —r4)/4 B 3(R4 —r4)

m o 2k7z’(R3 - r3)/3 - 8(R3 _ r3)

_ 2 ex/2 pcosg 4 .3
AL L= 4k jo jo p*sin® ¢ dp do dg
/2

-4
5" daa

[ cos® gsin’ ¢ o dip

= %kﬂ' I:/f cos® ¢(1 — cos? ¢)sin ¢ de

/r/Z_ki

= gk;r(—lcos6 &+ L oost ¢j =
56 8 e 192

~
|

- 41«]0”/2 j:/z [ p* sin’ g dp do g

‘Lsk(fe5 - rS)jO”/2 jo”/z sin® ¢ d6 dg

2 o
= 2k ) [P o - cos o)
2krn cos® ¢ i
= | =R’ = 7’) —cos ¢ +
R |
ks 5
=5 &)
. x=rcosd X2+ 2 =2
y = rsiné tan 6 = 2
X
z =7z 7 = 7
. x = psingcosd P2 =x2+ 3yt + 27
= psin ¢ sin tan 6 = —
y = psin gsin @ 0 =2
X

z

Z:pCOS¢ COS¢:ﬁ
X+ y +z

45. f:f ] jjﬁ) [P0 £ cos 6, sin 0, 2)r d dr dO

h1(r cos 0, rsin 6)

46. :2 J;Q Jpz f(psin ¢ cos 6, psin ¢ sin 0, p cos ¢)p* sin ¢ dp d¢ dO
1Y e

47. (a) r = ry:right circular cylinder about z-axis
@ = 0,:plane parallel to z-axis
z = z,:plane parallel to xy-plane
(b) p = p,:sphere of radius p,
6 = 6,: plane parallel to z-axis

¢ = ¢:cone
V7 a \/azfrz
48. (a) J’O/z [ P+ 22 rdedr d6

) [ 7[00 sin g dp dg do

Integral (b) appears easier. The limits of integration are all constants.
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350 Chapter 14 Multiple Integration

so. 16[ [ I I i o[ [ T e e P ddva

0

16 [0 Vet [(a> = 1) = 22 de(r dr d6)
2.2
= J‘ﬂ/z Ia { Z, / a -r ) -z + (a2 - rz)arcsin 74122— = L rdrdf

87 [ 5 — ) drdo = 4x j”/z[" - ﬂo do = a'z [ do = “42”2

0

50. _[ J J me }ZH dx dy dz 51. (xz + yz + 724 8)2 < 36(x2 + y2)

[ [0 [ pe?" p? sin g dp ag ao

In cylindrical coordinates,

(r2 +z2 + 8)2 < 3612

= 1im [7[" [} pe e sin g dp dp do b2 18 < 6r
k—0J0 0 Jo hS
z 7 Zo6r+9+22-1<0
- lim( [/ sin¢d¢)( [ de)(j: pler’ dp) rotrTE s
ko . (}’—3)2+z2 <1
) 2
= (2)(27r) lim _('D + l)e ’ - 4ﬁ[l} =2z This is a torus: rotate (x - 3)2 + z? = labout the
ko 2 ) 2 z-axis. By Pappus' Theorem,

V = 27r(3)7r = 67°.

Section 14.8 Change of Variables: Jacobians

4. x = -2
l.xz—l(u—v) rew "
2 Yy =uy
1
y—E(quv) ga—y—@@:(v—2)u—vu:—2u
Oudv  Oudv
%@_@%_(_l](l)_[l](lj__l
Oudv  Ouov 2N2 20\2 2 5. x =ucosd — vsin @
2 x = au + by y =usin@ + vcosd
y=cutd ?Z—y—g—ygx:coszﬁ+sin20:1
u Ov u Ov
a—xa—yfa—ygzadfcb
Ouov  Ouov 6. x = u + a
3. x = u —V? y=v+a
y=u+v oxdy Oy ox

DB BB - 0 - 1

oxdy Oy ox Ouodv  Ouov
—= —-—=——=(I)() - (1)(2v)=1+2
oy anay = OO - ()F2v) =1+ 2v

7. x = ¢€"sinv
y = ée" cosv
ox 0oy Oyox

P (e" sin v)(fe” sin v) - (e" cos v)(e” cos v) = ™
u Ov u Ov
8. x = Lt
v
y=u-+v

oy ox () o pf x| 1w _u+v
Ou Ov 6u6v_[v)(1) (1)( vzj_v+v2_ v?
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Section 14.8 Change of Variables: Jacobians 351

11.

x =3u+2v
o () [ ()
V= X (Oa 0) (Os 0)
> 3.0 | L0
Cx-2v  x-2(y/3) x 2y
u= 3 - 3 - 5 B ? (2, 3) (Os 1)

e Gy 12. x = Xv-u)
y:%(u—v) y=%(2v+u)
Uu=x-=y u=y-2x
v=ux-—4y v=x+y

X, u,v ! K
( 5 ) ( > ) R 4 5 6 (_%, %) (2’ 1) N
41 (3,0 1
af (4% | oD 1
2,2 0,-6 T
@» 109 I R0 () (% g) (0,4) Jen e
6,3) | (3.-6) 64— > — —t—t
34 | @9
X = %(u +v)
- )
u=x+y
=x-Yy
() | () ‘
11 1,0 T
(2 2) 0 (1,0) (3,0)
o, 1) | (1-1) ; .
(1,2) (3’_1) _]W<1.71> 3.-1)
(3:3) | GO
x-2y=0 3y =4

. B = _ 4 _ s
xX+y= 4 y 3> X 3 y x=2y=-4
x -2y =—4 3y =8 N
RPN B NN
x -2y = —4} 3y =5 ek G5! @)
x+y=1 v=3% x=-3% S \ '
x-2y=0 3y =1 71”
x+y=1 y = %, X = %
u:x+y}u—v:3y:>y=;(u—v)
v=2x-2y) 2utv=3x=x=1(u+v)

32 4 164 4 296 _16

(x+4)/2 4/3 (x+4)/
-[l—x 3xy dy dx + I 27T T T

2/3 Jx/2

H3 xydA = If;} ? 3xydydx + J.j/j I:/;x 3xydydx =
R
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14.

15.

16.

17.

Chapter 14 Multiple Integration

H(x + y)2 sin? (x - y) dA = J.Ol J.]X: f(x) dy dx + _[12 Ij:]x f(x)dy dx

end?
= [(:(156(1) — =sin(1) cos(1) + % sin®(1) + 12) + [cos2 1- gsin(l) cos(1) + 7/3}
= ? - —sm(l) cos(l) = g 1 sin(2) ~ 2.363
x = Su+v) ‘
2
1 11 (1, 1)
T

Xy yox _ (lj[_lj (lj(l] _ 1
v auov 2N\ 2) (2\2) 7 2

yW+ﬂM=ﬁf{w+#+WW£%W
[\ ] )y e = jilz[uQ + %jdu - H”; N ;‘Hll _ 2

P

20 g (5) | ()

y = —E(u - v), vV=x+y 0, 1) (—1, 1)

%@_@@_%%_G%%_l @b | &Y

oudv  ouov 22 202) 2 (1,2) (—1, 3)
1 1

IR J.60xy dA = J._l .[13 60[%@1 + v))(—a(u - v)j(%)dv du (1,0) 1,1

rowry 18.x=l(u+v)
y=u 2
1
Oxdy 0Oy ox y=—u-v)
——— — —— = (1)(0) — (1)(1) = -1
Gl 2B (1) - (1) 2
_rr Ox 0y Oyox
y(x —y)d4d = uv(l) dv du Sy D
'L'[ ( ) J.O IO () Ouov  Ouov

- jjgu du = 36
v LJ4(x + y)ex’y dA

1,-1

(-1,3) (1,3)

(1, 1)

L |
- u
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19. jR j /2 dg

Section 14.8 Change of Variables: Jacobians 353

1 4 4l
Riy=—y=2x,y=—y=—
y=7 Sy =2xy= 27T il
v/u,yzx/uv:uzz,v:xy 2
x R
L
o ox| |1V o1 1 —
ox,y) |ou ov 207 2 W2 _1(1 + lj _ L oo
a(u, v) oy w2 1 u'? 4 u u 2u
ou vl |24 2 WP

Transformed Region:

1
—=>mw=1=>v=1

y:
X
4
y=—>=>ux=4=>v=4
X
y:2x:>X:2:>u:2
X
1 1
R SR B S
4 x 4 4

ijM—LJfﬁ %W

- e’l/z)ln ulZM

—v/2

<

4
}du
1

2
- _J.1/4

- e’z)ln 8 ~ 0.9798

20 x =2
\4
y=v
oy e 1
ouov Ouov v
JRJy sin xy dA = L4 _[]4v(sin u)%dvdu = '[143 sinu du = [-3 cos u]f = 3(cos1 — cos 4) ~ 3.5818
2l u =x—-y=1, v=x+y=1 ¥
u=x—-y=-1, v=x+y=3 )
i
le(u+v)
2 14 2,1
y=5v-u) A==
6@ﬂ:@@_@@:%%_@%%:1 b=
6(14,\/) Oudv  Ouov 2\2 2)0\2 2
-
_[Rj48xydA=J I 48( Ju+v( )(vfu( jdudv—j j Vv o—u? dudv—6I {uv l;} dv
-1
s 3
:6I[v ”j dv =62 2, :6[187272+g}:96
33, 373

© 2010 Brooks/Cole, Cengage Learning



354

22.

23.

24.

25.

26.

Chapter 14 Multiple Integration

u=2y—-x=0, v=3x+2y=0
u=2y-x=8 v=3x+2y=16
1
x=—(v—-u
=)
y:l(v+3u)
8

o~ (1) -Gl -

N

(4,2)

J.R J.(3x + 2y)2 2y —xdA = Lm J.:vul/2 dudv = I;G{gvum}

u=x+y=4 v=x-y=0

u=x+y=8 v=x-y=4

1 1
E(u+v) yza(u—v)

oxy) 1L
6(u, v) 2

u=x+y=mn, v=x-y=0

U=x+y=2r, v=x—-y=nx

1 1
x:E(u+v), y:E(u—v)
oxy) _ 1
6(u, v) 2

y

rsz\f d_g(nfj

jR'[(x+y)2 sin2(x—y dA = j j u?sin? v dudv = J {

u=x+4y =0, v=x-y=0
u=x+4y =5 v=x-y=>5
x:%(u+4v), yzé(u—v)

oo~ 55 GL3)

Juﬂwwuwmwzﬁﬁwqgwwz;qgw¢i

u=3x+2y=0, v=2y-x=0

u=3x+2y=16 v=2y—-x=38
1 1

x = —(u —v), = —(u + 3v
W) =)

ﬁal_al@_l[ij_l(_l)_l
auov ouov 4ls) s 4) %

'[R J(Sx + 2y)(2y

-2 -1 \5 2 3 4
-1+(0,0)

2 7
1 1 - cos2v 17 1 7t
dy = v — —sin 2v =
. 12 2 ) 12

4096~/2
3

8
5 o 5
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27.u:x+y,v:x—y,x:%(u+v),y:%(u—v)

xy w1

dudv oudv )

Section 14.8 Change of Variables: Jacobians

355

IJx+yﬂzgﬁyq3wwzﬁmngﬁwlzgw

Yy v

NG

e

}
2a

28 u =x=1, v=uxy=1 v

u=x=4 v=xy=4 4—7!

u 3+
X =u, = —
y=3 il ’@
o wer 1 it %
oudv Oudv u N —T
1 2 3 4
xy=1 . .
Xy i v (1 T a1 NS 1,17

jRijzyz as = [ | 1+v2(;)dvdu - [Eln(l+v )}lzdu - 5[ln1771n2]1nu1 = |l |(n4)
29. u =2x -y 30.

V=Xx+y

3x=u+v3x=%(u+v)

Thenyzv—x=v—%(u+v)

y

2.7

7 (6,3)

6 s
(x.9) | (.v)
0.0 | (0,0)
6.3) | (9.9
@7 | (-3.9)

121

(-3,9 + 9,9
6T R

| u

o
-4 -2

et
1246380

One side is parallel to the u-axis.

= %(2v - u)

y—x=0, 3y-x=6

y-—x=-2, 3y—-x=2
Letu = y —xandv = 3y — x.

Then x = %(v - 3u) and y = %(v - u)

So, T(u, v) = (x, y) = (%(v - Su), %(v - u))

Note that:
() | ()
L1y | ©2)
42 | (2.2
6,4) | (2,6)
3,3) | (0,6
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356 Chapter 14 Multiple Integration

31. x—2+y—=l,x=au,y=bv

@ = +2 =1 W +1? =1

T (D
N

0 5 B2 - -

© 4= [ [abds = ab(;z(1)2) = 7ab

32. (a) f( y) 16 — x> — )2
R
16

ATCS

Let x = 4u and y = 3v.

LYo
9

IRJ.(16—x2—y2)dA—J. J\/\/: 16 — 16u? —9v)12dvdu (Letu = rcos@,v = rsin6.)

= j j(16 1612 cos® O — 9r? sin® 0) 12r dr do

1
12-[02” [8;"2 — 4r* cos? 6 — %r“ sin? 9}

0

125 - g L eos20) Ol cos20 do = 12[)"| < 3 7 cos20|do
0 2 A 2 3

2z
12[£9 ~ 7 sin 29} 12[39”} - 117x
8 16 4

0

do = 12]02” [8 ~4cos’ O — %sinz 9} do

T |x 2
(b) f(x,y)zAcos{2 2+;;2}
2y
R;_Fbjgl
Let x = auand y = bv.

j Ifxy dA—J j\/ﬁAcos[ \/u2+v2}abdvdu

Let u = rcos@,v = rsin 6.
27 ol 2 4 :
Aab'[ '[ cos[ﬁr}r dr d = Aab il sin(ﬂj + — cos(ﬂj (271')
0 J0 2 V4 2 ? 2
Az — 2)Aab
=27 Aabﬁz + 0] - [0 + 42]} _ Az~ 2)dab
T

© 2010 Brooks/Cole, Cengage Learning



33.

34.

3s.

36.

39.

40.

41.

Section 14.8 Change of Variables: Jacobians 357

Ax,y) oxdy oyaéx

Jacobian = =
ﬁ(u, v) Ouodv  Ouov

See Theorem 14.5.

x = u(l—v),y = uv(l—w),z = uvw

1-v —u 0
m = v(l - w) u(l - w) —uv|= (1 - v)[uzv(l - W) + usz] + u[uvz(l - W) + uvsz = (1 - v)(uzv) + u(uvz) = u?y

¥rdu-vy=sd-owz=utw 37.x:%(u+v),y:%(u—v),z=2uvw

6( ) 4 -1 0

ax.r.z) _ 1l = /2 12 0

8(u,v,w) 0 4= Lx’y’z) =[1/2 -1/2 0
10 1 8(u,v,w)

2vw 2uw  2uv
= 2uv[-1/4 = 1/4] = —uv

8. x=u-v+w,y=2u,z=u+v+w

1 -1 1
M =2y 2u 0
6(1,1, v, w) . .
= l(2u) + l(2v) + 1(2V - Zu) = 4y
x = psingcos b,y = psingsinf,z = pcos ¢

singcos@ —psingsind pcosgcosb
6(x, ¥, z)

————= =|singsinfd psingcosd pcosgsinl
o(p, 0, 9)

cos ¢ 0 —psin ¢
cos ¢[—p2 sin ¢ cos ¢ sin® @ — p? sin ¢ cos ¢ cos> 0} — psin ¢[p sin? ¢ cos? @ + p sin? ¢ sin? HJ
cos ¢[—p2 sin ¢ cos ¢(sin2 0 + cos? 9)} — psin ¢[p sin? ¢(cos2 0 + sin? 0)}

—p? sin ¢ cos® ¢ — p*sin® ¢ = —p? sin ¢(cos2 ¢ + sin? ¢) = —p’sing

x=rcos@,y =rsinf,z =z

cosf -rsind 0

Mz sin@ rcos@ O:1|:VC0520+}’SiIl20]=V
6(r, ,z)
0 0 1
30
Letuzf,vzy:a(x’y): :3’),_1:‘,:37”'
3 8(u,v) 0 1 2 2

Region 4 is transformed to region A4’, and region B is transformed to region B'.
A'=B':>g=3m:m:g
3 9

Note: You could also calculate the integrals directly.
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358 Chapter 14 Multiple Integration

Review Exercises for Chapter 14

x2 w2
1. L xIn ydy = [xy(—l + In y)]1

1

) 3 2y 3
_[j) (x2 n yz)dx _ |:x3 n xyzl. _ 103y

w

'[01 J.OHX(’?)X + 2y)dy dx = .f;[3xy + yz]:;x dx

= I;(4x2 + 5x + l)d

>

I()z J.‘\_zzx(x2 + Zy) dydx = Ioz[xzy + yz]i; dx

- j2(4x2 + 25

x3(—1 + In xz)

2
- [4x3 4Ly _;xsl) _

3 2 5

Jj '[(:/Q4xdy dx = j;4x\/9 — x% dx
_ |:7%(9 _ x2)3/2j|3

0

\n

=36

=)

dxdy = 2[0@«/4 -V dy
= {y\/4 -y + 4 arcsin2

NI

3+4—”
3

=~

[ i [ e

T PR

=]

P

25x

e [T

25y

A 25— y

o

)

dv = L[ 6 - 30 dv = [46r -

5

3 3 2

+x=x—-x +x Inx

4.3 2 —
[42 + 3+ 2] =

- 2x4) dx

88

15

[t
a2

3

0

-3,

. joz [[ e + X j;’z‘”dy dx = joz jf’”/z dx dy

)]

dxdy+j J’ o 2dxdy+j [ dvdy
A= 2.,135 IO Nad dy dx = 2'[75 N25 - X dx = [xx/ 25 — x* +25 arcsinﬂ3

_3

2

=3
25v

257” + 12 + 25 arcsmg ~ 67.36
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Review Exercises for Chapter 14

OO SR O e N S N
A= I jéx . dy dx = Jo (Sx - 2x2)dx = [4x2 — %xﬂo = 6—34
1. 4=4f joxmdydx =4 1- 2 v = [—%(l - xz)ﬂ] = g
0
12 ] (4f1-4y2 /2
4= I J:/(]— 1-4y2) /2
12. 4 - joz joyz”dxdy - j; _[Ozdydx + [ J.\z/;dy dr = 13
B.oA= | j ‘dy v+ 2 j ‘= [ _[};id dy =2
woa= [ wa = [ e [ = g
15. Both integrations are over the common region R shown in the figure. Analytically,

IJ-QZY(X-Fydxdy—f 4\/—

N S A

x+ydydx+j x+y)dydx=§+(% 27%):§+%\/5

16. Both integrations are over the common region R shown in the figure. Analytically,
R =24 8,5
.[0 Ly/ze dx dy = s+ 3e
3 p2x/3 Xty 5 p5-x ot 3 2 5 3\ _ 85 2
.[o.[o e dydx+_[3_[0 dy dx = (e e+5)+(e +e)—§e + 5
4 x244 19. Area R =16
17. V = .[0 J.o ’ (x2 —y+4)dydx
2 Average Value =
4 ) 1 2 x“+4
= I [x y =y 4)/]O dx
= [M(Sxt + 47 + 8) B
_ 1,5, 4 _ 3296 =
= [lox + 3x + 8x} =5

18. V = I; J:(x + y)dydx

T+ 322,

3
QJ. x? dx
2Jo

3],

1.3
2x

_ 2z
2

359

(3.2

2 2 5 5
16'[*2 J:z(16 -x" -y )dydx
L1 ey - 22 yBde
ey Y
T2 A
L es—ax — 10
1642 3
3 2
Mgay 4 16
16 33,
1504 _064)_ 40
16 33 3
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360 Chapter 14 Multiple Integration

20. Area R =9
3
_ s, 2 _ 1 2 v’ _ L, _ 1. 3 _
Average Value = 5,[0 JO (2x +y )dydx = §J0 {Zx v+ 5 de = §Io (6x + 9)dx = 5[2x + 9x}0 =9
21. Area R = 3(5) =15
Average temperature = if I5(40 - 6x7 - yz)dy dx = LF 40y — 6x%y — r 5 dx
1570 Jo 157 3]
3
= ir 200 — 30x* — 125 dx = L 200x — 10x° - 125x 1 _ i[600 - 270 - 125] = 132°C
1570 3 15 o 15 3

60 50
22. Average = ;[ LO [192x + 576y — x* = 5% = 2xp — 5000 dix dy ~ 13,246.67
23, j-: J: kxye_(”y) dy dx = J': |:_kxe—(x+y)(y + I)J: dx 25. Volume ~ (base)(height) (‘A
w =39-2
= '[ kxe™ dx 2 4|
’ [
T Matches (c) 2
= [_k(x + 1)e ]O =k y =
3 . (3.3
So, k = 1. (3302)4.“ ©(3.3)
P = I; _[; e ) dy dv = 0.070 26. Matches (c)
24 Jljxkxddx—rkx—yzxdx i
© o Jg A=), 2 ZL |
3 47 llf
= ]Kd = ﬁ = E IJ__#_VZ__V).
02 8 ], 8 "*{\
Because % = 1, youhave k = 8. N
P = _[;25 J.;'S 8xy dy dx 27. True
1l 2 2
_ .[;'25 [4’\3}2]2-5 dx 28. False, IO joxdy dx # L L x dy dx
- I“Sx dx 29. True
0
57025 30. True,
x
=X =o12s ot 1 te 1 oz
{2}0 J.oj.ol+x2+y2dxdy<.[o.[01+x2dXdy_Z
s [ dvde = [ ar a0
3, 3 . 3
= h—j /4sec3 0do = h—[sec&tan& + ln‘secé’ + tan 9‘] s h—[ﬁ + ln(\/z + 1)}
370 6 0 6
4 onf16-y2 72 o4 72| rt ¢ /2
32. jo jo (x> + ) drady = jo jo ¥ dr do = jo LL do = jo 64d0 = 327
3. 4=2[ [ rdrdo = ["(2+cos 0 do = j”[4+4cose+MJd9:[49+4sine+le+ Si“w} oz
0 Jo 0 0 ) P . 2
in V.7 Vg — i /2
34 4 =4[ 2" v arao = 27 (2sin20) a0 = 8] LTE840 g 4[97 Sm‘w} = 27
0o Jo 0 0 2 N
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h

b7 Vi+22 V7 3
3. v =4[ [ rdraods =2 [P0+ 2 - 1)dode = 2| de = {;{123)} _
0o Jo 0 Jo 0 37 ), 3
o2 R 3 3 s 7[00 A2 e N2 (a2 4 N2
36. V =8[" [ VR - st rdrdo = -5 [(R - ) Ld@—g(R -7 do = 4x(R? - b?)
2 X
3. @ (@ + ) =9 - »?) 39. a) m = kf; Lzzxy dy dx = %
2 .
(rz) = 9(r2 cos? 6 — r? sin® (9) M, = kj-l J-zx3 o dy ds - 16k
r? = 9(0052 6 — sin® (9) 0 S 35
= 9cos 20 : M, = k_[l J.Z);xzydydx _ 8k
0d 45
r = 3. /cos 26 u .
3
” - _ M, _ 64
YT T s A
) A=4[" [V rardo =9 (32 64
0 0 (xa J’) =5z =z
e s feseTs 45° 55 ' }
© V=4[ [Y"N9 -1 rdrdo ~ 20392 | o 17k
o J0 b)) m=k 3(x +y2)dydx=—
0 J2x
1213 3 e kP o 1 ) e = 392K
3o an 0 = "H = 5= 0 = 0.9828 ek Lo+ ) drde =
12 ) ) 156k
The polar region is given by 0 < r < 4 and M, =k 0 L 3x(x ty )dydx = 385
0 <6 <0.9828. SO, - M} B 936
Iarcmﬂ(}/z) I4(r cos 9)(r sin 0) rdrdf = @ n 1309
0 0 13 M, T84
‘ T T 663
ICAEREAE) (f ,) _ (936 784
R ") 7 1309° 663
3”\=%x :
2+ :
i+ :
0 :
YV
2
40. o (h/Z)[Z—(x/L)—(xz/ﬁ)} _khpr(y x X _ TkhL
m k.[o Io dy dx 5 1 2 AT dx D
2
L ()| kh? oL x
MX?kJ‘OJ’O ydydx7702—z—ﬁ dx
W[ Ax 3¢ 20 K P L s L TR UV b))
e a L
8 70 L L L L 8 L L 2L 5L 0 8 10 80
Y (11/2)‘:2—(X/L)—(x2/L2ﬂ
M, = k.[o J.o x dy dx N
N PO PR | PO S ol N - G-
2% L 2 3L 4, 2 12 24 "
s M, _ sk 12 5L
m 24 TkhL 14 ‘
_ M, _1TKL 125l
YT Tm T T80 TkL T 140
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41. 1

42.

44.

45.

Chapter 14 Multiple Integration

a rb 1 g _ 2.2
= IR [¥*p(x.y) da = jo jo kxy?® dy dx = gkb3a2 3. floy)=25-x* -y

f:r = —2)C, fy =

a 1
1, = x2p(x,y) dA = bkx3 dy dx = —kba*
¥ .[RJ‘ ( ) IO.[O 4 S:J‘RJ‘ 1+(f:r)2+f2

_ _ l 3.2 l 4 _ ka’b 2
Iy = Lo+ 1, = <kb'a® + Zkba' = == ——(2b” + 34%) N Ny
m= [ [pley)da = || trdydv = Jkba® =4I;/ijmrdrd9
= _ i _ (1/4)kba4 _ iz _a 2 _ ljn/zli(l 4r2)3/2:|5 20

m (2)kba® N 2 2 - 3% 0
N T (N T L N5 = %_[:/2[(101)3/2 71} dé
Y I TN 2k N3 T3
= %[101\/101 -1

_ 2 ot s 16,384

I, = JR jy p(x,y)dA = jo .[0 ky’ dy dx = 315 k
2 4 512
I, = JR szp(x,y) a4 = .[o .[o k*y dy dx = Ek
Io= 1,41, - 16,384k 512k _ 17920, _ 512,
315 105 315 9

m= [ [p(xy)da=| L;szydy dx = 1258k

- 1 512k/105 \/Z 27
X = —_ = = - ="

m 128k/15 77
- [I,  [16384k/315  [128 8J42
TN 128k15 N1 21
Sl y) =16 —x =y

Rz{(x,y):OSxSLOSny}
.f;(:_ls/;/_

L+ (£ + (1) =2+ 472
s- [P ws = [ T
2
) B(”W + 2 In 2 ) - é(z + 4y2)3/2}
0

:B(4\/§+21r44+\/ﬁ‘)_é(18\/§)} {\/— 2\/—}

2y + /2 + 4y

:6\/5+1l’1‘4+3\/5‘*¥*1ﬂ\/5+%:%‘Flﬂ‘zﬁ‘i’:;‘

Sl y) =9~y
f:r = 0’4fy = —2_)/

S = [ NU+(R) + (1) a4
= [Nt asay = [[[Vie a7 x| @ = [l ayiap =

-y

1
4

2
3

(1+4y2)" I) = %[(37)3/2 - 1}
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Review Exercises for Chapter 14 363

46. f(x,y) =4 -2 f, = 2x,/, =0

N = [T e [T

(-2,2) 2,2)

These integrals are equal by symmetry.

=N
2 [N+ 4 dyar = joz[2\/1+4x2 —x\/1+4x2}dx — —
2[% ln(\/l +ax? 4 2x) + a1 a1+ 4x2)3/2:| [ (V17 + 4) + 2417 - 217 + ﬂ ~ 7.0717
0

S

[502 2 2
a.@ v = [ [20+ﬂ— x+yjdydx - jjo{zo 507 — & +2—g0(502 -2) - 500 - X - 07— x }dy

100 5

(93]
[}

4 3750
- {10(;“/ 50 — x? + 50° arcsin%} + %sz Xy 1(502 - x2)3/ ~250x + 30} ~ 30,415.74 ft’

800 15 .

b) z =20+ 2
®) = 100

2 2 2 2 2
/ 2 2 y X \/100 + X"+ y
L () + (h) = \/1 " 007 1007 T 100

- = Soj T 00 1 2 4 0P dydy = —— 100 1 rdr do < 2081.53 2

100 70

2 2
48. (a) Graphof f(x,y) = z = 25{1 te e )/“’00 2(x10+00y ﬂ

over region R H
50 e,

r N
R\ )\H
|

5}& 50

X

(b) Surface area = IR J\/l + filx J/)Z + fi(x, y)z dA

Using a symbolic computer program, you obtain surface area ~ 4540 sq. ft.

2. [ f_Jff N dedyay = [0 [)r dzdr e
z % i 162 324
= [ ] 0r = rt)drao = ] {”32} do = == [ a0 = =%
50. j jimj“y /2(x2 + y?) de dy dv = jz”j [ " dzdrdé’—fJ‘MJ' ¥ dr d6 = 136 . d49:32T”
51. IIJx-ky +z)dxdydz—_[_[(lc3+cy +cz)dydz
= [“(Lbc® + Lbc + bez?) dz = Labe® + Labe + a3bc = fabc at + b+ 2
o \3 3 3 3
\/j A/ 7x2—y2 e z 2 )
52. L)S J.O ) Jo : mdzdydx = J-o/z J.O/Z j;l fpz sing dp d¢ do

IO/ j [p — arctan p] sin ¢ d¢ d6

= IO/ [(5 — arctan 5)(—cos ¢ ] do = 2(5 — arctan 5)
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364 Chapter 14 Multiple Integration

o P e b= [ [ darao -
54. '[02 '[O\/S J-O 4-x2-42 oz dZdydx .

55. 1 = j”/2 j“‘“gjfrdz drd = 4]0”/2 joz“’sgr\/mdrde

2cos @ /2
j/[i ﬂ do = 32 " (1 = sin? 0)do = 2[9+cos6’—lcos3 9} 32(*_%
3 \ 3 3 3 . 3

56. V = j j“‘”j”” rds dr d = 2[”/2 Izsmgr(m—rz)drd&
= j (32 sin* 6 — 4 sin* a)de_sj (8sin® @ — sin* 0) do

/2
:84(9—2sin2¢9+lsin3¢90059—é[lﬁ—isin29j _ ¥z
4 42 4 . 2

7f2 px/2 peosé .
57. m =4k L/4 jo jo p?sin ¢ dp dO dg
72
2 ¢xf2 3 . 2 /2 3 . 2 1 4 kr
= do dg = =k doé = | -Zkr| — _
I 'f cos’ ¢ sin ¢ i/ 3 ﬂ'J.ﬂ/4 cos’ ¢ sin ¢ d¢g { 3 va 4cos [/ » o
/2 px/2 cos¢
M, = ”/4 J. J ? cos ¢ sin ¢ dp dO d¢
= I '[ cos’ g sin ¢ d9 dp = lk;zjlﬂ/z cos® ¢ sin ¢ dg = ~ Lz cos® ¢ . _ Kz
2 /4 12 " 96
7 M, kr/9% _ 1
m  kx/24 4
x =y = 0 by symmetry

(x.7,2) = (o, 0, ij

5§, m= 2kj;’/2 [0 r de dr do = 2kcjo”/2 [+ sin 0 dr do = gkca3 j:/z sin 0 d = 3kca3
M, = zkj”/zj j”s"“"r sin 0 dz dr df = 2ke j j P sin® 0 dr d = kca jo in? 6 do = fﬂkca

M. = 2kj”/2j [ N de dr dO = ke j [ sin” 0 dr a6 = 4kc2a4 j: sin? 0 d6 = %ﬂ'kcza“

xy
x=0
- M, ﬂkca4/8 _ 37a
- 2kea’/3 16
= M,  zk*a*/16  3zca
m 2kea® /3 32
- — — 3ra 3nca
X, Y, = 057
(v 7.7) ( 16 32 j
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59.

60.

61.

62.

63.

Review Exercises for Chapter 14

_ 7f2 (af2 pa 5 . _ kra®
mka.O jo jop sin g dp do dj = =
72 ¢x)2 pa . kra*
M, :k_[o IO IO (p cos ¢)p? sin g dp dO dg = 7
- - - My kna'( 6 ) 3a
Xx=y=z=—2= Sl==
m 16 \kra 8

m:w—jjjljﬂj.mrddedrfw—f J.ZE( 25 —r? 4r)dt9dr

3
3
=50ﬂ—27z—1(25—r2)3/2—2r2 _ 007 o 4 g 125 3007 ldm e
3 3 ., 3 3 3 3 3

y = 0 by symmetry

=
Il

25r

M, = j j J‘imzrdz dr do + jz”j J‘imzrdzdrdﬁ - joz” jj[s - %(25 - r2)}rdrd6’ +0

3 27
- j j{ 73@ dr d = jz”[lr“ 72#} do = [789} -8,
2 o (8 4 ] 8 |, 4

8lz 1 1

4 162r 8

(x.7.2) = (0, 0, —%)

zZ =

1= ak[" [ jo“"”z P dzdrdo = 4k [

I:(16r3 - rs)dr do = 83?-](

4kra®

T (27w pa . .
I = k.[o _[0 _[0 p*sin® ¢(p)p* sinp dp db dp =

=\/a2—x2—y2 =\/a2—r2
< ~2ah — K

N
]

(e}
IN

(a) Disc Method y

Vv

365

Equivalently, use spherical coordinates.

V= .[02” jomil(aih/a) f(a p?sin ¢ dp dg do

a—h)sec ¢

2z cos_](afh/a) a ) . 1 2 2
(b) M, = jo jo j(a%)sew(p cos ) p* sin ¢ dp dg d6 = i 7(2a - h)
1 2
oMy g -y
v

%hzﬂ.(:;a _p) 4 3a-h

2 _ 2
Centroid: [0, 0, MJ

4(3a — h)
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3¢ 3 7/,1)3 1
)y = aay - L] = alla — L] [ara—ny - @
ﬂI a* y ly ﬂ{a y-3 lh ﬁ[(a 3 a*(a - h) 3
3 3 3 3 = E
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366 Chapter 14 Multiple Integration

2
© Ifh=a7z-= o) _ 3,

Centroid of hemisphere: [0, 0, %a]

—nY 344
(d) limz = fim 224 =) _ ("):a
h—>0 h—>0 4(3a _ h) 12a

(e) x* + y* = p’sin® ¢

(2 e et pa 2 sin? @) p? sin @ do dé dO = » 204° h + 3h*
I, = J.O .[0 J‘((l*h)sec¢(p sin ¢)p sin ¢ dp d¢ —E( a” — 15ah + )ﬂ'

3
) If h = a,1. = 27(20a% ~ 154% + 3a%) = 2 o
30 15

64. x> + 2+i—1
. X y i

J_J J,x +y dV—J. J-\{}l_zz:aa I\{}l,\"’_zia x +y2)dxdde=%ﬂ'a

65. [ [T [7" p?sing dp dp do

Because p = 6 sin ¢ represents (in the yz-plane) a circle of radius 3 centered at (0, 3, 0), the integral represents the volume of

the torus formed by revolving (0 < 6 < 27) this circle about the z-axis.

66. [ joz j;z r dz dr do

Because z = 1 + rrepresents a paraboloid with vertex (0, 0, l), this integral represents the volume of the solid below the

paraboloid and above the semi-circle y = ~/4 — x? in the xy-plane.

P I o R e\ T R
6(u, v) Oudv Ouodv

6. Aoy) _oxdy ovor (2u)(~2v)
6(u, v) Oudv Ouov

- (214)(211) = —8uv

o(u,v) ouov vou 2\ 2 2(2 2 y

X=%(u+1/),y:%(u—v)2u=x+y,v=x—y 3”

6. ox,y) oaxay oxay 1( 1] 1(1) 1

Boundaries in xy-plane Boundaries in uv-plane

x+y=3 u=3 ]77
xX+y=>5 u=>5 1 5 e
x—-y=-1 v =-1

x—y=1 v=1

J;Jln(x + y) dA

N R ) O E RN I SRR (Y

(5In5-5) ~(3lu-3)=5m5-3mn3-2~ 2751
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Problem Solving for Chapter 14 367

OCH I A

6(u, v) Ouodv Ovou u u

%
X=uy=—=>u=XxXV=2xy

u
Boundary in xy-plane Boundary in uv-plane
x=1 1
x =35 u=>=5
xy =1 v=1
xy =5 v=>5

5501 s 4

.[.[ :I-[l ()dud .|.1J.11+V2dudv:.[11+v2dv

1+xy 1+ u? v/u

= 4 arctan v]l = darctan 5 — 7
Problem Solving for Chapter 14

1. V

16 [N1-x*dd
167 [\ 1= cos” Or dr do = 22 :/400512 9[(1 ~cos? )" —1}19

7?[560 6 + cos 6 — tan 0]”/4 (2 - \/5) ~ 4.6863

2. z = l(a' —ax — by) Plane
c

fom-tgy =2
lJr(fv)zﬁL(fy)2 = 1+—+i—j
s= | j\/1+”2+b2dA _ e *Cb +C2LIdA _ N *CbZHZ A(R)
3. (a) ja T = %arctan%H.Letaz =2 u=nv
Then I(z - ui) v = \/zl_uz arctan \/2V_ =+ C.
®) I, = joﬁ/z{ \/22_u2 arctan \/2V_u2 Ldu
- J'Oﬁ/z \/22_ uz{arctan \/2”_ = - arctan\/;’Tj du = J'ﬁ/z \/24_112 arctan \/2u—uz du

Letu = ~/2sin @, du = /2 cos 0d,2 — u® = 2 — 25sin® 6 = 2 cos? 6.

T 1 7T 2 ”/6 2 2
I, = 4J‘ /6 ! arctan /2 sin 0 -2 cos0do = 4'[ /o arctan(tan 49)0’9 = 46~ = 2(—] -
0 J2cosd 2 cos 6 0 2,
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368 Chapter 14 Multiple Integration

3 2 —u+~/2
v
() I, = Iﬁ/z{\/z — arctan \/2 = uz} i du

= Iﬁ 2 arctan —u \/E] - arctan[u_\/zj du = Iﬁ 4 arctan[ \/5 _u ]du
Vol (2 — 2 V2 - N2 - u? Voo -2 V2 -

Let u = ~/2 sin 6.

I, = 4J”/2 ! arctan \/— _ \/Esm 0 -2 cos0do = 4I”/2arctan 1 —sin0 do
/6 /2 cos O 2 cos @ /6 cos @

@ tan lEE—HJ ~ l—cos 7r/2 1-sinf _ —sm@ (1—si2r1¢9)2 _1-sing
212 1+ cos((7/2) - 1+sinf 1+sm9 fsmﬁ) cos? 8 cos @

© I, =4 I”/zarctan[l_smejdﬁ — 4 J”/zarctan[tan(l(”—ﬁjj} do - 4 j”/zl(f—eJda 2 j”/z(f—ajda
/6 cos @ /6 2\ 2 7/6 2 16\ 2
272 2 2 2 2 2
NZg O (A (22 zz[wﬂz}:iﬁzzi
2 2 ] 4 8 2 72 72 36 9
1
63 1_xy:1+(xy)+(xy)2+--~ |xy| < 1
j.lJ.l dxdy—.f_[[ xy) () }dxdy—J.J.ny dxdy—ZI KHK
o1 —xy K+1
1
© 1 yK 0 yK+1 0 0 1
= dy = = -3
KZ::OIOKH Y KZ::O(KH)ZO KZ::()(KH)Z Z;nz
_X+y :yfx
(g) u = \/E:V \/5
IR S Rl
V2 V2
I A 4
NN
8(x,y):1/\/5
owv)  YN2 N2 ‘
R S
(0.0) < (0.0)
1 1 R
1,0 —_
0 © ( 2 \/EJ
11 .
0,1 —_
@y © ( 2 ﬁ]

L) o (v2,0)

dxdy = jwzj 7dvdu+ jf/zj"’+f121dvdu =L +1, = ’LZ+%2 -

|,
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Problem Solving for Chapter 14 369

z 9. From Exercise 69, Section 14.3,
4 [ ( - ] drdo = 37 L 43610 L
160 Jl e /2 dx = ~2rx.
B—IMIIO(‘] o do = S = 1N N - -
160 960 So, Io el = 2 and Io e dx = 3
The distribution is not uniform. Less water in region of
greater area. '[wxze’“‘z dr = [—lxe’xzr N 1 Jwe’""z d
In one hour, the entire lawn receives 0 2 o 270
% 1
Jz J“’ I harde = BT e SLE x
160 12 2 2 4
5. Boundary in xy-plane Boundary in uv-plane 10. Let v = ln(l} dv = — dx
y = \/; u=1 * *
1
y =~2x u=2 e =—x=¢",dc=-"dv
x

ry= Ex v=3 J.;1 /ln(l/x) dx = J.z\/;(—e"’) dv = J.:\/;e’v dv

1(v ¥
o B3|
Ziui)) ) Zm” [ j 3 = 2w du = [f] e

[\
| =

w |

[

3

<\:

W |

u

(See Problem Solving #9.)
6(x, y
G(u, v

A—jfldA—fsfl

ke ) x>0,y >0
0 elsewhere

11. f(x, y) = {

72 Va2 8
6@ V=["[["" rddrao-= Tz -9) 0 revyad = [ [ ket a

) V = J.Z” ‘[”/4.[ p sin g dp d¢ d6 = kj.:e"‘/“ dx - I:e’y/" dy
_ 8372' ( 42 - 5) These two integrals are equal tob
@ —x/a _ 13 _ —x/a —
Ioe dxfbh_lg[( a)e ]o = a.
7.V = J'; J'OZX J'67X dy dz dx = 18 : So, assuming a, k > 0, you obtain
1
G.3.04 1 =ka®> or a = —.
N 4 \/%
(0.0,0) 12. By the shell method,
2 : . b 2 . 2P
s - .\ Vo= bhm , 2mxe™ dx = bhm [ﬁze : ] = 7.
= —>0 —>© 0
o (0,6.0)
630 x"’\\ This same Volume is given by
1 r +y
Lt I ﬂ:JJ
8. '[Ofoxy dxdy = Io{n+1y }Ody \‘
=4 [ e ) gy ax

_ 1 1 n d
- IOn+1y y 4 © 2 dx © 7y2d il H
T [l afe s
= 3 7| = ® x? :
(n . 1) . 4“0 e dx} . .

: 1 lnn : 1 «© -
}EIL Io ony dxdy:}gr}o(n+l)2 =0 So, Io e dx:g'

—_
N}
+
—

~—

™
1]
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370 Chapter 14 Multiple Integration

13. Essay

Ax

14.A:l~w=[ jAyzsecHAxAy

Area in xy-plane: Ax Ay
15. The greater the angle between the given plane and the xy-plane, the greater the surface area. So: z, < z; < z, < z3

16. Converting to polar coordinates,

[ j = [ [ rdodr

1+ r2)2

- J‘:M(;’] dr

- }Ln; j; %(1 + r2)_2(2r dr)

X-y __1
jj G svdy = —
= L

J.J.x+y _2

The results are not the same. Fubini's Theorem is not valid because fis not continuous on the region 0 < x < 1,0 < y < 1.

18. The volume of this spherical block can be determined as follows. One side is length Ap. Another side is p A¢. Finally, the
third side is given by the length of an arc of angle A@ in a circle of radius p sin ¢. Thus:

AV = (Ap)(p AP)(AG psin ¢)
= p?sing Ap Ag AO
Lo fising AG;
Ap, \;“/ P A,
b ‘E
/_.-' \:“_ 4 ’
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CHAPTER 15
Vector Analysis

Section 15.1 Vector Fields

10.

372

. All vectors are parallel to x-axis.

Matches (d)

. All vectors are parallel to y-axis.

Matches (c)

. Vectors are in rotational pattern.

Matches ()

. All vectors point outward.

Matches (b)

. Vectors are parallel to x-axis for y = nr.

Matches (a)

. Vectors along x-axis have no x-component.

Matches (f)

. F(x, y) =i+]
[Fl = V2
. F(x, y) =2i Y
¥l = T
| pr——
By e
e —
I ———
. F(x,y) = )i + xj

IFl = 7+

11.

12.

13.

14.

15.

F(x, ,z) = 3j
£ = 3[y|= ¢
F(x, y) = xi

£l = [x[ =

F(x, y) = 4xi + yj ¥

HFH = Jl6x* + y* =¢

xZ y2

VT

F(x,y,z):i+j+k

[l = /3
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Section 15.1 Vector Fields 373

17. F(x, y) = é(nyi + yzj) 21. f(X, y) = x?
y Selxy) = 2x
2 fy(x7 y) =4y
Y v F(x, y) = 2xi + 4yj
4 T Note that Vf = F.
CASY S Y
zi 22, f(x,y) =
Selxy) = 2x
fy(x, y) =3y
F(x, y) = 2xi - %y]
23. g(x, y) = 5x2 + 3xy + )2
g.(x,y) =10x + 3y
gy(x, y) =3x+ 2y
G(x, y) = (10x + 3y)i + (3x + 2y)j
19. F(x, y,72) = % (v2) = ( )i+ (3x + 2y)i
VX E 24. g(x, y) = sin 3x cos 4y
g.(x, y) = 3 cos 3x cos 4y
g,(x, y) = —4sin 3xsin 4y
G(x, y) = 3 cos 3x cos 4yi — 4 sin 3x sin 4yj
25. f(x, ¥, Z) = 6xyz
fx(x, v, z) = 6yz
20. F(x, ¥, z) =xi—-yj+zk fy(X, ¥, Z) = 6xz
\ /‘Z(x, ¥, z) = 6xy
F(x, V., z ) = 6yzi + 6xzj + 6xyk

4y . z
+ j+ k
\/x2+4yz+z2 \/)624—4)/2+Z2
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374

28.

29.

30.

31.

32.

Chapter 15 Vector Analysis

2
=z + ye

= 2xye”2

=1

G(x,y,z) = 2xye‘2i + exzj + k

(x.7,2)

(v 7,2)
gy(x, ¥, z) = e‘2

(v, 7,2)

(%, 7,2)

g(x,y,z)_§+§_x7;
gx(X,y,z):_é_i
&@%4=§+§
gz(X,y,z):_leJr%_i

h(x, ¥, z) = Xy ln(x + y)

hx(x,y,z):yln(x+y)+ a4
x+y
hy(x,y,z):xln(x+y)+L
X+ y
hz(x,y,z):O
H(x,y,z):{ i +y1n(x+y)}i+{ 4
X+ y X+ y

h(x, ¥, z) = x arcsin yz

h(x, y, z) = arcsin yz
Xz

) - J1 = y*2?
Xy

hz X, Y, 2) = —fF——
(x 3, 2) e

y

H(x, ¥, z) = (arcsin yz)i +

F(x, y) = xyzi + xzyj
M = xy? and N = x?y have continuous first partial

derivatives.

ON oM .
— = 2xy = — = F conservative
ox oy

F(x,y) = é(yi - xj) = x—yzi - i]

M = y/x*and N = —(1/x) have continuous first partial
derivatives for all x = 0.

oN _ 1 _aM

Pl g = Fis conservative.
X X

Xz i+ X K
\/1 — yzzz \/1 — y222

b (e + y)}j

33. F(x, y) = sin yi + x cos yj

M = sin yand N = x cos y have continuous first
partial derivatives.
v oM

= cos y = — = Fis conservative.
Ox oy

1 1 1
34. F(x, y) = —(yi - xj) =—i-—j
Xy X y
M = 1/xand N = -1/y have continuous first partial

derivatives for all x, y # 0.
ON oM . .
= 0 = — = Fis conservative.

e oy
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3s.

36.

37.

38. M

39.

40.

41.

F(x, y) = Syz(yi + 3xj)
M =5y’ N = 15x?

M .
N =15y = oM = Conservative
ox oy

b= 2oy = s

Yy Yy
=2(y + 2
N _ Meh/y = aa—M = Conservative

o) y
1 _ 1
\/xz + 92 \/xz + )2

ON -X oM -y

M = , N

P (x2 N yz)s/{ # E = 4(x2 N yz)s/z

= Not conservative

v X
= N =
\/1+xy \/1+xy

oN xy + 2 oM .
T —ap -~ Conservative
0x Z(xy + 1) oy

F(x, y) = yi + xj

%[y] =1= %[x] = Conservative
L) = v f(xy) =x= flxy)=x+k
F(x, y) = 3x%y% + 2x°yj

%[3):2)/2} = 6x%y

0

a[ZﬁyJ = 6x%y
Conservative

fi(xy) = 3x%7°
fy(x, y) = 2x%y
f(x, y) = )c3y2 + K
F(x, y) = 2xi + x2j

a—ay[ny] = 2x

O »
a[x J = 2x
Conservative

fx(x, y) = 2xy,fy(x, y) = xz,f(x, y) =x*y+ K

Section 15.1 Vector Fields

42. F(x,y) = xe"’ (231 + xj)
E[nyexzy ] = 2xe? + 2x3ye"2-v
oy

ﬁ[xzexzy } = 2xe"’ + 2x3yex2y
ox

Conservative

f(x, y) = 2xpe™

f:v(x7 y) — xZeny

f(x, y) = e"zy + K
43. F(x, y) = 15y% - 5x%j

%[wyﬂ = 45y% # %[—Sxyz} = -5)7

Not conservative

L. .
44. F(x, y) = ?(yl - 2x])

1, 2x,
—i - =5j

y oy
aH _ 1
oyl y y

o) 2x)_ 2
ox yZ y2

Not conservative

45. F(x,y) = 22i- 2

Not conservative

X vy
46. F(x,y) = +)}2.+ =z +y2]

0] X _ 2w
oyl X + y? (xz + y2)2

ol_»y |___ 2y
ox| x* + y? (x2 + yz)2

Conservative
. X
fx(x, y) - x2 + y2
Y
fy(x’ y) = PR

flx,y) = %ln(x2 + yz) + K

375
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376 Chapter 15 Vector Analysis

47. F(x, y) = €(cos yi — sin yj)

%[e“ cos y} = —€*sin y

%[—e" sin y} = —e*sin y
Conservative

Se(x, y) = € cos y

fy(x, y) = —e“siny

f(x,y) =e‘'cosy+ K

2x . 2y .
48. F(x, y) = i+
(x y) (x2 . y2)2 (x2 n yz)z‘l
i_ 2x ] _ 8xy
6y_(x2 n yz)z_ (x2 n y2)3
E_ 2y ] _ 8xy
Sy
Conservative
2x
filx,y) = —=—
(.2) (x* + yz)2
1i(x,») (x2 N y2)2
1
f(xy) = 2 D + K

51. F(x, y,z) = €"sin yi — " cos y j, (0,0,1)

49. F(x, ¥, z) =xyzi+xzj+ wzKk, (2, 1 3)

i j k
curl F = ﬁ ﬁ g
ox 0Oy Oz

Xyz Xxyz Xxyz

= (xz - xy)i - (yz - xy)j + (yz - xz)k

curl F (2, 1,3) = (6 - 2)i -3-2ji+(3- 6)k
=4i-j-3k

50. F(x,y,z) = x’zi — 2xzj + yzk,(2,-1,3)

i j k
curl F = E i ﬁ
ox Oy 0Oz

¥’z 2xz yz
= (z +2x)i = (0 - ¥*)j + (-2z - O)k
= (z + 2x)i + x%j - 2zk

curl F (2,-1,3) = 7i + 4j - 6k

i j k
curl F = 6% % 6% = (—e* cos y — e* cos y)k = —2¢*cos yk
e*siny —e‘cosy 0
curl F (0,0,1) = -2k
52. F(x, y,2) = (i + j + k), (3,2, 0)
i j k
curl F = A (=xz + xp)e ™ — (—yz + xp)ej + (—yz + xz)e Pk
Ox oy 0z

eVE vz ohE

curlF(3, 2,0) = 6i — 6j

53. F(x,y,2) = arctan(x]i + ln\/mj + Kk

y
i
curl F = —

arctan(xj %ln(x2 + y2) 1

y

J
i LRI
Ox oy oz x?
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Section 15.1 Vector Fields 377

54. F(x,y,z) = i+ j + k

k
curlF = 9 9 9 =[ LA }i—[ - ) ]j+{ -2t -z ]k
O e s e e (e e

I
=
o
1
—_
=
[
<
~—
|
—_
=
|
[\N]
~—
S
| IS
——
+
~
)
1
—_
=
|
<
~—
S}
+
—
<
|
[N
~—
S
| IS
—
+
[N]
1S}
1
—
<
|
(]
~—
|
—_
=
[ .
N
~—
S}
| IS
~

55. F(x, y,z) = sin(x — y)i + sin(y — z)j + sin(z — x)k

i j k
curl F = a—i % % = cos(y - z)i + cos(z - x)j + cos(x - y)k

sin(x - y) sin(y - z) sin(z - x)

56. F(x,p,z) =/x* + »* + 22(i + j + k)

i i
curl F = 9 9 9 :(y—z)i+(z—x)j+(x—y)k
X 2 0z \/ X+ yr o+ 2P
N N N T 2
57. F(x, ¥, z) = x4 + x*yz%j + xPyPzk 58. F(x, ¥, z) = 22% + 2xp2%j + 3x°2°k
i j k i j k
curl F = 9 2 9 =0 curl F = 9 9 9 =0
Ox oy 0z Ox Oy 0z
xp?zt xryzr XA’z yizd 2xyzd 3xy?z?
Conservative Conservative
3, 2) = 022 fler.z) = P2 + K
fy(x, v, z) = xzyz2
59. F(x, ¥, z) = sin zi + sin xj + sin yk
fo(xp,2) = x*y’z
( ) 1,2 i i k
flx,y,z) = =xyz2 + K
2 curl F = o 2 g
Ox oy 0z

sinz sinx siny
= cos yi + coszj + cosxk # 0

Not conservative

60. F(x, ¥, z) = ye’i + ze'j + xe’k
k
9
Oz
Not conservative

© 2010 Brooks/Cole, Cengage Learning



378 Chapter 15 Vector Analysis

61. F(x, y,2) = =i - —j+ =k
y Yy
i j k
curlF:Q 9 6_(_xQ+x2]_(l_lj (—Z+2jk—0
ox oy oz ooy vy ooy
z = X
y o7y
Conservative
f:\f X, y,z) = i
(r02) = £
fy(x,y,z) = _Li
f; x,y,z - ﬁ
(x.3.2) 5
feyz) == +K
y
62. F(x,y,z) = Zx i+ zy Si+k 63. F(x,y) = x%i + 27
X +y X +y . o, , o, .,
i i divF(x, y) = a(x ) + 5(2)/ ) =2x + 4y
0 0 0
curl F = o a 2l 0 64. F(x,y) = xe'i + yei
. 0 0
X Y div F(x, y) = —(xe*) + =—(ye”
xZ + y2 xZ + y2 1 v (x y) ax(xe ) + ay(ye )
Conservative = xe' +e' +yet + e
X ! . . 2
fux 3, 2) = R 65. F(x,y,z) = sinxi + cos yj + 2’k
. 0 0 0
div F(x, y, z) = —|[sin x| + —]cos y + =22
fy(x,y,z)z% ( ) (3x[ ] 6y[ ] 82[ ]
X +y .
=cosx —siny + 2z
fe(xp,z) =1
X
f(xayaz) = sz N yz dx

%hl(xz + yz) + g(y, z) + K

S(or.2) = [

%hl(xz + yz) + h(x, z) + K,

f(xy.2)

f(x,y,z) = %ln(x2 +y2)+z+K

J.dz =z+ p(x,y) + K;

66. F(x, ¥, z) = ln(x2 + yz)i + xyj + ln(y2 + zz)k
2x 2z

div F(x, v, z) = %[ln(xz + y2):| + %[xy] + gi[]n(y2 i zz)] _ e x4 S
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67.

68.

69.

70.

71.

72.

76.

1.

F(x, y, z) = xyzi + xyj + zk
divF(x, y,z) = yz + x + 1
divF(2,1,1)=1+2+1=4

F(x, v, z) = x%zi — 2xzj + yzk
div F(x, ¥, z) =2xz+y
div F(Z, -1,3) =11

F(x, y, z) = e*sin yi — e* cos yj + 2’k
divF(x, y,z) = e*sin y + e*sin y + 2z
divF(3,0,0) = 0

F(x, ¥, z) = ln(xyz)(i +j+ k)
diVF(x,y,Z) = l + l + l
X y z

divF(3,2,1) = = +

W | —

See the definition, page 1058. Examples include velocity
fields, gravitational fields, and magnetic fields.

See the definition of Conservative Vector Field on page
1061. To test for a conservative vector field, see
Theorem 15.1 and 15.2.

F(x, ¥, z) =xi —zk

G(x, ¥, z) = x4+ yj+ 2%k

i j k
FxG=|x 0 —z:ym'—(xzz+xzz)j+xyk
2oy 2
i j k
curl(F x G) = a 2
Ox oy oz

yz —xz* —x%z Xxy

F(x, ¥, z) = xpyzi + yj + zk

i j k
curl F = o 9 2 = xyj — xzk
x Oy 0Oz
xyz y oz
i k
curl(curl F) = 9 9 21 zj + yk
ox Oy
0 xy —-xz

Section 15.1 Vector Fields 379

73. See the definition on page 1064.

74. See the definition on page 1066.

75. F(x, ¥, z) =1+ 3x+ 2)k
G(x, ¥, z) =xi—yj+zk

i j ok
FxG=|1 3x 2y
X -y z
= (3xz + 20%)i = (z - 20)j + (-y - 3)k
i i K
curl(F x G) = 2 2 9
Ox oy Oz

3xz +2y* -z +2xy -y -3x’
(—1 + l)i - (—6x - 3x)j + (2y - 4y)k
=9xj - 2yk

2 = (x+ 2z + 2)i— (y = p)i+ (2> = 2xz = z)k = x(x + 2z + 1)i — 2(z + 2x + )k
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380 Chapter 15 Vector Analysis

78. F(x, y,z) = x’zi — 2xzj + yzk 80. F(x,y,z) = xi - zk
i i K G(x, v, z) = x4+ yj + 2’k
ik
artF = O O (4 a0i -2k b
ox Oy oz FxG=|x 0 —z|=yzi — (xz2 + xzz)j + xyk
X’z 2xz yz x*y Z2
i ik div(F x G) = 0
curl(curl F) = < R = j+ 2xk
Ox oy Oz 81. F(x, v, z) = xyzi + yj + 2K
z+2x x* 2z i i k
o0 0 0 .
79. F(x,y,z) =i+ 3xj+ 2yk curl F = o o = xyj — xzk
G(x, v, z) =xi—yj+zk vz y oz
i j k div(curlF) = x —x =0
FxG=|1 3x 2y
x -y oz 82. F(x, y,z) = x’zi — 2xzj + yzk
= (3xz + 2y2)i - (Z - 2xy)j + (—y - 3x2)k i i k
0 0 0 . .
div(F x G) = 3z + 2x curlF = = o = (z + 2x)i + x%j — 22k
¥’z 2xz yz
div(curlF) =2 -2 =0

83.

F+G=(M+Q)i+(N+R)j+(P+Sk

i i k
curl (F + G) = 0 9 92
ox oy &2

M+Q N+R P+S

{5(10 +5) - %(N ; R)}i - [%(P 4 5)

oy

_ ai_aﬂi_(ai’_aﬂj-+ ON oM -, ﬁ_%i_(ai
oy Oz ox azJ ox oy oy o0z ox

curl F + curlG

/4 X

;(M+Q)}j+{aa(N

84. Let £ (x, ¥, z) be a scalar function whose second partial derivatives are continuous.

Vf = gi + gj + gk
Ox oy 0z
i j Kk
2 2 2 2 2 2

curl(Vf):iﬁﬁ:af_afi_ 8f_6fj,+ OF O _

ox oy 0z 0y0z  0z0y Ox0z  0z0x Ox0y  Oyox

/AC/ACA

ox oy 0z

+ R) -
) v

Oz Oox

Let F = Mi + Nj+ Pkand G = Qi + Rj + Sk where M, N, P, O, R, and S have continuous partial derivatives.

§(M . Q)}k

_aQJH[aR_aQ]k
Oy
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Section 15. 1 Vector Fields 381
85. Let F = Mi + Nj+ Pkand G = Ri + Sj + Tk.
div(F+G):E(M+R)+£(N+S)+E(P+T) M R N OS5, T
X oy oz Ox ox o0 Oy 0z Oz
fom v oP) [er  as or
ox 8y 0z ox oy Oz
=divF + divG
86. Let F = Mi + Nj+ Pkand G = Ri + Sj + Tk
i j ok
FxG=|M N P|=(NT - PS)i — (MT - PR)j + (MS — NR)k
R S§ T
. 0 0 0
div(F x G) = —(NT — PS) + —(PR — MT) + —(MS — NR)
ox oy 0z
WO g0 p3S OP LR LOPOT oM 05 oM\ oR 0N
Ox Ox ax Ox oy oy oy 8y 0z 0z 0z 0z
opP 6NR+(6M anSJr ON _oM\.| |, [for oS +N(6R aTJ+P§ R
6y 0z 0z Ox o Oy oy E 0z Ox Ox 6y
= (curlF) - G - F - (curl G)
87. F = Mi + Nj + Pk
V x[Vf +(V x F)| = curl(Vf + (V x F))
= curl(V/f) + curl(V x F)  (Exercise 83)
= curl(V x F) (Exercise 84)
=V x (V X F)
88. Let F = Mi + Nj + Pk.
i j Kk
vemo|l 22
ox Oy oz
/M jN  fP
(T L B (L Py B (L T,
Oy oz 0z ox ox Oz oz ox ox Oy Oy
i j Kk
=f 67P_67N (67P_87Mj‘l+ al_aﬂk +ggg:f[VXF]+(Vf)XF
oy 0Oz Ox oz Ox oy ox 0Oy 0Oz
M N P
89. Let F = Mi + Nj + Pk,then fF = fMi + fNj+ fPk
. 0 0 0 oM of ON of oP of
d F)=—(/M)+ —(fN)+ —(fP)=f—+M—+ f—+ N—+ f— + P—
M/F) = U M) 6y(f )H VP = I M S PV
_ oM LN N, 3fM+gN+@ = fdivF + Vf - F
Ox oy 0Oz Ox oy 0z
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382 Chapter 15 Vector Analysis

90. Let F = Mi + Nj + Pk.

0P  ON). [8P an, ON oM
curlF = | — - —|i-|— - —|j+|—-—1k
oy 0z Ox oz Ox Oy
div(eurtF) = 2|92 N _ﬁ{al_aﬂyéaﬂ_aﬂ
ox| oy &z oylox oz oz| 6x Oy
2 2 2 2 2 2
= °r_oN_CF + oM + ON _ oM 0 (because the mixed partials are equal)

oxdy Oxdz  Oyox | Oydz | Oodx  Ozdy
In Exercises 91-93, F(x, y,z) = xi + yj + zkand f(x, y,z) = HF(x, ¥, z)H = Jx? + p* + 7%,

91. Inf = %ln(x2 + 9+ zz)

X . y . z xi + yj + zk F

V(lnf) = i+ + k = = —

(Inf) x2+ y? + 2P x2+y2+22'l x2+ 2+ 2P 2yt f?

92. lz !
S x4y 4+ 22
1) —Xx . -y . -z _ —(xi+yj+zk) _F
V? T (2 2 23/2.+ 2 2 23/2‘]+ 2 2 N 3 3
(x +y +Z) (x +y +z) (x +y +z) (/x2+y2+22)

2 2 2\ X : 2 2 2\ Yy . 2 2 2\ z
X" +y +z) 7l+n(\/x +y +z) 7]+n(«1x +y +z) ——k
N D NS e NS

(xi + yj+ zk) = nf"*F

(c) All the vectors are unit vectors. Those of F point away from origin. Answers will vary.

95. True. HF(x + y)H = J16x* + y* — 0as(x, y) > (0,0).
96. True. If (x, y)is on the positive y-axis, then 97. False. Curl is defined on vector fields, not scalar fields.

x =0andy > 0.0, 98. False. See Example 7.
F(x, y) = F(0,7) = —»%j.

© 2010 Brooks/Cole, Cengage Learning



Section 15.2 Line Integrals 383

Section 15.2 Line Integrals

1 i + i, 0<r<1 p L
- rl) = Q-0i+~2-1, 1<i<2 169
cos’ ¢ +sin’ ¢ = 1
i + 1%, 0<1t< , 2
cos” t = —
2r()={4-0)i+4j, 2<1<4 16
(8 - 1)i, 4<1<38 G2y 2 2
9
fi, 0<¢r<3 x = 4cost
3 1) 3i+(r—-3)j, 3<1<6 y =3sint
ri¢) =
(O-1i+3j, 6<r<9 r(7) = 4 cos i + 3sin fj
(12 - 9)j, 9<t<12 0<t<2n
+ 4, 0<1<5 7. r(t) = 4+ 3, 0<r<1
4. r(r) =5i+(9-10)j 5<1<9 r'(z) = 4i + 3j
(14 - 1)i, 9<r<14 1
[Lavds = [ (43N 4 + 3 dr
5. y =9 1 1
i = [, 602 dr = [207] =20
X
9 9

8 rt)=d+(2-1)j 0<r<2
2 r'(t):i—j

—

cos’t +sin’ ¢ =

cos?r = ,
’ [ 3= y)ds = [[3(c =2 =)W1+ (1) ar
sin?f = 2 2
9 =32 (2t - 2)at
x = 3cost 0
y = 3sins =32 - 2] =0
r(t) = 3costi + 3sintj
0<Lt<2x
9. r(r) = sindi + cos j + 2K, OStS%

r'(r) = costi — sin j
I (xz + 3%+ 22) ds = I”/z (sinzt + cos?t + 4) cos’t + sin’t dt = I”/Z S5dt = R
c 0 0
10. r(r) = 124 + 56 + 84k, 0 <7 <1
r'(r) = 12i + 5j + 84k

1

1 P 4
[ 2xvzds = [ 2020)(50)(841)/(12) + 5% + (84) ar = j 10,080 7 (85) dr = 856 800{4} = 214,200

0

W.(a) r(t)=di+4, 0<r<1 12. (@) r(r) = 4i + 24, 0<r<2

=
L (x2 + y2)ds = Io (t2 + 412)\/§ dt

b) r(e) =i+ jfr

()= ~2 (b) r'(r) =i+ 2j|r

INGREINEE
-5 L]

3 0 3

.[c (x2 + yz) ds

3 0

© 2010 Brooks/Cole, Cengage Learning



384 Chapter 15 Vector Analysis

13. (a) r(s) = cosdi +singj, 0<1¢< %

(b) ch (xz + y2)ds = I:/Z [coszt + sin? t} (~sin t)2 + (cos t)2 dt = :/2 ==

14. (a) r(r) = 2cos i + 2sin fj, 0<r<Z

N

®) [ (¥ +57)ds = j “[4cos” 1 + 4sin’ t]\/(—ZSint)z + (2cos )’ dr = I:/ZSdt = 4r

15. (a) r(r)=d, 0<¢<1

() r(r) = ifr()] =1

16. (a) r(r)=1j, 1<r<9
() r'(1) =}
[ (c+ady)ds = [ ardr = [3°] = 827 - 1) = 28

A, 0<t<
17. (@) r(t) =42 -1)i+(r-1)j 1<r<
(3 -1, <t <
®) [ (x+a)ds = Oltdt:%
2
(e ady)ds = [+ ai=TNTv ar - f{zz_’}i(t_l)ﬂl -2
IC3(x+4 y)ds: Jj4 3—tdt—[—§(3_,)3/2I :g an,
I(*“ )d_1+19\/§+§_19+19\/—_19(1+\/5) ¢ %
S e
q T(1,0)
i 0<t<2
2i+(1-2)j, 2<1<4
18- @ r(1) = (6—1)i+2j, 4<t<6
(8 = 1)i, 6<t<8
(b) jq(x+4ﬁ)ds j tdt =2
[ (e agp)as = [ 2 i) - 4+ 192 1 e
x + 4/y)ds = 6 — 1)+ 4J2)dt =2+ 82 €
Joo b+ 4y} as = [1{(6 -0+ 4v2) 7 .
jc4(x+4\/§)ds j4\/ tdt = 16\/_ |
Cp o 2
Ic(x+4\/;)ds:2+4+16;/— 8\/_+16\/— +?\/§

© 2010 Brooks/Cole, Cengage Learning



Section 15.2 Line Integrals

19. (a) G:(0,0,0)t0(1,0,0):x(r) = 4,0 <7 < Lr'(r) =i,

Iq (2x + y? - z)ds = J.(I 2tdt = tz}] =1

0

r'(t)H =1

C,:(1,0,0)to (1,0,1):r(r) = i + /k,0 < 7 < Lr'(¢) = k, r’(;)H =1
1
2 1 t2 3
ICZ(2x+y —z)ds: .[o(z_t)dt: 2;_50 =2

G :(L0,1)to(LL1):r(r) =i+ +k0<t<Lr()=}

1
j@(Zx-&-yz —z)ds = .[01(2+t2 —l)dt = {t-&-i} :g

. 3 4 23
(b) Combining, IC (Zx + 3% - z) ds =1+ 5 + s
20. (2) G:(0,0,0)t0(0,1,0):x(r) = 4,0 < ¢ < Lr'(t) = j|r'(r)| =1
1
2 s £ _ 1
J.Cl(Zx-&- yo - z)ds = J.Ot dt = 31} =3
C:(0,1,0)t0 (0,1,1):x(r) = j+ k,0 < £ < Lr(r) = k|r'(t)| = 1
I 21 1
2yt —z)ds = [ (1—f)dt=|t-2| ==
ICQ( X+ y z) s Io( t) t {t 21} 2
G5:(0,1,1)10(0,0,0):r(r) = (1-1)j + (1 - 1)k, 0 < ¢ < L¥'(¢) = —j - k| r'(1)| = /2
3 27 _
e Ll I I N AN P =
0
(b) Combining, jc (2x + 3% - z) ds = % + % - 62 _3 _6\/5‘
21 _ Lo 2 2 22. p(x,y,z) =z
. p(x,y,z)—g(x +y +z)
. o r(r) = 2cos i + 2sinfj + 1k, 0 < 7 < 47
r(r) = 2costi + 2sintj + 1k,0 < < 4z ’ o .
r'(t) = -2sindi + 2cos fj + k r(f) = -2sind + 2 cos fj + K
' _ ) 2 _
r’(t)‘: \/4sin2t+4cos2t+1 =5 r(t)H— \/4s1n t+4cos’t+1=4/5
Mass = Icp(x, y,z)ds Mass = Jcp(x, y,z)ds
4z
= J':”%(4cos2t+4sin2t+t2)\/§dt - J:”t\/gdt _ {’22\/5} NG
0
\/g ar \/g t3 4
:T,[o (4+t2)dt:7 4“‘? , 23. r(r) =cosfi+singj, 0<7<zx
3 r'(r) = —sin i + cosgj, |[r'(7)[=1
- \f{lm + 643” } = 8”;/§(47z2 +3) ~ 7957 @)l

Mass = Jc p(x, y) ds = IC (x + y) ds

= J: (cos t + sin 1) dt

[sin t — cos t]g

1+1=2

385
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24.

25.

26.

27.

28.

Chapter 15 Vector Analysis

r(f) =i+ 2, 0<r<1

r'(r) = 24 + 2j,

l- T
Mass = IC px,y)ds = JC 3y ds
= _[; (247 + 4 dt
- J‘; 3(* + 1)1/2 dt
~( + l)ﬂl SN
0
1<¢r<3
r’(t)H =4 +5

Mass = '[Cp(x, ¥, z) ds = J'Ckz ds

r(r) = i + 24 + 1k,
r'(r) = 24 + 2j + k,

3
L ki 42 + 5 dt

k(4> + 5)3/2 i

12
1

%[41\/5 - 27]

r(t) =2cosfi +2sintj+3tk, 0<1¢t<2rx
)

r'(t) = 2sinfi + 2cos#j + 3k
t)H J4+9 =13
Mass = IC p(x, y,z)ds = L(k + z)ds

= [Tk + 3N an
2z

2]
0

= /13(27k + 67%)

F(x,y) = xi + yj
Cir(t)=di+1, 0<r<1
F(t) = 4 + 1
() =i+j
[F- dr_j (t +1)dr =

[, =1
F(x, y) = i + yj
C:r(z‘) = 4cosfi +4sintj, 0 <¢ S%

F(t) = 16sin 7 cos fi + 4sin 4j

r'(t) = —4sindi + 4 cos fj

.[CF Ldr = I:/Z (_
240

= [—ﬁ sin® ¢ + 8Sin2t:| = ——
3 0

64 sin? f cos t + 16 sin 7 cos t) dt

29.

30.

31.

32.

33.

F(x, y) = 3xi + 4yj
C:x(t) = cosdi +singj, 0 <1< 7/2
F(t) = 3costi + 4sin ¢

r'(r) = —sin fi + cos fj

R [

.
_ sin“t :1/2
2 0

F(x, y) = 3xi + 4yj
w42, —2<i<2

F(r) = 36 + 44 - %]

r'(f) =i -

'[F dr—I

3 cos tsin ¢ + 4 sin tcos 1) dt

C:x(t) = 1

4 -7

t—4t

F(x, y,z) = xyi + xzj + yzk
Cir(t) =di+j+ 2k, 0<1<1
F(r) = 7i + 27%) + 27k

r'(f) =i+ 26 + 2k

9t 9
JF dr_f t + 48 +4z‘)dt-{4l:

F(x, ¥, z) = x% + %+ 2’k
.. o1
C:x(f) = 2sin i + 2 cos fj +Etzk, 0<t<nrx
. 1
F(t) = 4sin’ fi + 4 cos® tj + Zt4k
r'(r) = 2 cos fi — 2sin fj + 1k
z . . 1
I F.dr = 'f [Ssztcost—8coszts1nt+ft5jdt
c 0 4

8 4 8 o T
=|—Ssmn’ ¢+ —cos’ t +—
3 3 24

0
8 % 8 2% 16

+
3 24 3 24 3

F(x, ¥, z) = x%zi + 6yj + yz’k
r(f)=d+j+Ink, 1<7<3

F(1) = # Ind + 6/°j + 1> In* /k

dr = (i + 2tj + 1k] dt
t

[oFdr = [ [ me 126+ o) [ar = 249.49
C 1
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34.

36.

37.

Section 15.2 Line Integrals

xi + yj+ zk 35. F(x, y) = xi + 2yj
NEEE - Cir(t) =di+ 7, 0<r<2

r(f)=d+6+ek0<r<2

F(x, ¥, z) =

r(e) = i + 3%
fi+1fj+ ek

2rares F(f) = 4 + 20
N ()

dr = (i + j+ c'k)dt

fopoar

F(r) =

2
Work = .ch dr = J'Oz (t + 6t5)dt = {Z + tﬁl

7(% + ez’)dt ~ 6.91
26 + ¥

F(x, y) = x% — 1
C:x = cos’ £, y = sin’ ¢ from (1, 0) to (0, 1)

. 3 7
r(7) = cos’di +sin’ g, 0 <7< 3
r'(r) = =3 cos® tsin#i + 3sin*7 cos
F(¢) = cos® #i — cos’ ¢ sin’ fj
. . . . . 2
F-r = —3cos’trsins — 3cos* sin® t = -3 cos* rsin t(cos“t + sin? t) = —3cos* £ sin t[cos“t + (1 — cos? t) }
— 4 : 4 _ 2 _ 8 : 6 . _ 4 :
= —3cos"tsint{2cos”t —2cos“t+ 1) = —6c¢cos°fsint + 6¢cos’tsint — 3cos” 7sin ¢

/2
Work = fCF cdr = JO/ [—6cos8 tsint + 6cos® fsint — 3 cos? £sin t} dt

_ {2 cos’t 6cos’ ¢ N 3 cos® t}ﬂ/z 43

3 7 5 ), 105
F(x,y) = xi + yj 38. F(x, y) = —yi — xj
i 0<¢r<l1 C: counterclockwise along the semicircle
Cir(t) = {2 -0)i+ (1 -1)j 1<r<2 y =~4 - x from (2,0)to (-2,0)
(3-1)i 2<1<3 r(f) = 2cossi+ 2singj, 0<r<nzx
On C,F(r) = d,r'(r) =i r'(t) = —2sindi + 2 cos 4j
] | F(t) = —2sin7i — 2 cos fj
Work:J.‘F~dr=J‘tdt=f , . )
a 0 2 F-r' =4sin“t —4cos"t = —4 cos 2t
On Gy, F(t) = (2—1)i+ (1 = 1)j,x'(r) = i +j Work = .[CF dr
2
Work = j’CZF cdr = L [(r=2)+ (¢~ 1)]dr _ _4.[0” cos 21 df

s

=(4-6-(1-3=0

On G5, F(t) = 3 - 0)j,r'(t) = -i

[—2 sin 2t]g =0

39. F(x, ¥, z) =xi+ yj—5zk
C:r(r)=2cosfi+2sintj+k, 0<t<2z

) 3
Work = .[CSF.dr = Jj(t—3)dt —{tz—&} r'() = 2sindi + 2cosfj + k
. 12 F(f) = 2 cos fi + 2sin tj — 5tk
=|Z-9|-(2-6)= — r =
(2 ) ( ) 5 F.r 5t
! ! Work = [ Fdr = [~ 5tdr = ~102°
Totalwork=5+0—5=0 c 0

387

= 66
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40.

41.

42.

43.

44.

46.

47.

Chapter 15 Vector Analysis

F(x, ¥, z) = yzi + xzj + 0k
C: line from (0, 0, 0) to (5, 3, 2)

r(f) = 56 + 3G+ 2k, 0 <7<
r'(t) = 5i + 3j + 2k

F(r) = 6 + 10°j + 15’k

F -r =907

Work = [ F - dr = jol 90¢2 dt = 30

Because the vector field determined by F points in the
general direction of the path C, F - T > 0 and work will
be positive.

Because the vector field determined by F points for the
most part in the opposite direction of the path C,
F - T < 0and work will be negative.

Because the vector field determined by F is
perpendicular to the path, work will be 0.

Because the vector field is perpendicular to the path,
work will be 0.

F(x, y) = x%yi + xy3/2j
(a) rl(t) =

r'(t) =i+ 24

(t+Di+rj, 0<r<2

F(1) = (¢t + 17 + (1 + 1)
256

Ich Cdr = J'OZ [(z +1)°7 + 20 + l)} di = ==

(1+ 2cos )i + 4cos® 1,0 < ¢ S%

(b) n(t)

rz'(t) = —2sinfi — 8 cos ¢ sin #j

45. F(x,») = x%i + xj
(a) (1) = 24 + (t - 1)j,
() = 2i +
F(1) = 4% + 26(1 - 1)j

J': (822 + 26(r — 1))t = 2

A
w2

1<¢t<

Ich - dr

Both paths join (2, 0) and (6, 2). The integrals are

negatives of each other because the orientations are

different.
(b) (M) =283-1)i+(2-1)j 0<t<2
r(1) = -2i -
F(1) = 43 - 1)i + 23 - 1)(2 - 1)j
JFde = [1[86 -0 —26- 0@ - 1)|a

236
3

F(7) = (1 + 2 cos 1)2(4 cos? t)i + (1 + 2cos t)(8 cos’ t)j

I F - -dr = J. [ 1 + 2 cost (4 cos? t)(—2 sin t) — 8 cos ¢ sin t(l + 2 cos t)(8 cos’ t) dt = ———

256

Both paths join (1, 0) and (3, 4). The integrals are negatives of each other because the orientations are different.

C:r(t) =4 — 24
r'(t) =1i-2j
F(r) = 24 — 4
F-r'=-2t+2t=0

So, ch .dr = 0.
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Section 15.2 Line Integrals 389

49. F(x, y) — (x3 _ sz)i + (X _ ij 50. F(x,y = X1+ )]
2 C:r(t) = 3sinfi + 3 cos i
Cix(t) =4+ %) r'(r) = 3costi — 3sin fj
r(0) =i+ 2 F(f) = 3sinfi + 3 cos ]
F(t) _ (t3 _ 2t2)i + [t _tzzjj F-r' =9sinfcost —9sintcost =0
2 So, [ .F - dr = 0.
F.r=(F-20)+21-=]=0

51.

52.

53.

54.

SS.

x:ZZ,y:IOZ,0£t£1:>y:5xorx:§,OSySIO

10
jc (x + 3y2) dy = L}O (% + 3y2j dy = B}; + y:’} = 1010
0

x=2y=10t, 0<t<1=ypy=5x 0<x<2

2

X 2 = 2x-&—75x dx = —2+25x = 202
o v 3 = [ ) =[5 250
0

x=2y=10f, 0<t<1=x=2 0<y<I0, dx:édy

5
10( 2 y¥ooy? 190
chydx+ydy:j0 [25+yjdy:{+2} =Tor

y =5x,dy =5dx,0 < x <2

3 2

'[nydx +ydy = jj(sz + 25x)dx = {

x=2t,y=10t, 0<t<1= ypy=5% dy=5dy, 0 <x<2
[ Gy - x)dc+ydy = Jj(3(5x)—x)dx+(5x)25dx: [02(14x+125x2)dx

= [7x2 + %xﬂz = 28 + 125(g) = 108

r(f)=4, 0<r<5 56. r(t) =4, 0<r<2
x(t) =1, (1) = x(t) =0, y(1)=1
dx =dt, dyv =0 dx =0, dy=dt
5 2
JC(2x—y)dx+(x+3y)dy: Jo 2t dt = 25 JC(2x—y)dx+(x+3y)dy:Jo3tdt:[%t2J =6

v
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390 Chapter 15 Vector Analysis

1, 0<r<
57. r(r) = 4. . y
3i+(r-3)j, 3<t<6 1 3.3)
C: x(t) =1, (t) = 0,
dx = dt,dy =0 gl .
3 i
ICI(Zx—y)dx+(x+3y)dy=J.02tdt=9 ¢
Cy: x(t) =3, y(t)=1-3 T

dx = 0,dy = dt

Iq (2x = y)dv + (x + 3y) dy = j:[3+3(z—3)]dz - {3;2—&}6 - %

IC(Qx—y)dx+(x+3y)dy=9+§:%3
=ij, 0<¢<3
58, r(t):{(tj_ Mol 351s )
j, 3<t<5
C: x(t) = 0, y(r) = —t T2 3
dx =0,dy = —dt ""Cl

3
J.Cl(Zx—y)dx+(x+3y)dy: ‘[03tdt:%

Cy: x(t) =1 -3, y(1) = -3
dx = dt,dy =0

fcz (2x = y)dv + (x + 3y) dy = Ls[z(z—3)+3]dz - [(z—3)2 +3z}

fC(Zx—y)dx+(x+3y)dy:2—27+10:4—27

=10

5
3

59. x(t) =

[x—y)dc+ (x+3p)dy = [[[(2 =1+ 2) + (1 +3 = 32)(-20) | a

~

o) =1-0, 0<t <1, dc=d,dy =-2tdt

- J.;(6t3—t2—4t—1)dt:{3t24—t33—212—1} :—%

60. x(1) = 1, y(t) = 2, 0<1 <4, dc=dr, dy=3"a
Ic (2x = y)dx + (x + 3y) dy = j: [(21 - ) (e + 313/2)(%;‘/2)} dr
= f: (32 + 307 + 2t)dr = [3¢ + 17 tz]z =96+ 1(32) + 16 = 32

61. x(1) =1¢, y(t) =2, 0<t<2
dx = dt, dy = 4t dt

[(@x=y)do+ (x+3p)dy = [F(20 - 20%) e+ (e + 62 )ardr = [ (24 + 20 + 2)ar = [66* + 26 + 2]

e ‘

2
0
62. x(¢t) = 4sint, y(t) = 3coss, 0 <1< %
dx = 4costdt,dy = —3sint dt
Ic (2x - y) dx + (x + 3y) dy = I:/Z (8 sin ¢ — 3 cos t)(4 cos t) dt + (4 sint + 9 cos t)(—3 sin t) dt
/2

2
= I”/ (55intcost—12coszt—125in2 t)dt = ésinzt—12t = é—67r
0 2 .2
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63.

64.

67.

68.

J(xy) =h
C: line from (0, 0) to (3, 4)
r =36+ 4G, 0<7<1
r(0) = 3i + 4]
r(t)H =5

Lateral surface area:

[ fCey)ds = [ 5hdi = sh

fley) =y

C: line from (O, O) to (4, 4)
r(f)=d+1¢, 0<r<4
() =i+j

Ol

Lateral surface area:

JC f(x, y) ds = J‘;t(ﬁ) dt = 8\/5

f(x.y)=h
C:y = 1—-x*from(1,0)to(0,1)
() = (=it [1-(-0"f 0<r<1
r’(t) =i+ 2(1-1)j
)= J1+4(1-1)

Lateral surface area:

Jo o) ds = Jomfie = an = 20 -

_ g[zﬁ +1n(2 ++/5)] = 1.4789%

f(x,y) =y+1
C:y =1-x*from(1,0)to(0,1)

) = (-0i+[1-(0-0fi 0<r<1
r'(t) =i+ 2(1-1)j

)] =~/1+40 —1)

Lateral surface area:

Ic Sf(x, y)ds

= —;[2(1 —O\J1+4(1 -4 +1n

W1+ 4(1 1)’

[[2- = N+ aq-of ar =2 1+ 40— ar -
21 -
+§[2(1—z)[2(4)(1—z)2 + 11+ 41 -0 —1n‘2(1—t)+ 1+ 41— )

1)+

Section 15.2 Line Integrals

65. f(x, y) = Xy
C:x* + y* = 1from (1, 0) to (0, 1)

r(r) = cosfi +singj, 0 << %
r'(r) = —sin fi + cos fj
r (I)H =1

Lateral surface area:

. .o 772
Icf(x, y)ds = J.O 7 cos ¢ sin 1 dt = {sm t}
0

2

66. f(x,y) =x+y
C:x* + y* = 1from(1,0)to (0,1)

r(7) = cosdi +singj, 0 <7< %
r'(r) = —sindi + cos fj
@] =1

Lateral surface area:
/2
J. ryds = 77

= [sint — cost]g/2 =2

cost + sint) dr

1Y \J1+ 41— 1) dr

I

1+ 4(1 - 1)’

I

- %[2\/3 +In(2 + \/3)} - é[l&/g ~In(2 + \/gﬂ
= 35+ B2+ 5) = 4635 + 31(2 + V5)] = 23515

391
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69.

70.

71.

Chapter 15 Vector Analysis

f(x,p) =xy
C:y =1-x*from(1,0)t0(0,1)
You could parameterize the curve C as in Exercises 67 and 68. Alternatively, let x = cos ¢, then:
y =1-cos*t =sin’¢t

r(r) = cosfi +sin’fj, 0 <7<

r'(r) = —sin i + 2sin 7 cos fj

r’(t)H = \/sinzt + 4sin?tcos’t = sinta/1 + 4cos? ¢

Lateral surface area:

2 2 12
Ic f(x, y) ds = IZ/ cos ¢ sin’ t(sin tyJ1 + 4 cos? t) dt = j:/ sin? t[(l + 4 cos? t)/ sin ¢ cos t} dt

_wn? _ 2 \2 o _ 1 2
Let u = sin” fand dv = (1+4cos t) sinf cost,then du = 2sintcostdt and v = 12(l+4cos t)

3/2

/2
1 . 3/2 1 ¢7x/2 32 .
J.Cf(x, y)ds = [_E sin? t(l + 4cos? t) } + S IO (1 + 4cos’ t) sintcostdt

0

) 302 527
{—é sin? 1(1 + 4 cos? 1)’ - %(1 + dcosr)” l - (—i - ij + %(5)5/2 - %(25\/3 ~11) = 03742
flry)=x*-)y"+4
C:x* +y* =4
r(f) = 2cosfi + 2sinsj, 0 <t <27
r'(r) = —2sin i + 2 cos fj
r(r)] =2

Lateral surface area:

[ fCoy)ds = [ (acos® s — 4sin® 1+ 4)2)dr = 8] (1 + cos 20 dr = [8(¢ + Lsin 2;)]:’ = 167

@ flxny)=1+y
r() = 2cosfi + 2singj, 0 <t <27
r'(r) = —2sindi + 2 cos fj
r’(t)H =2

S = [ f(xy)ds = joz” (1 + 4sin” 1)(2) dr = [20 + 4(¢ ~ sintcos1)])” = 127 = 37.70 cm?

(b) 02(127) = == ~ 7.54 cm®

(©)
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72.

73.

75.

Section 15.2 Line Integrals 393
1
f(x, y) =20 + Zx
C:y=x3/2, 0<x<40
r(t) = i+ 7%, 0 <1 <40
! . 3 1/2.
=i+ =t
r() =i+ 51V
9
‘Of=,/1+|=|
"=y @
40 1 9
Lateral surface area: JC f(x, y)ds = Jo 20 + Zt 1+ 2 ¢ dt
Letu = |1+ [gjt,then t = i(uz - 1) and dr = §ua’u.
4 9 9
jm (20 + 1;) 1+ (3} dr = jﬁ [20 + 1(142 - 1)}@)(%) du = S (u* +179%) du
0 4 4 I 9 9 8141
I .
_ 8l 179 _ 850.304/91 — 7184 o
8115 3 | 1215
r(t) =acosti+asintj, 0<¢<2x 74. r(t) =acosti+asintj, 0 <t <27
r'(r) = —asin fi + a cos 4, r’(t)H =a r'(t) = —asin fi + a cos 4, r’(t)H =a
I = ch yp(x, y)ds = 102” (az sin? t)(l)a dt I, = JC yp(x, y)ds = J-OZH (az sin’ t)(sin 1)a* dt
=a '[02” sin tdt = o’z = a* J‘OM sintdt =0
I, = IC x*p(x, y)ds = JOM (a2 cos? t)(l)a dt I, = .[c x*p(x,y)ds = ‘[02” (a2 cos? t)(sin t)a* dt
=a Jjﬂ cos’ tdt = a’x = a* J‘OM cos’tsintdt = 0
(a) Graphof: r(r) = 3cos i + 3sinfj + (1 + sin? 2t)k, 0<t<27
For y = bconstant, 3sint = b = sint = gand :
2
1+ sin®2r = 1+ (2sincos t)2 e '
=1+ 4sin’ ¢ cos’ ¢ W ‘

4 b? . 3
_ -2 Lo\ 2
1 + 4sin t(l—sm t)—1+9b(1—9j. i?f 4

x

(b) Consider the portion of the surface in the first quadrant. The curve z = 1 + sin? 2¢ is over the curve

~

r(f) = 3cosdi + 3sin 4,0 < 1 < 7/2. So, the total lateral surface area is
/2 . 3z
4] f(x.p)ds =4[ (1 +sin? 2)3dr = 12(7) = 97 cm?.

(c

~

2

2
Volume = 2j03 2.9 - yz(l + 4y9[1 - yj] dy = 277” ~ 42412 cm®.

9

The cross sections parallel to the xz-plane are rectangles of height 1 + 4( v/ 3)2(1 -2 / 9) and base 2+/9 — »*. So,

© 2010 Brooks/Cole, Cengage Learning



394

76.

77.

78.

79.

80.

81.

87.

Chapter 15 Vector Analysis

r(f)=d+7), 0<r<1 (xy) | (0.0 [lij (llj (ggj (1L1)
r(r) =i+ 2 416 274 4’16
_ F(x, y Si 351+ 2i + 2 | 151+ 3j | i+ 5j
IF~drzu[5+4(4)+2(4)+4(6)+ll] )
¢ 4) r'(¢) i i+055 | i+j i+ 155 | i+2j
_ 16 F-r |5 4 4 6 11
3
s .10
r(r) = 3sindi + 3cosfj + z—tk, 0<t<2x
T
F =175k
. .. 10
dr = (3 costi — 3sintj + —k) dt
27
2
[.F-dr = jz” 1750 4 - {@t} = 1750t - Ib
2z ],
W:jCF-drszMdHNdy y
M = 15(4 - xzy) =60 — 15x2(c - cxz) . ’5
N = —15xy = —15x(c - cxz)
dx = dx,dy = —2cx dx
W = J |: 0 - 15x c - cxz) + (—ISx(c - cx2))(—2 cx)} dx = 120 — 4c + 8¢? (parabola) - i !

W' =16c-4=0=c=

See the definition of Line Integral, page 1070. See
Theorem 15.4.

See the definition, page 1074.

The greater the height of the surface over the curve, the
greater the lateral surface area. So, z; < z; < z, < z,.

—x)i+xyj
= ki(l - )+tj, 0<r<1
k(1 - 20)i +

()

Work =1 = JCF-dr

.[; [(z‘ - ke(1 -
.[; [(z — ke(1 -
j; (-2k - ke*
-12

)i + k(1 -

0))k(l = 21) + ke*(1 -

0i] - [*(1 - 20
t)] dr

— kt? + 3k*?

- K+ kt) dt =

+ j]at

—k

12

iyields the minimum work, 119.5. Along the straight line path, y = 0, the work is 120.

82. (a) Work = 0
(b) Work is negative, because against force field.

(c) Work is positive, because with force field.
83. False

1
_ 2
chyds -2 Iot dt
84. False, the orientation of C does not affect the form.
Ic f (x, y) ds.

85. False, the orientations are different.

86. False. For example, see Exercise 32.
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Section 15.3 Conservative Vector Fields and Independence of Path

1. F(x, y) = X% + wj

(@ n(t)=d+7j 0<r<1

r'(f) =i+ 24
F(t) = %i + £
1 11
ICF Cdr = jo(tz +2*)dr = 5
(b) 1,(6) = sin 6i + sin>Gj, 0 < 6 < %
r,'(6) = cos Oi + 2sin 6 cos Oj
F(¢) = sin® 6i + sin’ 6j
I F.dr = J”/z(sinz @ cos @ + 2sin*
c 0

2. F(x, y) = (x2 + yz)i—xj
@ n(f)=d+~/1j, 0<r<4
/ . 1.
H=i+—¢
rl() 1 2\/;.]

F(r) = (2 + 1)i — 4

ICF dr = J':(rz - %\/;jdz

£ AT g0
=|— + | ==
3 3, 3

rz(w):w2i+wj,OSw§2

/2
2
(b)

rzl(w) =2wi + j

F(w) = (w4 + wz)i - wj

ICF s dr = j: |:2W(W4 + w2) - W2:| aw

2

3

0

w w? 80
+— - —| = —
2 3 3

_n
15

sin*@  2sin’ 9}”/2
+

Hcosﬂ)dﬁ—{
3 5

0
3. F(x, y) = )i — xj
(@) 1(6) =secbi+tanbj, 0< 6 < %
r/(6) = sec 6 tan 6i + sec’ bj
F(6) = tan 6i — sec 0]
I F-dr = J”B (sec 6 tan? 0 — sec’ 9) do
c 0
= '[(:[/3 [sec 19(56:(;2 6 - 1) — sec’ HJ do
/3
= —IO sec 8 d0
= [—ln‘sec 6 + tan 0‘];[/3
= —1n(2 + \/5) ~ -1.317

(b) n(f)=~1+1li+~tj, 0<1<3

: P
/(1) = Zi,ml + 2—\/;3
F(t) = Vi =<1 +1j

S| Nt N+l
J0{2\/”1_ N }dt

.ch - dr

—lJﬁ;dl
290 JiJt + 1

1,3 1
‘Ejo J2 1+ (U4) - (14) “

! r 1
20 Jle+ 2] - (79)
= {—iln (t + %j + \/WI

]

- _% In(7 + 4/3) = 1317

dt
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F(x,y) = yi + x%j

(@ n(t)=2+0i+(3-1)j 0<r<3
W) =i
F(i) = 3 -1)i + (2 + 1))

[ ar = jj[(s -2+ ﬂdr

2

{ (-1

® pw=2+hwi+(B-lhw)j 1<w<e

F(w) = (3 = Inw)i + (2 + In w)’j

6—N = ¢e* cos M _ e’ cos
ox 7 oy 7

ON oM . . .
Because — = ——, F is conservative.
ox oy

. F(x, y) = 15x%p% + 10x7yj

ON
— = 30x?
ox Y

oM = 30x%y
oy

ON oM . . .
Because — = ——, F is conservative.
ox oy

F(x,y) —ii-k?]

ON 1 oM 1

ERE
M

ON 0 . .
Because a— # —, F is not conservative.
x

. F(x,y,z) = ylnzi—xlnzj+x—yk
z

curl F # 0so F is not conservative.

o _x_, _x_ON
oy z z 0z

. F(x, ¥, z) = y%zi + 2xyzj + xp°k

curl F = 0 = F is conservative.

F(x, y, z) = sin(yz)i + xz cos(yz)j + xy sin(yz)k

curl F = 0, so F is not conservative.

3
e+ _ 6
3 2

- {(3 i W)[%j @+ W)Z(Vlvﬂ v

. F(x, y) = € sin yi + €* cos yj

3

_ [_(3 —In w)2 B (2 + In w)3T _

2 3

11. F(x, y) = 2xi + x%j
(@ n(t)=d+7, 0<r<1
n(f) =i+ 24
F(r) = 27%i + )

[ Fodr = j;4r3 dr =1

b n)=d+7j 0<r<1
r'(1) =i+ 37
F(t) = 21%i + 1%

[LF-ar = j(js# dr =1

12. F(x,y) = ye i + xe”j
@ n()=d-(-3)j 0<1<3
W) =i ]
F(t) = —(f - 3)63"’2i + te3"’2j
IcF ndr = Jj [‘(’ —3)e¥ " - te3"’2} dr

= [Py

L
:[83#:] — 0 _ e =
0

(b) F(x, y)is conservative because

oM _ xyeV + eV = .
Oy ox

ON

The potential function is f(x, y) = ¢¥ + K.

By Theorem 15.7, J‘CF dr = 0.
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13. F(x, y) = yi - xj 14. F(x,y) = o4 + 2x%yj
(@ n(t)=d+4, 0<7r<1 @ rl(t):ti+1j, l</<3
H() =i+ ’
F() = i — g r () =i -5
ICF~dr=O F(t):%i+2tj

IA
~
IN
—_

b Hy==4+1, 0
(®) n() = i ! I F.dr = J.S—ldt = [—ln‘tuf =-In3
(1) = i + 24 ¢ bt
F() = i - 4 () ©(f) = (1 + )i - %(; ~3)j, 0<r<2

ICF-dr: I;—tzdt:— 1

g () =i- 3
© :3/((?) :_t: I ;‘;J persl F(1) = é(t SO - 3)% - %(t LR - 3))
F(f) = £i— 4 [ Foar = IOZB(I +1)(r-3) + %(r +1)°(¢ - 3)} dt

1
ICF . dr = J'O—zﬂ dt = —% - éjoz(y 72 =Tt + 3)dt

1134 77 77 : 44
T 77 s
9 0

15. jcyz dx + 2xy dy

Because dM/dy = ON/ox = 2y, F(x, y) = y’i + 2xyjis conservative. The potential function is f(x, y) = xp* + k. So, you

can use the Fundamental Theorem of Line Integrals.

(@ [0 de+ 20 dy = [ﬁy](z:;‘; -

(
(1.0)
(

-1,0)

64

(b) ch Y dx + 2xydy = [xzyJ =0

(c) and (d) Because C'is a closed curve, ch Y dx + 2xy dy = 0.

16. [ (2x =3y +1)dc = (3x + y - 5)dv

Because 0M/dy = ON/ox = =3, F(x, y) = (2x — 3y + 1)i — (3x + y — 5)j is conservative. The potential function is
f(x, y) =x* - 3xy - (y2/2) +x+ 5y + k.

(a) and (d) Because C is a closed curve, IC (2x =3y + 1)dx — (3x + y — 5)dy = 0.

2 (0,1)
(b) IC(Zx -3y +1)dc—(Bx+y-5)dy = {xz - 3xy —y? + x + Sy} 10
(0.-1)

2 (2’62) 1
(C) IC(ZX _3y + l)dx - (3)(,' +y - S)dy = |:X2 — 3xy _y? + x + 5yi| — 7(3 _ 262 _ 6‘4)
(0.1
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17. IC 2xy dx + (x2 + yz) dy

18.

19.

21.

Because 0M/dy = ON/ox = 2x, F(x, y) = 2xi + (x2 + yz)j is conservative.

3

The potential functionis f(x, y) = x*y + y? + k.

(0.4)
(a) ICny dx + (x2 + yz) dy = {xzy + y} = 63—4

w

0 6
(b) Ic2xydx+(x2 +y2)dy={2y+§} = —

Jc(xz + y2) dx + 2xy dy

Because 0M/dy = ON/ox = 2y, F(x, y) = (x2 + yz)i + 2xyj is conservative. The potential function is

f(x, y) = (x3/3) + xy2 + k.
Pe 9 896
(a) Ic(xz + yz)dx +2xydy = {3 + xyz} =—
(0,0)
(0.2)
+ xyﬂ -8
o 3

3
(b) Ic(xz + yz)dx +2xydy = {);
F(x, ¥, z) = yzi + xzj + 0k

Because curl F = 0, F(x, ¥, z) is conservative. The

potential function is f (x, ¥, z) = xyz + k.

(@ n(t)=d+2j+/k 0<r<4

I F - dr —[x+yz](10”2) =

20. F(x, ¥, z) =i+zj+)k
Because curl F = 0, F(x, v, z) is conservative. The
potential function is f(x, y,z) = x + yz + k.

a) r(t) =cosdi+sinfj+1’k, 0<t<rx
1 ]

4,2,4) _
ICF S dr = [Xyz]zo,z,o) =32 (1.0.0 -2
®) () =Ai+g+rk, 0<i<2 ®) () =(1-2)i+ 2k 0<i<1
-1,0,7
IF dr—[xyz]ﬁg(z)g) 32 IF dr—[x+yz]£100 ):_2
F(x, v, z) = (2y + x)i + (x2 - z)j + (2y - 4z)k
F(x, y, z) is not conservative.
(@ n(t)=d+7j+k 0<r<1
r'(f) =i+ 24
F(r) = (22 +t)i + (2 = 1)j + (22 - 4)
LF Cdr = j;(zﬁ + 2% —t)dt = %
® n()=d+4+(2 -1k 0<r<1
n(f) = i+ j+ 42 - 1k
F(r) = 36+ [ = 20 = 1) [+ [20 = 420 = 1) [k
1 3
JoF-dr = [[[304 = 0= 1)+ 80(20 = 1) = 1620 = 1)t
3 2 1) :
= [o[17 =5t = e =1 <1620 - 1) e - LA ) PV R R
302 6 6
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26.

27.

28.

£

29.

30.

31.
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F(x, y,z) = —yi + xj + 3xz’k
F(x, y, z) is not conservative.
(@) r(r) =cossi+sintj+k, 0<r<nx
r/(f) = —sindi + cos#j + k
F(t) = —sin fi + cos fj + 31* cos tk
ICF dr = '[0” [sin2 t + cos® t + 3% cos t} dt
= [7[1+ 3¢ cos ] dr
=[]y + 3 sint]; - 6J‘0”tsintdt

= [t + 317 sins — 6(sin ¢ — ¢ cos I)JZ

= 57
®) n()=(1-20)i+xk, 0<r<1
r'(1) = 2i + 7k
F(i) = (1 - 20)j + 37%°(1 - 20)k

[ Fdr = [322(1 - 2)dr

378 _[; (- 2) ar

X, ¥, z) = ez(yi + xj + xyk)

X, Y, z) is conservative. The potential function is
flx,y, z) = xye’ + k.

(@) r(r) =4costi+4sinfj+3k, 0<7<7z

(—4.0,3)
IF dr—[xyeJ(M}) =0
(b) rp(r) =(4-8)i+3k, 0<r<1

(—4,0,3)

ICF-dr = [xyeZJ =0

(4,0,3)

24. F(x, y,z) = ysinzi + xsin zj + xy cos xk
(@ n(t) =i+, 0<r<2
r'(t) = 24 + 24
F(t) = t* cos I’k
[ Fdr={0d=0
C 0

() r(r) = 46 + 44,0 <1 <1
/(1) = 4i + 4j
F(t) = 161% cos (41)k

1
=3 3i_ﬁ _”i 1
3.2, 2 ...CF.dr:,[OOdZ:O
25. '[ (3yi + 3xj) - dr—[3xy]$i =7
2 i 2 il dr = 27(3:2) -5 0= 25
Jo 2o i 2 ] e = [l 0] = 0=
j cos x sin y dx + sin x cos y dy = [sin x sin y] zzr/z /r/z) _
(2v/3.2)
Iydx_xy—arctan[x] _r_rT_ 7
< Yy 34 12
(2/[0)
Ie sin y dx + ¢* cos y dy = [e* smy]( , =0
(L5
2 2 1 11 -2
.[C X > dx + B4 2a’y—{—2 2} L b2
(x2+y2) (x2+y2) X +y (7.3 26 74 481

J.C(z +2y)de+ (2x —z)dy + (x — y) dz

F(x, ¥, z) is conservative and the potential function is f (x, ¥, z) =xz+2xy —yz

1L1)

(a) [xz+2xy yz]0 =2-0=2

(b) [xz + 2xy — yz] 0 0) [xz + 2xy — yz]g)
(L1
(1,

(.
(©
(0.0
(©.
(L0
(0.0

(c) [xz + 2xy — yz] [xz + 2xy — yz] 0 0)

=0+2=2

[xz+2xy yz]llo)—0+2+(2—2):2
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32. '[Czy dx + xzdy + xy dz

Note: Because F(x, y, z) = yzi + xzj + xyk is conservative and the potential function is f(x, y, z) = xyz + k, the integral

is independent of path as illustrated below.

@) [wz] ;‘0‘0 =

(b) [xyz] [xyz](o oy = =0+1=1

© [xyz]ooo Lozl + [ozliyg =0+ 0+1=1

(7/2,3,4)

33. J —sinxdx +zdy + ydz = [cosx+yz]000

=12-1=11

34. F(x, y, z) is conservative: f(x, y, z) = 3x* — 4yz + 10z*
(3.4.0)
jCF cdr = [3x% - 4yz + 1022](0,0‘0) =27

35. F(x, y) = 9=y + (6x3y - l)j is conservative. 36. F(x, y) is conservative. f(x, )’) =<
y

Work = [3x)? - y}m = 30,366

2762
Work—{x} :2—1:z
Y oy 2 2

37. r(r) = 2cos 2xfi + 2sin 27t
r'(t) = —4x sin 2zfi + 47 cos 27t
a(t) = —87% cos 2xti — 872 sin 27t

2
F(t) = ma(r) = ;za( ) = —%(cos 27t + sin 27tj)

2
W= [ F-dr= jc—%(cos 27fi + sin 272fj) - 4x(=sin 27fi + cos 2ztj) di =~z [ 0t = 0

38. F(x, v, z) = ai + a,j + ask

Because F(x, ¥, z) is conservative, the work done in moving a particle along any path from P to Q is

f(X, .z [alx + @y + a3Z]P ;1,11 ‘;22 qu)) = al(% - Pl) + az(Qz - Pz) + 03(% - P3) =F- FQ
39. F = -175j 40. No. The force field is conservative.
(@) r(t)=d+(50-1)j 0<r<50 41. See Theorem 15.5.
dr = (i — j)dt

% 42. A line integral is independent of path if JCF - dr does
LF~dr:j 175 dt = 8750 ft - Ibs
0 not depend on the curve joining P and Q. See Theorem
. 2, 15.6.
(b) r(t) = 1i + 55(50 —1)7j, 0 <17<50

dr =i - (50 - 1)j

j (175)(50 — 1)t

ICF - dr

;2 50
7{50t - } = 8750 ft - Ibs
2 0
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43. (a) Forthe circle r(r) = acos i — asin#j,0 < ¢ < 27z, you have x

44.

45.

51.

52.

53.

Section 15.3 Conservative Vector Fields and Independence of Path

acost,

a2

Jorear= [

(b) For this curve, the answer is the same, 27.

sint,
1
a2

(c) For the opposite overtation, the answer is —27.

(d) For the curve away from the origin, the answer is 0.

(a) The direct path along the line segment joining
(—4, 0) to (3, 4) requires less work than the path

going from (-4, 0)to (-4, 4) and then to (3, 4).

(b) The closed curve given by the line segments joining
(—4,0), (-4, 4), (3, 4), and (-4, 0) satisfies

ICF~dr¢0.

Conservative. IC F - dr is independent of path.

Let
r-mi+n=-Li 9
oy Ox
),
hen D S OT g 0T
oy o\ oy ox  ax\ ox

So, F is conservative. Therefore, by Theorem 15.7, you have J.C(

for every closed curve in the plane.

_]j . (—a sinfi — acos tj) dt

46.

47.
48.
49.

50.

o f

= ———. Because - +
ox

ox?

o

oy

401

2+ 3?2 = 4%, and

27
= J (sin2 ¢t + cos’ t) dt = 2.
0

Not conservative. The value of .ch - dr from (—1, O) to

(1, 0) is positive if the path is above the x-axis, and

negative if the path is below the x-axis.

False, it would be true if F were conservative.
True

True

False, the requirement is oM/dy = ON/ox.

2 2
9 ajf:Oyouhavea—M=6—N.
0 Ox

oy’ y

9 . _ _ -
x—axdy)— J.C(de-i—Ndy) —J-CF-dr—O

Because the sum of the potential and kinetic energies remains constant from point to point, if the kinetic energy is decreasing
at a rate of 15 units per minute, then the potential energy is increasing at a rate of 15 units per minute.

Yy . X
F = i—
(x, ) 21 2 + y2~l
Yy
M= —2
() ey
oy (xz n yz)z (xz . yz)z
x
N = —
X2+ y?
ON (x2 + yz)(—l) + x(2x) ¥2 = y2
R
g OV _ am
" ox oy’
(b) r(r) =cosdi+sing, 0<7<7x

F =sind — cos ¢
dr = (-sin fi + cos tj) dt

-7

ICF cdr = J-O” (—sin2 t — cos? t) dt = [—t]g =
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(¢) r(r) =cosdi—singj, 0 <7 <7
F = —sin fi — cos #j

dr = (-sin fi — cos #j) dt

ICF S dr = J.O”(sin2 t + cos’ t) dt = [t]g =7

(d) r(r) = cosdi +singj, 0<1<2z7
F =sind — cos¢j
dr = (-sin i + cos fj) dt

.[CF rdr = .[02”(_

sin? ¢ — cos? t) dt = [—t]é” = 2r

This does not contradict Theorem 15.7 because F is not continuous at (0, 0) in R enclosed by curve C.

2
(e) V(arctanxJ = Yy i+ )y i= LA j=F
y 1+

(x/y)2 1+ (x/y)2 X+ y? x4y

Section 15.4 Green's Theorem

i + 1% 0
L r(r)={” " o

(2 - 0)i + (2 - 1)j,

[y + xdy = [ [4(de) + £edn)] + [7[(2 = 1) (-db) + (2 - 1)’ (~dr)|
= I;(t“ + 2t3)dt + Lz 2(2 - t)z(—dt) = {t; + 1241) + [2(2 3_ d }

By Green's Theorem,

22

<t <
<t<?2

J-Ol J.:z (2x - Zy)dy dx = J.; [2xy - yZIZ dx

= J‘l(xz—2x3+x4)dx:{x}—x4+xs}l -1
0 3 2 5 30

By Green's Theorem,
- e (-

2 37!
= jl(zxm—x—xz)dx: ﬂxs/z_i_i :_L
0 5 2 3 30
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Section 15.4 Green’s Theorem

0<r<1
+(t-1)j 1<r<2
—f)i+j 2<1r<3
(4 -0)j 3<r<4

403

[ y2dc + xdy = [[[0dr + 2(0)] + [ [(z ~1)%(0) + ldtJ + [ [l(—dt) +(3- z)z(o)} N [(4 —1)}(0) + 0(—dt)}
= [dr+ [~ai=1-1=0 ‘
By Green's Theorem, | G 0
ON gt
J- I — - = Io IO(2x—2y)dydx Cy G
= J;[ny—yzldxz L;(Zx—l)dxz[xz—xl =0 ¢ ! '
i 0<r<3
-3 3s<r<7
400 = N0 pivaj T<i<10
(14 - 1)j 10<7<14

.[c yidx + x’dy = J; [O(dt) + 1

O+ [[[(=3)°(0) + 9| + ["[16(=dr) + (10 = 1)*(0) | + [ *[o(=elr) + (14 = 1)’ (0)]

7 10
= [, 9di+ [ 164t = 9(7 = 3) + (-16)(10 - 7) = —12 -
By Green's Theorem, 4 o
ON oM 3 4 3 4 c
R R N T S A P S
2
- jj[Sx ~16] dx = [4x> ~ 16x}z =36 - 48 = —12 o

5. C:x*+y* =4

Let x = 2costand y = 2sin¢,0 < ¢ < 27.

J-c xe’ dx + e dy = J.M [2 cos te*" (=2 sin 7) +

I -5)

6. C: boundary of the region lying between the graphs of y = xand y = x°

e**'(2 cos t)} dt =

I Jl\/:e—xeydydx 1[2\/ —xe—xe\/—

19.99

'[Cxey dx + e" dy = J. (xe 2y 3xzex)dx + Lo(xex + e")dx ~ 2936 — 2.718 ~
I} I(azv _ ‘W} dd =

In Exercises 7-10, 6—N — 6&

Ox oy

LI I3 (e — xe) dy dx = j; (xe"3 - x3e’*) dx ~ 0.22

7. Jc(y = X)dx + (2x - y)dy = .[03 J.:szaj}

1
+ xe V4 }dx ~ 19.99
0.22
3 (3.3)
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404 Chapter 15 Vector Analysis

8. Because Cis an ellipse with @ = 2 and b = 1, then R is an ellipse of area 7ab = 2x.So, Green's Theorem yields

Jc(y - x)dx + (Zx - y)dy = IR jldA

Area of ellipse = 27.

9. From the accompanying figure, we see that R is the shaded region. So, Green's Theorem yields

[ (= x)de+(2x - y)dv = [ [1d4 = Areaof R = 6(10) - 2(2) = 56.

(=5,3) 4T (5.3)

LD 2T @

4
(_]’_1),2” a,-1)

(=5.-3) 44 (5,-3)

10. R is the shaded region of the accompanying figure. y
Jc(y—x)dx+(2x—y)dy IRJIdA
= Area of shaded region
_ 1 -
= 57[[25 - 9] =8r

LA

f,ll folf (1 - 2x)dydx = fl[y - 2xy]2,'x2 dv = fl[(l - x%) - 2x(1 - xz):| dx

11. Jc 2xydx + (x + y)dy

3 4
:Il[l—x2—2x+2xﬂdx:x—x——x2+x— :l-i—zzﬂ
- 3 2|, 766 3
12. The given curves intersect at (0, 0) and (9, 3). So, Green's Theorem yields
chzdxvhxydy = JR J.(y—Zy)dA
. . x _ a7
:Jgf\[—ydydxzjlg{y} de = 9xdx:{x}:_81.
o do o 2 | 072 4| 4
]6 Y X
IS.J(x —y)dx+2xydy—Jj[—j J Im2y+2y)dydx I 2y \I/%dx—o

14. In this case, let y = rsin 8, x = r cos 6. Then d4 = r dr d@ and Green's Theorem yields

Jc(xz - yz) dx + 2xydy = IR J4y d4 = 4".02” J.OHCOSGV sin Or dr d@

2 1 4 4 2 1+ 94 2
=4[ " [ 2 sin 0 dr do = = [ sin 01 + cos 0)' d6 = {_(C"S)l _ 0
0 0 3Jdo

3
0
M . M 2
15. Because oM = —2e"sin2y = oN you have 16. Because oM = — al 5 = a—N,
oy ox oy xr+y ox
J- J-[aN ] 0 you have path independence and

I} j[—]dA—O
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17.

18.

19.

20.

21.

22.

23.

24.

25.

Section 15.4 Green’s Theorem

By Green's Theorem,

X

. . . 1 eJx 1] 32
'[Ccosydx-r(xy—xsmy)dy = JRj(y—s1ny+s1ny)dA = IO L ydydx = '[0{)/2} dx
U E S P o I B S
Sl 2)7 4 6, 4 6 12
By Green's Theorem,

.[c (e”‘z/z - y) dx + (e’yz/z + x) dy = J.R IZ dA = 2(Area ofR) = 2[71(6)2 - 72'(2)(3)} = 60r.

By Green's Theorem,

ch (x =3y)de + (x + y)dv = IR I(l +3)dA = 4]Area Large Circle — Area Small Circle] = 497 — 7] = 327

By Green's Theorem, s
IC3x2 e dx+ e dy = IR I—sze«" dA -.) + @y
=.) (2,2)
= [T, -3 dyds + [ T3 dy dx
1 J-2 y -1J1 Y x
-1 2 1 -1
_3y2eY —_3x2pY
+ .[-2 I_z 3x%e” dy dx + ,[_1 I_z 3x%e¥ dy dx o) -

—7(62 - e'z) - 2(@2 - e) - 7(62 - e'z) - 2(@'1 - e'z) =) 7 @D

—16¢* + 167 + 2¢ — 2¢7\.

F(x, y) = x)i + (x + y)j
C:x*+y* =1
27 ¢l
Work = J.nydx+(x+y)dy = ‘[R I(l - x)dA = IO Io(l—rcosﬂ)rdrdﬁ
2z

=[5 - Zcoso| do = | l(l—cosﬁ)dﬁz[lﬁ—lsinﬂ} -
o |2 72 02 27 T2

F(x, y) = (ex - 3y)i + (ey + 6x)j
C:r =2cost

Work = J.C(e" - 3y) dx + (ey + 6x) dy = ‘[R J.9 dA = 9z because r = 2 cos @ is a circle with a radius of one.

F(x,y) = («¥2 = 3y)i + (6x + sﬁ)j

C: boundary of the triangle with vertices (0, 0), (5, 0), (0, 5)

Work = [ (x¥* = 3y) dr + (6x + 5/v)dv = [ Joda=9(1)s5)5) = 2

F(x, y) = (3x2 + y)i + 4xy?j

C: boundary of the region bounded by the graphs of y = \/;, y=0,x=9

Work = IC(3x2 + y)dx + 4xy2 dy = Jj Jf(4y2 - 1) dy dx = j.og(%xy2 - xl/z)dx = %

C:ilet x = acost,y = asint,0 < ¢t < 27. By Theorem 15.9, you have

. . > 2z
A4 = %J.Cx dy — ydx = %J.Oz [a cos t(a cos t) — asin t(—a sin t)] dt = %J.Oz a* dt = {‘;tl = za’.

405
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26.

27.

28.

29.

30.

31.

32.

Chapter 15 Vector Analysis

From the figure you see that

C11y=EX,dy=de,0§xgz
2 2 4 Cy
X 1
Cyiy=-=+4dy = ——dx NI 2.3
2t Y 2 ly 2 B
N
C;Zx:(),dx:(). c
A
12(3. 3 Leof 1 x 1
Azfj. Pl dx + —| | —=x + = — 4|dx + —(0) L
0 2920 2 2 2 12 3 4

f‘[ x—ZIdx—4

C:y=x*+1, dy =2xdx
Cy,:y=5x-3, dyv=5dx

4,17)

So, by Theorem 15.9 you have

1 ¢4 1 ¢t

EL (x(2x) - (x2 + 1))dx + EL (x(S) - (5x — 3)) dx
12 T 1,4 1 1 9 .

= 2{3 - xl + E[3x]4 = E[18] + 5[—9] = I

A

A
8

Because the loop of the folium is formed on the interval 0 < ¢ < oo,

_ 983 _ 4
dx = Mdtand dy = Mdt

(t3 + 1)2 (t3 + 1)2 ’
you have
1 3 \3 (2t - %) 3.2 \3(1 - 27) t
! J{( (P ) (z3+1J(,3+1)2 .
) Jw(ts - -5l t3t++11 = Sl - [z(ﬁ_i 1)10 -3

See Theorem 15.8, page 1093.

See Theorem 15.9: 4 = %ch dy — y dx.

For the moment about the x-axis, M, = JR .[y dA.Let N = 0Oand M = —y? / 2.By Green's Theorem,

M, = J‘C—y?zdx = —%J.Cy2 dxand y = 2A = I y

For the moment about the y-axis, M, = Lj.x dA.Let N = x* / 2and M = 0.By Green's Theorem,

x? 1 ) - M, 1 )
M)’ = J‘C?dy = EJ‘Cx dyandx = ﬂ = ﬂ Cx dy

By Theorem 15.9 and the fact that x = r cos 6, y = r sin &, you have

A = L[xdy - ydx = J[(rcos )(r cos ) d6 — (r sin 6)(~r sin 6) d6 = 1 [ r* do.
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Section 15.4 Green’s

2 3T 32
33. 4 = j_2(4 - x?)dx = {4x - );L =3

S P 1
= — dv + o)
g 24 Clx Y 24 sz 4

_ 1
For C,,dy = —2x dx and for C,,dy = 0.So, x =

~2(32)3) J. (v dr) = {

To calculate y, note that y = 0along C,. So,

y = _71_[;2(4 - xz)zdx N

16 — 8x? N dx =
2(32/3) 64 N ikt i

3 16x
64

Theorem

407

n-(od

2

34.

ma
Let x = acost,y = asint,0 <t < x,then

Because 4 = area of semicircle = %, you havei = % Note that y = Oand dy = 0 along the boundary y = 0.

s T w 1 3 ”
Ez%j a* cos® t(a cos 1) dt =£‘[ cos® t dt =£I (l—sinzt)costdt:ﬁsint—sm I Zo
ra” ¥0 zJ0 0 V4 3 0
I T . » i a4
y = —5 | a sin® f(-asin ¢ dt) :ﬁf sin’ rdr = Y —cosr + L~ 24
ma“ °0 0 V4 3 ) 3
_ 4a
X, = 0’7
( y) ( 37[)
2 47
1 3 X X 3 2
35. Because 4 = Io(x - x )dx = {2 - 4} = —,youhave— = 2.0n C,youhavey = x°,dy = 3x° dvrand on C, you
0
have y = x,dy = dx. So, .
_ P _ 2(r2 P (v o4 ) _6 2 38 a1
X —ZJCx dy —2J.C1x(3x dx)+ZIC2x dx—6jox dx+ZI X dx—g 3 1
_ 0 2 2 8
=2 Pde = 2| v -2 XPdx=-Z+2=—,
7= 2] J J 77372
wr =22 |
R ST
1 1 1
36. Because 4 = —(2a)(c) = ac, you have — = , )
2 24 2ac .0
C:y=0,dy=0
c
Cy = X
2y b—a(
c
Gy = X +
Y b+a(
So,
_ 1 ) b
x =—| x°d ==
2ac € Y 3
sl 2 -1 cz(b—a)_cz(b-i-a) _c
2ac c” 2ac 3 3 3
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408 Chapter 15 Vector Analysis

- 2 2 2
37. A:lfz (l—cosH —I ( Zcos¢9+l+coszejd&——{ﬁ—2sm9+fsm29} :0—(37[):3”0
2790 2 2 212 4 0 2
2 2 . V4 2
38. A= 2] a cos 3040 = L[S0 4y =”—[9+ 31“69} DL
270 270 2 4 6 4
Note: In this case R is enclosed by » = a cos 30 where 0 < 6 < 7.
2z 4z
39. In this case the inner loop has domain Y <0< S So,
A= 2["(14 dcos 0+ 4cos® 0)d0 = = [ (3+ 4 cos 6+ 2 cos 260) dO = 1[360 + 4sin 6 + sin 20]'7 — N}
2 d27/3 2 J27/3 ) 27/3 5
: _ .2
40. In thiscase, 0 < @ < 27 andyoulet u = ﬂ,cos& = l-u ,dl = 2 du .
1+ cos @ 1+ u? 1+ u?
Now u = was & = 7 and you have
2du
T 0 o0 2
Azz(ljj %dgzgj' 1+ 4 2:18J' 1+7”2du
2)°0 (2 = cos 6) 0 1— 2 +(1—u2) (1+3u)
I+ u (1+uz)2
1/3 2/3 { 6 T 12(1] u N
=18 Sdu + 18| ————du = ——arctan~/3u| +——| = + du
01+ J (1+3u ) V3 o 3\2) 1+ 32 J1+3uz ,
6 (7 6 u T° 6 c 3z
= —|Z |+ — ——| +|——arctan~/3u| = + 0+ = 2\/37.
\/5(2] \/3{1 +3u21) [\/5 1) NG \/_
3 3 _ 2 2
41. (a) qu di + (27x = X)dy = | j[(27 - 3x%) - 3y JdA
3 T 2 4 ! w
= [ [(27-3)rdrdo = | 273 g - [} SLYVREL
o Jo 0 2 4 ] 0 4 2
(b) You want to find ¢ such that JOC (27 - 3r2)r dr d@ is a maximum:
27¢* 3,
/() = 2 4
f(¢) =27c =3¢ = ¢ =3
Maximum Value: Jjﬂ JOS (27 - 3r2)r dr do = 2437
1, 0<t<4
42. (a) r(r) = 14i + (1 - 4)j, 4<t<
(12-0i+(12-1)j, 8<r<12
4 8 2 12 2 2
[y + v = [Todr+ 20)]+ [} (e = 47(0) + 16| + [[7[(12 = o (=a) + (12 = 1) ()
= O+64—g 64 ,
3 )
(4, 4)

ON

By Green's Theorem, J. J.[ - ] dA = J.: H (2x - 2y) dy dx = J; x2dx = 63—4 N
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Section 15. 4 Green’s Theorem 409

(b) r(r) = cosdi +sinzj,0 << 27

IC yidx + x*dy = L)M [sin2 t(—sin t dt) + cos? t(cos t dt)} = J‘M (cos3 ¢t — sin’ t)dt

0

) 27
-J |

By Green's Theorem, v

IRJ((zz‘?yljdA I LF (2x — 2y) dy dx /]_
\

= [ ], (2r cos 6 — 2rsin 6)r dr b .

- %joz”(cose — sin 0) do) = %(o) = 0. s

2

o yde—xdy
43. 1 = Lﬁ

Yy . X
a) Let F = i—
(@) x2+y2 x2+y2"

oM x* — )’ '
T

F is defined and has continuous first partials everywhere except at the origin. If C is a circle (a closed path) that does not
contain the origin, then

. . ON
F is conservative because — =
ox 6y

jF dr_jde+Ndy_jj(—a;;jdAzo.

(b) Letr = acostfi —asintj,0 < ¢t < 2z beacircle C; oriented clockwise inside C (see figure). Introduce line segments
C, and C; as illustrated in Example 6 of this section in the text. For the region inside C and outside C;, Green's Theorem
applies. Note that since C, amd Cj;have opposite orientations, the line integrals over them cancel. So,

C,=C +C, +C + Cyand

j’C4F.dr = qu.dH jCF~dr:0.
But,

I Fodr = J-Zfz —a sin 1)(—a sin t) . (—a cos t)(—a cos 1) } &

a’cos’t + a*sin®t  a®cos’t + a®sin’ ¢

= Ij” (sin2 ¢t + cos’ t) dt = [t](z)” = 2r.

Finally, ICF s dr = _Jq F-dr = 2r.
Note: If C were oriented clockwise, then the answer would have been 27.
44. (a) Let C be the line segment joining (xl, )’1) and (xQ, yz)_

y:yz_yl(

x—x])+y1
X — X

dy:y2_yldx
X2 — X

IC—ydx-dey: I«vz{_yz—%(x_xl) yl+x[J’2 ylﬂdx J‘ { [ )’1] y1:|dx
% Rl X, — X X, — X Xy — X

x2
= Hxl[yz_y]] - )’1}5} { (yz ylj )ﬁ}(xz - xl) = xl()’z - J’1) - yl(x2 - xl) = X2 — X))
Xy — X X2 =X

X1
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410 Chapter 15 Vector Analysis

(b) Let C be the boundary of the region 4 = %Jc—y dx + xdy = %J.R J.(l - (—1)) dA = ‘[R J.dA.
So,
IR IdA = %[J.cl—ydx +xdy + J.cz—y dx + xdy + -+ + JCn—ydx + xdy}

where C, is the line segment joining (x;, y;) and (x,, y,), C, is the line segment joining (x,, y,)and (x3, y3), -+, and

C, is the line segment joining (x,, y,) and (x;, »1). So,
J. JdA = x1y2 x2y1) + (X2Y3 - X3y2) + ot (xn—lyn - xnyn—l) + (xnyl - xlyn)]'
45. Pentagon: (0, 0), (2, 0), (3,2), (1, 4), (-1,1)
A=4O0-0)+(4-0+(12-2)+(1+4)+(0-0)]=Y
46. Hexagon: (0, 0), (2,0), (3,2), (2, 4),(0,3),(-1,1)
A=3O0-0)+(4-0+(12-4)+(6-0)+(0+3)+(0-0)]=2
47. Because ICF -Nds = IR jdiv F dA, then
ijDNg ds = JCng "Nds = jR jdiv(fvg) dA = jR j(f div(Vg) + Vf - Vg)dd = jR I(fvzg + Vf - Vg)dA.

48. IC(fDNg - gDxf)ds = _[CfDNg ds — ICgDNf ds

= [ [(rv2e + Vs Ve)da— [ [(evif +Vg-Vf)dd = [ [(fVig - gVif)da

49]/ )dx + g(y)dy Jj{ﬁx > }dA—fIO—OdA 0

50. F = Mi + Nj
N _am _ v o _
ox oy ox ay

[ Fodr=[ Mdc+Ndy = | J'[aN—(Z\;JdA: [ J©)aa =0

Section 15.5 Parametric Surfaces

L or(u,v) = ui +vj + wk 3. r(u,v) = ui + %(u +v)j+ vk
z=xp 2y = x + z,plane
Matches (e) Matches (b)

2. r(u,v) = ucosvi + usin vj + uk 4 r(u,v) = ui + 5% + 0k

2 2 _ 2
x? + y? = z°, cone 4y = z°, cylinder

Matches (f) Matches (a)

5. r(u, v) = 2cosvcosui + 2cosvsinuj + 2sin vk
x? + y? + 22 = 4cos? veos® u + 4cos? vsin® u + 4sin’ v = 4cos’ v + 4sin’ v = 4, sphere
Matches (d)

6. r(u,v) = 4cosui + 4sinuj + vk

x* + y* = 4, circular cylinder
Matches (c)
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7. r(u, v) =ul +Vj + %k

Plane

8. r(u,v) = 2u cosvi + 2u sin vj + %uzk

z =%uz,x2 +y =4t =z = é(x2 +y2)

Paraboloid

9. r(u,v) = 2 cosui + vj + 2 sin uk
xP+z2 =4

Cylinder

10. r(u,v) =3 cos v cos ui + 3 cos v sin uj + 5 sin vk

x2 + 3% =9 cos? vcos? u + 9 cos? vsin u = 9 cos? v

x2 + y2 ZZ

+=—=cos’v+sinv=1
9 25
2 2 2
x_+y_+z_=1
9 9 25

11. r(u,v) = 2u cos vi + 2u sin vj + u’k,

0<u<l 0Lv<2x

Section 15.5 Parametric Surfaces 411

12. r(u, v) = 2 cosvcosui + 4 cos vsin uj + sin VK,

0<Lu<2r, 0Zv<2x K

TR =\

13. r(u,v) = 2 sinh u cos vi + sinh u sin vj + cosh uk,

0<u<2 0<Lv<2r 2

14. r(u,v) = 2u cos vi + 2u sin vj + VK,
0<u<l 0<v<3r z

tan z =Z
X

15. r(u,v) = (u — sin u) cos vi + (1 — cos u) sin vj + uk,

(e}
IA
N

IA

r, 0<v<2rx

OSuﬁg, 0<v<2rx
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412 Chapter 15 Vector Analysis

For Exercises 17-20, r(u, v) = ucosvi + usinvj + u’k, 0 < u <2,0<v < 27.

Eliminating the parameter yields z = x* + y%,0 < 7 < 4.

5

17. s(u,v) = u cos Vi + u sin vj —u’k, 0<u<2 0<v<2r
z = —(x2 + y2)
The paraboloid is reflected (inverted) through the xy-plane.

18. s(u,v) = ucosvi + u’j+usinvk, 0 <wu <2, 0<v<2r
y = x* + 22
The paraboloid opens along the y-axis instead of the z-axis.

19. s(u,v) =ucosvi+usinvj+u’k, 0<u<3 0<v<27

The height of the paraboloid is increased from 4 to 9.

20. s(u,v)z4uc0svi+4usinvj+u2k, 0<u<2 0<v

IA

2w
B X2 + yZ
16

The paraboloid is "wider." The top is now the circle x*> + y* = 64.It was x* + ) = 4.

2. z =y 26. 4x* + y* =16
r(u,v) = ui + vj + K r(u,v) = 2 cos ui + 4 sin uj + vk
2. z=6-x-y 27. 7 = 2
r(u,v):ui+vj+(6—u—v)k r(u,v = ui + vj + u’k

23. y = ~/4x? + 9277 28 Lz 3?2 é
r(x, y) =i+ ~4x? + 922 + zk ? !

r(u,v) = 3 cosvcosui + 2 cosvsin uj + sin vk

or,
_ 1 : s 1 . — Aindg 2 2 _
r(u,v) = Ju cosvi + uj + Ju sin vk, 29. z = 4inside x> + y* = 9.
u>0 0<Lv<2w r(u,v)zvcosui+vsinuj+4k,0£v£3

24. x = 4/16y* + 2 30. z = x* + y?inside x* + »* = 9.

r(y,z) = J16y* + 2%i + yj + zk r(u,v) = veosui + vsinuj + vk, 0 < v <3
or, .
. ion: y = — <x<
r(u,v) = ui + u cos vj + usin vk, 31. Function: y P 0<x<6
u>0 0<v<27 Axis of revolution: x-axis
2 2 X =u —zcosvz—zsinv
25. x* + y* =25 VT J 5
r(u,v) = 5cosui + 5sin uj + vk 0<u<6 0<v<2r

© 2010 Brooks/Cole, Cengage Learning



Section 15.5 Parametric Surfaces 413

. Function: y = /x, 0<x<4 37. r(u,v) = 2ucosvi + 3usinvj + u’k, (0,6,4)
Axis of revolution: x-axis ru(u, v) = 2cosvi + 3sinvj + 2uk
X=uy-= \/;cosv,z = Jusinv rv(u,v) = —2u sin vi + 3u cos vj
0<u<4 0<v<2r At(0,6,4),u = 2andv = 7/2.

. Function: x = sinz, 0 <z <7 rl,(2, %j = 3j + 4k, I‘V[Z, %j - _4i
Axis of revolution: z-axis ik

: sinwcosv,y =sinusinv,z = u N - ru(z’zjxrv(z,gj |0 3 al=-16j+ 12k
<u<gn, 0<v<2x 2 2 40 0

. Function: z = > +1, 0 <y <2 Direction numbers: 0, 4, —3
Axis of revolution: y-axis Tangent plane: 4(y — 6) = 3(z — 4) = 0
x=(u2+1)cosv,y=u,z=(u2+l)sinv 4y -3z =12

0<u<2 0L<v<2x
38. r(u, v) = 2u cosh vi + 2u sinh vj + %uzk,

. l'(us V) = (u + V)i + (” - V)j +k, (1’ -1 1) ru(u, v) = 2 cosh vi + 2sinh vj + vk
r(u,v)=i+jr(wv)=i-j+k r,(u,v) = 2usinhvi + 2u cosh vj
At (L, -11),u = 0andv = 1. At(-4,0,2),u = 2andv = 0.
r,(0,1) =i+ jr(01)=i-j+k r,(-2,0) = 2i - 2k, 1,(-2,0) = —4j

i jk N=r, xr, = -8 — 8k
N = ru(O, 1) x rV(O, 1) =l 1 0j=i-j-2k Direction numbers: 1, 0, 1

1 -1 1
Tangent plane: (x + 4) + (z - 2) =0

Tangent plane: (x - 1) - (y + 1) - 2(2 - 1) =0 X+z=-2

x—-y—-2z=0

(The original plane!) 39. r(u,v) =4ui —vj+k, 0<u<20<v<]

ru(u, v) = 4i, rv(u, v) =-j+k

. r(u,v) =ui +vj+ \/Ek, (1, 1, 1)

i jk
% u .
r,(u,v) =i+ ——Kk,r(u,v) = j + ——k r,xr, =4 0 0/=-4j-4k
(u V) 2~ uv (u V) ! 2~ uv 0 -1 1

At(L,1,1),u = landv = 1.

I, x ] = V16 + 16 = 44/2

1 1
L) =i+ dor(Ll) = j+ -k

(b)) =i+ Jlon(lD) = j+ o A:I;I;4\/§dudv:4\/§(2)(1):8\/§

i j ok

1 0 !

N =r,(L)xr(L1) = Sl=—i-—j+k
0 1 1
2

Direction numbers: 1,1, -2
Tangent plane: (x - 1) + (y - 1) - 2(z - 1) =0
xX+y—-2z=0
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414  Chapter 15 Vector Analysis

40. r(u,v) = 2ucosvi + 2usinvj + u’k, 0 <u <2,0<v<2z7

r,(u,v) = 2cosvi + 2sinvj + 2u k

r,(u,v) = =2 u sinvi + 2 u cos vj
i ik
r,xr, =| 2cosv  2sinv 2u|= —4u® cosvi — 4u? sin vj + 8uk

—2usinv 2ucosv 0

J16u* cos? v + 16u* sin® v + 64u = du~/u® + 4

. > ]

A = Ij” Jj duJu? + 4 du dv = Jloh {g(uz + 4)3/2}2 dv = J.Oh g(8x/§ - 8) dv = g(16\/5 - 8)27[ = 64T”(Z\/— - 1)
0

41. r(u,v) = acosui + asinuj+ vk, 0<u<27,0<v<bh

r,(u,v) = —asinui + a cos uj

r,(u,v) = k
i j k

r, Xr, =|—asinu acosu O|= acosui + asin uj
0 0 1

e, xr| =a

A= J.Ob J()z”a du dv = 2rab

42. r(u,v) = asinucosvi +asinusinvj+ acosuk, 0<u <z, 0<v<27

ru(u, v) = g cos u cos vi + a cos u sin vj — a sin uk

r,(u,v) = —asinu sin vi + a sin u cos vj
i j K
r,xr, =|acosucosv acosusinv —asinu|= a*sin’u cosvi + a* sin® u sin vj + a* sin u cos uk
—asinusinv asin u cos v 0
Hru X r‘,H = a*sinu

A= J‘M j”az sinu du dv = 4ra®
o Jo

43. r(u,v)=aucosvi+ausinvj+uk, 0<u<b 0Lv<2r

r,(u,v) = acosvi + asinvj + Kk

r,(u,v) = —au sin vi + au cos vj
i j k
r,xr, =| acosv asinv 1|= —au cosvi — au sin vj + a* uk

—ausinv aucosv 0

= au/1 + d?

Hru X T,

A= J.Oz” J.Oba\/l + a* ududv = wab*~J1 + a®
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44.

45.

46.

47.
48.
49.

51.

Section 15.5 Parametric Surfaces

r(u,v) = (a + beosv)cosui + (a + beosv)sinuj + bsinvk,a > b,0 < u <2z, 0<
r,(u,v) = —(a + bcosv)sinui + (a + bcosv)cos uj
rv(u, v) = —bsinvcosui — bsin vsinuj + b cos vk
i i k
ru><rv=—(a+bc0sv)sinu (a+bc0sv)cosu 0
—b sin v cos u —b sin v sin u b cosv
= b cos u cos v(a + b cos v)i + bsin u cos v(a + b cos v)j + bsinv(a + b cos v)k
e, x x| = b(a + bcosv)
A= J‘OZ” J.OM b(a + b cos v) du dv = 4r*ab
r(u,v) = Nucosvi + usinvi+uk,0 <u <4, 0<v<2r
cos v, sin v
r,(u,v) = —=j+k
(1) = Si 502
r,(u,v) = —~/u sinvi + ~/u cos vj
i i Kk
cos v sin v . 1
r,xr, =| —— 2= 1|= —Jucosvi — \Ju sinvj + —k
a2 173
u sin v \/; cosv 0
Ir, N
4
A= J’z”j u+fdudv - 17\/ 17 - 1) = 36177
r(u,v) = sinucosvi + uj + sinusinvk,0 <u <7, 0<v<2z
r,(u,v) = cosu cosvi + j + cos usin vk
r,(u,v) = —sinu sin vi + sin u cos vk
r, X r, = sinu cosvi — cos u sin uj + sin # sin vk
e, > x| = sinu~/1+ cos®u
A= J‘Mjﬂsinudl +cosPududy = 7|22 + In N2+
o Jo V2 -1
See the definition, page 1102. 50. (a) From (-10,10, 0)
See the definition, page 1106. (b) From (10 10, 10)
Function: z = x () From (0, 10, )
Axis of revolution: z-axis
X=wucosv,y =usinv,z =u (d)From(lOOO)

r(u,v) = u cos vi + u sin vj + uk
u <0, 0<v<2r
r(u,v) = asin® u cos® vi + asin® u sin’ vj + a cos® uk

0<Lu

IN

7, 0<v<2rx

asin® ucos’ v = x¥* = a? sin? u cos® v

x
y = asin® usin® v = y** = 4 sin® u sin® v
23

z=acos’u = z¥* = a?* cos? u

x4y 2 = 612/3[sin2 u cos® v + sin® u sin? v + cos? uJ = z12/3[sin2 u + cos? uJ =

v <27

a3

415
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416 Chapter 15 Vector Analysis

52. Graph of r(u, v) = u cos vi + u sin vj + vk

0<wu<m 0<v<r7from

(@ (10,0,0)

|
_l

53. (a) r(u, v) = (4 + cos v) cos ui +
(4 + cos v) sin uj + sin vk,

0<Lu<2r,0<v<2x

(¢) r(u,v) = (8 + cos v) cos ui +
(8 + cos v) sin uj + sin vk,

0<Lu<2r,0<v<2x

The radius of the generating circle that is revolved about the z-axis is b, and its center is a units from the axis of revolution.

() (0,0,10)

(© (10,10,10)

(b) r(u, v) = (4 + 2 cos v) cos ui +
(4 + 2 cos v) sin uj + 2 sin vk,

0<u<L2r,0<v<2n

(d) r(u,v) = (8 + 3cosv)cosui +
(8 + 3 cos v) sin uj + 3 sin vk,

0<u<27,0<v <21

54. r(u,v)=2ucosvi+2usinvj+vk, 0<u<1,0<Lv<3x

(@ Ifu=1
r(l, v) = 2cosvi + 2sinvj + vk
2+’ =4

0<z<3x

r(u, 2—”] = —ui + /3uj + %”k

(c)If one parameter is held constant, the result is a curve in 3-space.

© 2010 Brooks/Cole, Cengage Learning



Section 15.5 Parametric Surfaces 417

55. r(u,v) = 20sinu cos vi + 20sinu sin vj + 20cosuk,0 < < 7/3, 0<v <2z

r, = 20 cosu cosvi + 20 cos u sin vj — 20 sin uk

r, = —20sin « sin vi + 20 sin u cos vj
i j k
r,xr, =|20cosucosv 20cosusinv —20sinu

—20sinusinv 20sin # cos v 0

400 sin® u cos vi + 400 sin® u sin vj + 400(c0s u sin u cos® v + cos u sin u sin? v)k

= 400[sin2 u cos vi + sin? u sin vj + cos u sin uk]

e, > x| = 400\/sin4 ucos® v + sin* usin® v + cos? usin®u = 400\/sin4 u + cos? usin® u = 400+/sin®> u = 400 sin u

§= [ fds = [ [ 400sinududv = [7[-400 cosu]l> dv = [*7200dv = 4007 m?

56. x>+ y* —z2 =1
Let x = ucosv,y = usinv,and z = ~/u?> — 1. Then,

Yk

r,(u,v) = cosvi + sin vj + 1
Wt —

r,(u,v) = —u sinvi + u cos vj.

At (1,0,0),u = land v = 0.r,(1, 0) is undefined and r,(1, 0) = j. The tangent plane at (1,0, 0) is x = 1.

57. r(u,v) = ucosvi + usinvj+ 2k, 0<u <3,0<v<27
ru(u, v) = cos vi + sin vj
r,(u,v) = —u sinvi + u cos vj + 2Kk

i i Kk A

r, Xr, =| cosv sinv 0| = 2sinvi — 2cosvj+ uk '

—usinv wucosv 2 %

2n 1

il = a2 |
A= joz” .[03\/4 +u® dudy = 7{3\/5 + 4111[3 * \/BH W

2

58. r(u,v) = ui + f(u)cosvj+ f(u)sinvk, a <u<b0<v<2z
r,(u,v) =i+ f'(u)cosvj+ f'(u)sin vk
r,(u,v) = —f(u) sinvj + f(u) cos vk
i i k
r,xr, =1 f'(u)cosv f(u)sinv|= f(u)f"(u)i — f(u)cosvj— f(u)sinvk
0 —f(u)sinv f(u)cosv

I vl = S+ L]
4= J.OZ” J.j f(“)\ll + [f/(”)]z dudv = 27 Ij f(x)\/l + [f'(x)]z dx (because u = x)

59. Answers will vary.

60. Answers will vary.
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418 Chapter 15 Vector Analysis

Section 15.6 Surface Integrals

1. S:z=4-x, 0<x<4 0<y<3 —=-1, —=0

[ Joc-2v+2)ds = [ [(x—29+4-x\1+ (1 + 0 dyde =V2[ [ (4~ 2p)dvde = V2 [} 3dx = 132

2. S:z=15-2x+3y, 0<x<2 0<y<4 %:—2, Z—Z:3,dS:\/1+4+9dydx:\/14dydx
X Y

js I(x -2y +z)dS = ,[02 I:(x -2y +15-2x + 3y)\/ﬁdydx = \/HJ-OZ J;(IS -x+ y)dydx = 12814

3. Stz=2, x2+y2<1@ %zo
ox Oy

N/ z
IS J.(x -2y +z)dS = 'f_ll J._\}l;j(x —2y+2N1+ 0"+ 0* dydx = IOZ J.;(rcosﬂ - 2rsin@ + 2)rdrdo

2z
= Izn[lcosﬁ—gsin9+l}d9 = Fsin&-i—gcos@-k@} = %-"-27[—% =2
013 3 3 3 o 3 3

4. S:z:§x3/2,03xs1,03y3x,@ W E g

Ox " oy
L I(x -2y + z) as = J; j.ox(x -2y + §x3/2j 1+ (xl/z)2 + (0)2 dy dx
J.; L:(x -2y + %xw]\/l + x dydx
gpmgnﬁ

_ 21 3/21 571 32/
—§|:4 (1+ ) :l _EJ.OX 1+xdx

0

1 s ] (1Y e 2 5 py
{6)6 (1+x) l} 12(3)[ (1+x) l) + 4 on 1+ xdx
_N2 52

= 2L 2 x+ xde
318

_18 j( j——d

:v3+spl@+{w;::_im

18 24\2 2

SHG
X+ =|+Vx* +x
2

:
2

|

+lln

:\/— F\/E—l 242

18

_M2 Va2 s ‘ ‘ 61\/——iln‘3+2\/§‘z0.2536
18 96 192 |3+22 192
5. 8§:z=3-x—y (first octant), @:—1, @:—1
Ox oy
3—x
2 2 B 30 32
[ fds = [ [ +@D@w_ﬁLPJO
4 2P
:£J‘3X(3—X)2dx=£x——2x3+9i :\/5[27}:27\/5
2 o 214 2], 204 8
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10.

11.

12.

13.

Section 15.6 Surface Integrals 419
Stz =h, OSxSZ,OSyS\/4—x2,@:%:O
ox Oy
a2 1 1 47

'[S ny as = _[02 .[0 ) xy dy dx = EJ‘OZx(4 - xz) dx = 2{ZX2 - );1) =2
S:z=9-x*,0<x<2 0<y<x
L —2x,@=0
Ox oy
js jxde = Ioz J.jxy 1+ 4x> dedy = %
S:z:lxy,0<x<4 0<y<4% % %_%
jjxyds_fjxy /1+7+ _3904 1603\/—
S:z=10—x2—y2,0ﬁx£2, 0<y<2

2 —20)ds = [[P(x* = 201+ 422 + 42 dy dx ~ — 11.47
[(J6 = 2m)as = [/ []
Stz = cos x, 0<x<% Oﬁyﬁg
ISI(xZ—Qxy)dS: jozjo (x —2xy)«/1+sm xdydx = I/ x 1 + sin® x dx = 0.52
S:2x +3y + 6z =12 (firsstoctant) = z = 2 — 1x — 7y :
ple,y.z) = 3 + 5 A
m= [ e WU () () = 2 (e ) dyae i

.

o2 B R R S (e D N ICE .
Sz =Ja®-x* - )
p(x,y,z)—kz

2 2 A
Shi jﬂf’“"z‘xz‘sz”(Jaz_ffz_yz] ] @
= [ Jka* =5 - y{\/%]dfl = [ [kadd = ka[ [dd = ka(27a®) = 2kax N
a —x -y Y

S:r(u,v) =wui +vj+ 20k, 0<u <1l 0<v<2
r, =i, r, =j+2k
i j k
r,xr, =1 0 0|=-2j+k
01 2
I ] = /5

J.s J.(y +5)dS = J‘Oz J‘Ol(v+5)\/§dudv = J.Oz(v+5)\/§dv _ \/g{vzz-,_ SVT s

0
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14.

15.

16.

17.

18.

Chapter 15 Vector Analysis

r(u,v) = 2cosui + 2sinuj + vk, 0 <u < 7/2, 0<v<1

r, = —2sinui + 2 cos uj, r, =k
i j k

r, xr, =|-2sinu 2cosu 0|= 2cosui + 2sin uj
0 0 1

Hru erH = J4cos’u + 4sin’v = 2

xydS = 2cosu 251nu2a'udv—8 sin’ u ”/zdv=4
0

S:r(u,v) = 2cosui + 2sinuj+ vk, 0<u<z/2, 0<vy<I

r, = 2sinwui + 2cosuj, 1, =k
i j k

r, xr, =|-2sinu 2cosu O0|= 2cosui + 2sin uj
0 0 1

e, x x| = J4cos®u + 4sin’u =2

.[s _[(x + y)dS = LI J:/z (ZCosu + 2sinu)2du dv = 4!;[sinu - cosu]g/2 dv = 4[;20’\/ =8

S:r(u,v) = 4ucosvi + 4usinvj+3uk, 0<u <4 0<v<gzx

I, — 12u sin vj + 16uk| = 20u

Js J(x +y)dS = J: I: (4u cos v + 4u sin v)20u du dv =

10,240

f(x,y,z) = x2 +y2 + z2

Siz=x+y x*+y* <1, o 8z:

ox oy
ijxy, dS—I J‘\/f[x + %+ x+y }\/1+12+12dydx

—\/—I I [2x +2y? +2xy]dydx \/_.f I 2r +2rcost9rsm¢9)rdrd0

T 4 i
= 2\/—'[2 {r+c056’51n9} do = 73.[02 (1 + cos @sin 0) do = f[6’+ s1n2 9} _ Jin
0 0

o r2) =2

242, 4<xr+ 2 <16

.
o [t 208 = [ [ T e [ [N
4
= [ [/1+ 4rsin 6 cos 6 dr do :jz”[i@ + 4r2)3/2:| sin 0 cos 6 d6
0 2 0 112 2

S:z=x

65:/65 — 17:/17 ( sin’ eﬂz” o
0

12 L 2
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Section 15.6 Surface Integrals

19. f(x,y,z) = Jx* + yt + 22
S:z =+ ¥+ <4

[tene - Lo G o[ (] o
_\/_I j\;ﬁ\,x+y\/x+i}i;+y dy dx

=2[, I mdydx—2j [Fr drde_zjz”{r} :[16&}:” _ 3

3 3
20. f(x,y,z) = Jx* + yr + 2P
S:z = /x? -J—yz,(x—l)2 +y2 <1

2 2
'[S If(x,y,z)dS - IS J.\/x2 Hyte ( /¥ + yz)z\/l i [\/x2x+ y2] : [\/x2y+ yZJ v
2 2
= [0+ yQ)\/z(;z:yyz)dydx =2 [+ dvar =2 jozmgrz dr do
= EJ‘”COS3 0do - E ff(l _ sin? 9) cos 0 do = |:16(Sin9 _ sin® 9]:| -0
370 3 Jo 3 3 .

21. f(x,y,z):xz-i—yz-i—zz
S:x2+32=9,0<x<3,0<y<30<z<9

Project the solid onto the yz-plane; x = /9 — »*, 0< y <3, 0<z <9,

[ Jrtnzyas = [ o)+ ]J[ﬁJU

9

3
Loy ] e 3
9-y 9-vy 0
3 3 y ’ V4
324 | ———=dy = | 972 arcsin| = =972l — - 0| = 4867
Lu/9_y2 g { @L (2 )

22. f(x, ¥, z) =x* + y? + Z?

S:x>+32 =9, 0<x<30<z<x

Project the solid onto the xz-plane; y = /9 — x2.

L If(x,y,z)dS = f:j:[xz + (9 - xz) + zz}\/l + (\/;‘7)62] +(0) dz dx

j[9+z dzdx:r3[9z+23J d
N9 - x? 019 - x? 30,
I;\/9—[9x+de j27x9—x)‘/2dx j 9—x)_]/2dx
— X
)6(9—962)_1/2 dx,thendu = 2xdx,v = -9 — x%.

Letu = x°, dv

0

421

3 3 3
[—27 9 xZ} + |:[—x2\/9 - sz + jjzx 9- 22 dx} - {81 - %(9 - xz)ﬂ = 81+ 18 = 99
0 0
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422 Chapter 15 Vector Analysis

23. F(x, ¥, z) =3zi —4j + )k
S:z=1-x—y (firstoctant)
G(x,y,z)=x+y+z—1
VG(x,y,z)=i+j+k

ij Nds_ij VGdA_jj

R
(3z -4+ y)dydx i !
= J‘OJ‘;_X[S(I - x - y) -4 + y}dydx
Jll‘[lix(—l - 3x = 2y)dydx = jol[—y - 3xy — sz:X dx

Il

24. F(x, ¥, z) =xi+ )j
S:z=6-3x-2y,
G(x,y,z)=3x+2y+z—6

VG(x, y,z) =3i+2j+Kk

first octant

UFNdS = j jF-VGdA

L

- [T s

3x + 2y dy dx

) + 3x(1 x)+(1—x)2}dx = -[(2- 20 ar = -4

25. F(x, ¥, z) =xi+ yj+zk
Siz=1-x*-3% 220

G(x,y,z)=x2+y2+z—1

VG(x, y,z) = 2xi + 2yj + k
ISIF-NdS = jRjFVGdA

= j [(2x* + 2p% + 2) a4

= [ J(2 + 207 + (1= 22 = y?))ad

- 15{3{3 - %x] + (3 - zxﬂdx - jz" j’(rz +1)rdr do

Jo e~ 4

26. F(x, ¥, z) =xi + yj+ zk

S: x> + y* + z° =36 (first octant)
z = +/36 — x* - )2
G(x,y,z) =z —4/36 -x*-)?

X . y .

VGX,)’,Z = 1+ J+k

( ) \/36—x2—y2 \/36—)cz—y2
F.VG = x? . ¥? - 36 T S A

\/36—x2—y2 \/36—)cz—y2 /36 — x* — 32
36 7/2 (6 36 .

F-NdS = F-VGdd = ——dA = ———=rdrdf (improper) = 1087

v[ J J‘ J‘ J‘RJ‘ )36_x2_y2 IO IO /36_r2 ( )
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27. F(x, y,z) = 4i - 3j + 5k
Siz=x>+y, x>+ <4
G(x,y, z) =-x*-y +z
VG(x, ¥, z) = 2xi - 2yj+k

[ JF-Nds=[ [F-VGad =

28. F(x, ¥, z) =xi+ yj — 2zk

S:z=Ja® - x> —)?

Section 15.6 Surface Integrals

[ J(=8x+ 6y +5)da

27 2 .
= JO IO[—8rcosﬂ+6rsm0+5]rdrd€

= J‘OM [—%ﬁ cosd + 2r3sind + 2 2} dé

2

= ‘[02”[—6—34 cos @ + 16sin @ + IOJ do

= [—% sin @ — 16 cos 0 + 109};” =207

G(x,y,z):z— a* — x* — y?

VG(x, v,z ) al

Y

j+k

\/a - x? -2

\/a —x2 =y

29. F(x, ¥, z) = (x + y)i + yj + zk
S:z=16-x>-%% z=0
G(x,y,z)=z+x2 +y* —16
VG(x, y,z) = 2xi + 2yj + k

\/a —x2 =y

JoJF Nas = [ [F VGdA_J'J‘3x +3y? - 24

_2/az_x2_yz:

423

3x? + 3y?

/az_xz_yz

- 24?

—dA—jz”j rdrd&
- 3102]07\/41;7 dr d6 - 2a° joz”j:ﬁ dr do

= 3{}(}2”{—;"2 a? - r? - %(az -r

=3j0223d9 2aj add =0

)3/2} de}—z [} [ aQ—ﬂZde

F~VG:2x(x+y)+2y2+Z:2x2+2xy+2y2+16—x2—y2:x2+y2+2xy+16

ijF-NdS = jRjF-VGdA

e

0

cos @sin @ + 16)rdr do

0

(The flux across the bottom z = 01is 0)

2| 4 r ! 27 . -2 g7
=[5+ Scos Osin 0 + 82| dO = [ "[192 + 128 cos Osin 6] dO = [192 + 64sin® 0] " = 3847
4 2 0 0
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Chapter 15 Vector Analysis

30. F(x, v, z) = 4xyi + 2% + yzk

31.

S: unit cube bounded by
DS
x=0x=Ly=0y=Lz=0,z=1

S, : The top of the cube
N=k,z=1 —y
o o )
.[Sl .[F'NdS - .[0 _[Oy(l)dydx T2
S, : The bottom of the cube
N=-k,z=0
1 el
jsz JF-Nas = | [ -y0)dvds=0
S3:The front of the cube
N=ix=1
1 el
js3 [F-Nas = [ [401)ydvd =2
S, : The back of the cube
N=-ix=0
1l
js4 [F-Nds = [ [ -40)ydvdr=0
S5 : The right side of the cube
N=jy=1
1 ¢l
- _ 1
LS [Fo-Nds = | [ 2dax=1
S¢: The left side of the cube
N=-jy=0
_ 1 ¢l 5 _ 1
Is(, [Fo-Nds = [ [-7dde =1
So,
[ JE-Nas=t+0+2+0+1-
s 2 3

L_5
372

E = yzi + xzj + xk

S:z =+J1 —x* = y?

'[S JE -NdS = IR IE . (—gx(x, y)i - gy(x, y)j + k) dA

. . x . y .
S N e e e MY

- IR f[l_zxfz_yz + xy] dd = IR I3xy dd = jjl u/ghy dydx =0

X
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32.

33.

34.

35s.

Section 15.6 Surface Integrals 425

E =xi+ yj+ 2zk

S'z-«/l—xQ—y2 —g(xy)

[ JE-Ndas = [ [E-(-g.x )i - g,(x )i+ k)dd

—IRJ(xi+yj+2zk)-[\/ - zi+\/1_jz_y2j+k]dA

1-x"-y

x2 y2
= IR‘[[\/l—xz—yz +\/l—x2—y2 +22jdA
8z

x2+y2+21—x2—y el 2 2
P A 2 -
z=+Jx*+)?2,0<z<a
2 2
m:Isfkds:ijI\/l+[\/x2x+y2] +[\/x2y+y2] dA:kJRI\/EdA:\/EkﬁaZ
&>

L= [ [k(x+02)ds = [ [k(x + N2 ad = N2k [ [ drdez\/ika4(2ﬁ):\/5§”a - L () - <2

2

¥t + ¥t + 22 = a?

z = +/d? —xz—y2

2 2
—x -y
m =2jsjkdszzijj\/1+[\/a2_x2_sz +[\/a2—x2—y2] dA
= Zkf J'; dr df = Zka[— a® —r? T(27r) = 4rka?
a

0
I, = 2js [i(x* + y?)ds = ZkIR J(x* + yz)i\/m
Let u = 1%, dv = r(a2 - rz)_l/z dr,du = 2rdr,v = —~a* — r*.

2
dA = 2ka

I s

dA = 2ka J.OZH Ia dr d@ (use integration by parts)

3
-
o S22
= 2ka[—r2\/ a’ -r* - %(az - rz)m} (27) = 2ka(§a3j(27r) = §a2(47rka2) = %azm
0
¥+ =a*,0<z<h i
p(x, y ,z) =1 hI‘ i

y = i\/az —x?

Project the solid onto the xz-plane.

o= 4f [ 7 ds = 4f) [T+ (- xZ)}J N e RGN
= 4d° I I

a

_dvdz = 4a’ || {arcsm 7} & = 4a3(%j(h) — 2na’h
0
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36.

37.

38.

39.

40.

41.

42.

Chapter 15 Vector Analysis

z=x*+3y2,0<z<h

Project the solid onto the xy-plane.

IZZII(XZW Jas = [ meW)\/mdydx e
= J-ZHJ. 1+ 4r? rdr df = Zﬂl:h 1+ 4h)3/2 1 —(1+ 4h)5/2} 2z X
12 20 120 /"‘h«—_, v
1+ 4h)" X
= Q[wh 1+ 4h):| + E %[(1 N 4/’1)3/2(6}1 B 1) . 1:|

S:z=16-x>-3%z20
F(x, ¥, z) = 0.5zk

[o [P Nas = [ [oF - (-g.(x )i -

- jR fo.sz dd = jR jo.Sp(lé —x? = y?)dd

g,(x.¥)j + k)dd = jR [0.5p2K - (24 + 2yj + k) d4

050 7 [2(16 ~ r)r dr d6 = 0.5p [ " 64 d6 = 647p

S:z =+/16 — x* — 3?
F(x, ¥, z) = 0.5zk

ISIpF~NdS

o JoF - (ol )i -

jR jo.spzk :

gy(x, y)j + k) dA

j+k|dd

X . y
Ji6—x2 =y J16 -2 — 52

j jo.s pzdd = HO.Sp 16 — x2 — y? dA

05pj j V16 = r2r dr do = 05pj —dé? = 64%

The surface integral of f'over a surface S, where S is
givenby z = g(x, y), is defined as

43. (a)

js _[f(x, ¥, z) das = Hlﬁm Zf Xiy Vis Z )ASi. (page 1112)

See Theorem 15.10, page 1112.

A surface is orientable if a unit normal vector N can be
defined at every nonboundary point of S in such a way
that the normal vectors vary continuously over the
surface S.

See the definition, page 1118.

See Theorem 15.11, page 1118.

Orientable

(b) If a normal vector at a point P on the surface is
moved around the M&bius strip once, it will point in
the opposite direction.

(¢) r(u,0) = 4cos(2u)i + 4 sin(2u)j

This is circle.

(d) (construction)

(e) You obtain a strip with a double twist and twice as
long as the original Mobius strip.
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44. (a) r, =i+ j+ 2uk

r,o=2vi—j

i j k
r,xr, =|1 1 2u =2ui+4uvj—(l+2v)k
2v -1 0

r, x r,is a normal vector to the surface.
(b) F(u,v) = uli + (u + vz)j + (u - v)k
F - (ru X rv) =2’ + 4uv(u + vz) - (u - v)(l + 2v) =2 + 4Py + 4w v —u+ 20F - 2uy

© x=3=u+v

1 u=2 (u = —2notin domain)
y=l=u-v
z=4=4y v=l
(d) Calculate F - XN oatp,
I x x|

F(3,1,4) = 4i + 3j+ k
(ru X rv)(2, 1) = 4i + 8j -3k
I, x5 = /59

Folto_ 6003y -

I, w9

(e) js jF "NdS = jR jF - (r, x 1) dd

37 374/89

89 89

= Jl J2(2u3+4u2v+4uv3+v—u+2v2—2uv)dudv= Il [8\/34-4\/24-@+6jdv=ﬂ
-1Jo -1 3

Section 15.7 Divergence Theorem
1. Surface Integral: There are six surfaces to the cube, each with dS = 1 dA.
z2=0, N=-k, F-N=-22 js deAzo
1
_ _ . _ 2 2 _ (717 2 _ 4
z =a, N =Kk, F-N =z, J.SzjadA—J.OJ.Oadxdy—a
x=0, N=-i, F-N=-2v [ fodd=0
3

x=a, N =i, F-N = 2x, J.S4J2adydz: J‘:J‘:2adydz:2a3

<
[
=

N=-j, F-N-=2y, jSSdeA:O
y=a N-=j F.-N = -2y, j56 j—zadA = jo jo”—za dedx = —2a°
So, UF~NdS =a* +2d° - 28 = a*.

Divergence Theorem: Because div F = 2z, the Divergence Theorem yields

jgjjdideV = jO” jo j(;'zz dz dy dx = jo [0“a2 dy dx = a*.
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2. Surface Integral: There are three surfaces to the cylinder.

Bottom: z =0, N=-k, F-N = —z?
jsl fods =0

Top: z=h, N=k, F-N=22

I ‘[hz ds = h* (Area of circle) = 4zh’
S

Side: r(u,v) = 2cosui + 2sinuj +vk,0 < u < 27,0 < v <h
r, = —2sinui + 2cosuj, 7, = k
r, Xxr, = 2cosui + 2sin uj

F-(r, xr,) =8cos’u — 8sin*u
IS3JF -NdS = ‘[:_[02”(8005211 — 8sin® u)du dv =0
So, UF.NdS =0+ 47h* + 0 = 4zh?.

Divergence Theorem: div F = 2 — 2 + 2z = 2z >

[[f2zav = [7[ [} 22r dz dr do = 4z, s
0

3. Surface Integral: There are four surfaces to this solid.
z=0, N=-k, F-N=—

jsl Jods =0

y=0, N=—j, F-N=2y-z dS=dd=dvd
[, [-=as - [ T~z dvaz = [[(z* - 6z) s = -36
x=0 N=-i, F-N=y-2x, dS=dd=ddy
ffvas = [ v dear = [fov-2%) -9

i+2j+k 2x = 5y + 3z

NG NG

[, Jox =5y +32) dz v [7]7708 = x ~11y)dvdy = [(90 ~ 90y + 20y) dy = 45 o4

Xx+2y+z=6N= ,F-N = ,dS = ~J/6dA

So, UF-NdS=0—36+9+45=18.

Divergence Theorem: Because div F = 1, you have

oy

\,:»

J ”dV = (Volume of solid) = %(Area of base) x (Height) = %(9)(6) = 18. v
0
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4. F(x,y,z) =i+ zj + (x + y)k
S: surface bounded by the planes y = 4,z = 4 — x and the coordinate planes

Surface Integral: There are five surfaces to this solid.

z=O,N=—k,F~N:—(x+y)

[ J-(c+y)as = f: f:—(x +y)dydx = —I:(4x +8)dx = —64

y=0,N=—-j, F-N=—z

4 - x) 32
J, Jras = [y ez - [0 2

y=4 N=jF-N=z
N R L
x=0, N=-i, F-N=—-x

J, [oas = [/ [loas <o

i+k

1
—— F - N=—[xw+x+y| dS=./2d4
\/5 \/E[xy * y] \F

x+z=4N =

J, [t o oNZan = [ [l ) e = 128

So,J.JF-NdS:—64—¥+¥+O+128:64.
s 33

Divergence Theorem: Because div F = y, you have

[[faivEar = [ [ 7"y dedy v = 64,
o

5. F(x, ¥, z) = xzi + yzj + 22k
Surface Integral: There are two surfaces.

Bottom: z =0, N= -k, F-N = 252

o [F-Nds = [ [-2:"aa = [[oda =0

Side: Outward unit normal is |
N = 2xi + 2yj + k l
Jax? + 4yr +1
_l.'
F-N= S S [szz +2y%z + Zzz] ! ’

AR+ 4yt + 1 ¢
jsz [F-Nas = jsz j[z(xz + )z + ZzszA

= [ l2}’21—}’2 4—21—r22 rdrdf = o l2r—2r3 dr df = 2”1d9:ﬂ'
o L[2r(=r) e 2(0-7) o ) 0 3

Divergence Theorem: div F = z + z + 4z = 6z

[[[divEar = joz” j; j;Q 62 r dz dr d
0

0

= j;”_[;3(1—r2)2rdrd0 = J‘OZ”J';(3_6,,2 +3r4)rdrd9 _ J-2ﬂ|:3 3
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6. F(x, ¥, z) = 0% + % + ek

S: Surface bounded by z = /x* + y* and z = 4

Surface Integral: There are two surfaces.
Top:z=4 N=k,F-N=e¢

J JF - N dS = (area circle) e = 167e
S

. X
Side: z = g(x,y) = \/x* + »?, g, = N g = J 2y -
X +y X +y

z 2 2 2 oin2
x*y? _eldA: '[02 J-:(Zr cos” @ r” sin g—ejrdrdﬁ

J' LE NdS_J.Sz.[\/x g \/x 7 p

. . 2 2
_ Iz {2048sm 6 cos H—Se}dﬁ _ (%—166)#

5
So, [ [F-Nds = 3,
Divergence Theorem: div F = y? + x
4
Jg_[dideV = [T () rdzdrde = [ [0 (4 - r*)drdz = J.02”|:r4 - V;} & = joz”@d - %

7. Because div F = 2x + 2y + 2z, you have
jQ”dideV = [ [ (25 + 29 + 22) d dy v
= ["["(2ax + 2ay + a*)dy dx = “(2a%x + 2a%) dx = [a®x* + 2a°x | = 3a*.
NN ) Nl Jax = i
8. Because div F = 2xz> — 2 + 3xp, you have
divFar = [ [° 2xz -2+ 3xy)dzdydx = xa® — 2a + 3xya)dy dx
1l NN ) NG )
= Ja(%xa“ - 2a* + %xa )dx = ga -2a + i

9. Because div F = 2x — 2x + 2xyz = 2xyz,
”Idiv Fdv = j”nyz dv = J; IOM I:/z 2(p sin ¢ cos O)(p sin ¢ sin O)(p cos ¢)p* sin ¢ dg dO dp

_ J' J'z” J'”/z (sin @ cos 0)(s1n $ cos qﬁ) dé do dp

27
. A0 55 \sin2
J Iz 1 p°sin @ cos Odb dp = -[OKIDZ]SH]Q 0} dp = 0.
0

10. Because div F = y + z — y = z, you have

j”ddeV_j jﬁj“ e dydv = jz”j J‘\/izrdzdrdﬁ

_ J'Z”J'“{ar_}drdﬁ— jz”{"zr —ﬂada—j —dﬁ—T

o | 4

11. Because div F = 3, you have

”_[3 av =3 (Volume of Sphere) = 3[%7[(33” = 1087.
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12. Because div F = xz, you have

N
fffear = [T, N {2} = [ [odd=o
0 J-2 2 7@ 0 J-2
13. Becausediv F =1+ 2y — 1 = 2y, you have
5
fifrar =111 PO avdave = [ [y 2557 e - I 2es -y “Ldz:o.
14. Because div F = »? + x> + ¢, you have

I e ejar = A e L T
= '[02” J;ﬁ L/z },2 + e")rdz dr df = _[02” J.;ﬁ(8r3 +re® — Lyt — ’/Q)dr do

2
2z
= [ (B2 + 1006 a0 = 2217 1 2006
0 5 5

15. Because div F = 3x* + x> + 0 = 4x?, you have

[[[axav = [P [0 [ ax dedyde = [ [ ax*(4 - y)dyde = [ 3207 dx = 2304,
o

16. Because div F = ¢° + ¢ + ¢ = 3¢”, you have

j”3e av = j(j j4‘3e dzdydx_j j e -1 dydx_j (¢* = 5) dv = 18(¢* - 5).

17. div F = y + 4 + x. Use spherical coordinates.

”I(y +4+x)dV = J.: J.Oﬂ Joz”(psin(psin& + psingcos 6 + 4) p*sin ¢ d6 dp dp
o

= j: N J;”(p3 sin® ¢sin 0 + p° sin® g cos 6 + 4p7 sin ¢) d6 dg dp
10247
3

4 o7 . 4
= IO .[o 8ap* sin g dgdp = J.O l6mp* dp =
18. div F = 2

js [P Nds = gjdideV - Jé”zdy.

The surface S is the upper half of a hemisphere of radius 2. Because the volume is 7(7 (23)) = 167/3, you have

[ [F-Nds = 2(Volume) = 2z

19. Using the Divergence Theorem, you have

[ JeurlF - Nds = [[[div(curl F)d¥
0

i j k
curl F(x,y,z) = % % % = —6yi — (22 - 22)j + (4x - 4x)k = —6yi

dxy + 22 2x% + 6yz 2xz
div (curl F) = 0.

So, J.” div (curl F) dV = 0.
0
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20. Using the Divergence Theorem, you have

[ JeurtF - Nas = [[[div(curl F)ar
0
i j k
curl F(x, ¥, z) = 9 9 9 = (xz — ysin x)i - (yz + xy sin z)j + (yz COS X — X COS z)k.
Ox oy 0z

Xycosz yzsinx xyz

Now, div curl F(x, ¥, z) = (z — y cos x) - (z + X sin z) + (y cos x + x sin z) = 0. So,

IS qurlF -NdS = ”Jdiv (curl F)dv = 0.
o

21. See Theorem 15.12.
22. If div F(x, y, z) > 0, then source.
If div F(x, ¥, z) < 0, then sink.

If div F(x, ¥, z) = 0, then incompressible.

23. (a) Using the triple integral to find volume, you need F so that

divF:a—M+a—N+a—P:
Ox oy Oz

1.

So, you could have F = xi, F = yj, or F = zk.

i+ f,j+ fk
For dA = dy dz consider F = xi, x = f(y, z), then N = dx fix K and dS = \J/1 + f7 + f7 dy dz

U+ 1P+ 17

For dd = d= dx consider F = vj, y = f(x, z), then N = LAt I X K i ag = ST+ f2 + /2 de v,

L+ fE+ 12

_ ; _ _ _ S+ Stk N s
For d4 = dx dy consider F = zk, z = f(x, y), then N = —————=———and dS = /1 + f; + f; dx dy.

NIE SRS

Correspondingly, you then have V = .[s jF -NdS = IS Jx dy dz = jS Iy dz dx = IS Iz dx dy.
(b) v = I;J;xdydz = jo j:adydz = j:az & = d
Similarly, jojo y dz dx = jo joz dedy = a.

24, F(x, ¥, z) =xi+ yj+ zk
Divergence Theorem: divF =1+1+1=3
[[[3@v = 3(Volume of cube) = 3
0

Surface Integral: There are six surfaces.
0: N=-, F-N=-x [ [ods=0
S1

X

x=1 N=i, F-N=ux js2j1dS:1
y=0: N=-j F-N=—y, LJOdS:O
y=1 N=j F-N=y, J.SAJ.IdS:I
z=0. N=-k, F-N=—z LSJOdS:o
z=1: N=k, F-N

=z, J;JldS:I

So, ijF~NdS=1+1+1=3.
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25. Using the Divergence Theorem, you have .[s Icurl F-NdS = j I J.div (curl F) dV. Let
[

F(x,y,z):Mi+Nj+Pk

OP ON), (8P 8M), ON oM
curlF = | — - —|i-|— - —j+|—-—1k
oy 0z Ox oz Ox Oy

div (curl F) = — - — - ——
Ox0y  Ox0z Oyox  0Oy0z  0zO0x  0zOy

So, js jcurlF “NdS = jHOdV = 0.
(o]

26. If F(x, ¥, z) = aji + a,j + a;K,then divF = 0.
So,
js jF “NdS = j”dideV = ”joaJV = 0.
0 o

27. If F(x, ¥, z) = xi + yj + zKk, then divF = 3.

[ [F Nas = JJJdideV: ijng 3.

28. If F(x, y,z) = xi + yj + zk, then divF = 3.

WS [F-Nds = ;ygfjdivpdv _ ;ygjjw _ ;jé”dV

2

N-J

) js [fDygds = js [rveg-Nas = [[[div(rvg)ar = [[[(fdivvg + Vf - Vg)aV = [[[(£Vg + Vf - Vg)aV
o o o

30. [ [(/Dxg - Dxf)dS = [ [/DxgdS [ [eDuf dS
= [[[(rvig + vr -ve)av - [[[(eV2f + Vg - VF)av = [[[(£Ve - gvif)ar
o 0 0

Section 15.8 Stokes's Theorem

1. F(x, ¥, z) = (2y - Z)i + e’j + xyzk 3. F(x, ¥, z) = 2zi — 4x%j + arctan xk
i j k i j k
curl F = 9 —Ch curl F = A 9 =(2—%jj—8xk
Ox oy 0z Ox Oy oz 1+ x
2y —z € xyz 2z —4x* arctan x

(xz - ez)i - (yz + l)j -2k

4. F(x, ¥, z) = xsin yi — ycos xj + yz°k

2. F(x, Vv, z) = x% + % + x’k i i k
K curl F = 9 9 9
Ox oy 0z

xsiny —ycosx yz?

curl F = 9 = —2xj

= z%i + (ysin x — xcos y)k

[S)

Plo -
\<N @‘Q’ bl
&

=
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5. F(x,y,z) = e 4 eyz“zj + xyzk

i j k

curl F = E E ﬁ
ox Oy Oz

eX +y2 e}'2+22 xyZ

= (xz - 226}2+22) yvzj — Zye‘ "

7. C:x*+3y* =9, z=0,dz=0

Line Integral:

JCF s dr = jc—ydx+ X dy
x =3cost,dx = -3sintdt,y =3sint,dy = 3cost dt

.[c F-dr = JOZ” [(—3 sin t)(—3 sin t) + (3 cos t)(3 cos t)] dt

27
=1 9dt =18x
= z(x—zey +22) yz]—zyex +y k
Double Integral:
X, =9 - x* - 2,X=—2x, =2
6. F(x, ¥, z) = arcsin yi + mj + v’k g( y) V.. g gy y

curl F = 2k
i j k .[s IcurlF -NdS = IR J'z dA = 2(area circle) = 187
0 0 8

curl F = — = o

ox oy &z

arcsin y /1 — x? 32

= 2yi +

—X 1
[\/l—xz B \/l—yzlk

= 2yi -

x 1
{\/1 - x? " \/1—y2]k

8. Inthiscase, M = -y + z, N = x — z, P = x — yand Cis thecircle x> + 3> = 1,z = 0,dz = 0.

Line Integral: ICF Sdr = IC(—y +z)de + (x —z)dy + (x — y)dz = Ic—ydx + xdy
Letting x = cost, y = sin ¢, you have dx = —sin ¢ dt, dy = cos t dt and Ic—y dx + xdy = .[02” (sinzt + coszt) dt = 2rx.

Double Integral: Consider F(x, y,z) = x> + y* + z°> — L.
VF  2xi + 2yj + 22k

Then N = = =xi + yj + zk.
HVFH 2\/x2 + y2 + z?
) _
Because22:l—xz—yz,zxzz—x:—xandz: 4I+—+—dA—fdA
z z

Now, because curl F = 2k, you have L I (curlF)-NdS = IR I 2z ( j = 2dA = 2(Area of circle of radius 1) = 27
z

. Line Integral:

From the figure you see that
C:z=0,dz=0
C:x=0,dc=0
C:y=0,dy =0
2 0 12 0
‘[CF~dr: chyzdx+ydy+zdz: Iclydy+ Iczydy+zdz+ Ic;ZdZZ Joydy+ Lydy+ Io zdz + J-uzdz:O

Double Integral: curl F = xyj — xzk
Letting z = 12 — 6x — 6y = g(x, y), g =-6=g,

[, [(curF) - Nds = [ [(curlF)-[6i + 6j + k]dd = [ [(6xy - xz)da

JOZ J.027X[6xy - x(12 - 6x — 6y)] dydx = J.Oz .[027)((

T =0

12xy — 12x + 6x7) dy dx

JOZ [6xy2 - 12xy + 6x2yJ§
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10. Line Integral: From the figure you see that
C:y=0,z=0,dy=dz=0

Cy:z=3y,x=0,dc=0,dz =2ydy
Cyoiy=a,z=ad,dy=dz =0

Cyiz =y ,x=a,dc=0,dz =2yady.
So,

J.CF sdr = Iczz dx + x*dy + y*dz = J.CIde + J.CZZy3 dy + JQ a* dx + Jq[az dy + 2y° dy}

= I02y3 dy + I0a4 dx + J;(a22y3)dy = [a“x]j + [azyJ; =-d +ad = a3(1 - a).
Double Integral: Because S is given by —y? + z = 0, you have

N 2K dds = 1+ 4y da.
1+ 4y?

Furthermore, curl F = 2yi + 2zj + 2xk. So,
[ Jlewte) N = ], [l - 20 = [0 [/ 20 = {400+ 2)

= f:(—a4 + Zax) dx = [—a“x + asz;’ =-a +d = a3(1 - a2).

11. These three points have equation:
X+y+z=2
Normal vector: N =i+ j+ k
curl F = -3i — j - 2k

_[S IcurlF -NdS = IR I (—6) d4 = —6(area of triangle in xy-plane)

=-6(2) = -12

12. Let 4 = (0,0,0), B = (1,1,1),and C = (0,0,2). Then U = 4B =i + j + k,and V = AC = 2k, and

No UxV _2i-2j_i-j
e

So, F(x,y,z) = x — yand dS = /2 dA. Because curl F = 7x2k, you have ISJ-(curl F)-NdS = J;JO ds = 0.

¥t +y

i j Kk
EiQ:Zyi-i—sz+2k
Ox 0Oy 0z
22 2x )P

13. curlF =

z = G(x,y)zl—x2 -4, G, =-2x,G, = 2y

js jcurlF "NdS = jR j(zyi +2zj + 2K) - (2xi + 2yj + k) dA = IR J|:4xy +ay(1l- 2 - )+ 2} dd
= fll mg[%y + 4y — 4xty - 4y° + 2] dy dx
= "‘114 1-x%dx = Z[arcsinx + xV1 - sz_l =27
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436  Chapter 15 Vector Analysis

14. F(x, ¥, z) = dxzi + yj+ 4k, S:9 - x2 - 3%,z<0
curl F = 4xi + (4x — 4y)j
G(x,y,z)=x2+y2+z—9
VG(x, ¥, z) =2xi +2yj+k

jjcurlF -NdS = j j8x + 2y(4x - 4y)] dA_j j? 8x2 + 8xy — 8% | dy dx

- L3(16x2 9 — x? —136(9 )/)dx:O

15. curl F =
z=Gny)=~J4-x*-1*G = G =Y
) = Jice O T ey

. x . ¥ .
curl F - N = 2zj) - i+ j+ k|dA

ISJ. J.R_[( ) \/4—x2—y2 \/4—x2—y2

_J J.\/idA_J. '[2)\}/7“4 dA_J J\/—Zydydx—o

16. F(x, ¥, z) =xli+ 22— xzk, S:z=+J4-x -7

i j k
0o 0 0
IF =|— — — |= -2
cur ~ o & (—xz = 22)i + yzj
¥ 22 -xz
G(x,y,z)zz—\/4—x2—y2
X s y s
VGx’ysZ = 1+ J+k
( ) \/4—x2—y2 \/4—x2—y2
2,
J o) was < [ f x+” LY
\/4—x - y?

IJ[ x+2 +y dA—j J._\/: x2—2x+y2)dydx

3 4-x2
2 Y
R d
jz_xy xy+3}4x2x
Izz —2x2\/4—x —4x\/4—x2+§(4—x2) 4—x2}dx
Izz —fxzx/4—x —dxJ4 - x4 \/4—x}
2
= { 8 4)\/4 -x* +16 arcsinf} + ﬂ(4 - x2)3/2 + §(lj[x\/4 -x* +4 arcsinxﬂ
308 2] "3 302 2],
{ 27) + %(-sﬁ) - ;‘(-zﬂ)} ~ 0
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17.

18.

19.

20.

Section 15.8 Stokes's Theorem

F(x, ,z) = —-In\/x* + »%i + arctan%j +k

i j k
curl F = g g ﬁ — (l/y) + Yy Kk = 2_)/ Kk
ox Oy oz 1+ (xz/yz) X2+ y? X2+ y?

-1/2 ln(x2 + yz) arctan x/y 1
Stz =9 — 2x — 3y over one petal of » = 2 sin 26 in the first octant.
G(x,y,z) =2x+3y+z-9
VG(x,y,z) = 2i + 3j + k

J‘S I(curlF) NdS = J‘R J‘xz 2+)/y2 dA = Jofr/2 J'O25in26' Zriizn grdrdg

V] sin @ cos Fd in3 /2
= [P 2 sin 0 dr do = [ 8sin’ 0 cos 0 do = {SS‘“ 9} -8
0 0 0

3 ), 3

F(x, ¥, Z) = yzi + (2 - 3y)j + (x2 + yz)k

i j k

curl F = A 9 |- 2y + (v — 2x)j - zk
Ox oy 0z
yz 2-3y x*+y°

2 2

S: the first octant portion of x> + z? = 16 over x*> + > = 16

G(x,y,z) =z -+16 — x?

VG(x, ¥, z) .

16 — 7
[ J(curtF) - Nds = | IL/%—Z}M =[] \/%—\/16—4@

4 o\16-x2 2xy 4 X
—_—— - 16 — xz dy dx = 7)/2 - 16 — xzy dx
J‘O J‘O |: /16_x2 J‘O 16_x2 0

16-x2

4
_ j; [x\/16 — (16— xZ)} dx = {—;(16 - x2)3/2 ~16x + x;l - (_64 + %j _ [_ﬁ _

curl F = xyj — xzk
z = G(x,y) = xz,Gx =2x,G, =0

[ JeurtF N = [ (- xzk) - (2xi ~K)dd = [ [xzdd = [ ["x(x*) dvdr = "75

F(x, ¥, z) = xpyzi + yj + zk

i j k
curl F = 9 2 2 = xyj — xzk
ox Oy Oz
xXyz y oz
. ) ) 2 5 2xi — k 3
S the first octant portion of z = x“ over x° + y° = a°. Youhave N = ﬁ and dS = /1 + 4x° dA.
1+ 4x

[ [(curtF) - Nds = [ [xzdd = [ [vda= ["[" P O dy d

_ L;’x3 [a? — 3% dx = l:_%xz(az 3 x2)3/2 3 %(az B x2)5/2:|a _ £a5

437
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438 Chapter 15 Vector Analysis

21. F(x, Vv, z) =i+j-2k 22. F(x, ¥, z) = —zi + yk
i j ok S: x>+t =1
curl F = o 2 9 =0 ! ik
ox Oy Oz 6 8 o
curlF =|— — —|=1i-j
1 1 =2 ox 0Oy Oz
Letting N = k, you have Lj(curl F) - NdS = 0. -z 0y
Letting

N =k, curlF - N = Oandj’ f(curlF) .NdS = 0.
N
23. See Theorem 15.13.

24. curl F measures the rotational tendency. See page 1135.

25. (a) ch fVg - dr = JS qurl[ng] - N dS (Stokes's Theorem)

0g. og. 0
oy 0z

Ox
i i K
0 0 0
curl (ng) = 5 5 a

f(og/ox) f(og/ay) f(og/ez)

16 (zﬁ(azﬂ—[f(s;yJ Bl

) @] -2 ()

tes) (R3] L) G}

[0 eIt 120 ()

i j ok
o o o

— = —|=VfxV
> oy o SxVe
g Og g
ox oy o

So, ijVg dr = js [eurl[FVg] - Nds = js [[Vf x Veg] - Ns.

(b) IC (fVf) - dr = Js I(Vf x Vf) - N dS (using part a)
= Obecause Vf x Vf = 0.
© [.(/Ve+gVf)-dr= [ (fVg)-dr+ [ (Vf)- dr
- -[s J(Vf x Vg) - NdS + JS J(Vg x Vf)-NdS (usingparta)

= [ J(Vf xVg) - NdS + [ [-(V/ x Vg)-NdS =0
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Section 15.8 Stokes's Theorem 439

26. f(x,y, z) = xyz, g(x,y, z) =z, Sz =+/4-x*-)?
(@) Vg(x,y,z) =k
f(x, v, Z)Vg(x, ¥, z) = xyzk
r(r) = 2cosdi + 2sintj + Ok, 0 <¢ <27

[ L/ 3. Vel 3. 2)] - die = 0

(b) Vf(x, ¥, z) = yzi + xzj + vk

Vg(x, ¥, z) =k
i j k
Vf xVg =|yz xz xy|= xzi — yzj
0 0 1
N = S L ik

_\/4—x2—y2.+\/4—x2—y2

2 2
ds = |1 - ) =
\/+[\/4—x2—y2] +[\/4—x2—y2) /4—x2—y2
. x’z iz 2
[ J097(x v 2) x Vg(x,3,2)] - NdS = jsj[\/“_xh - —\/4_x2_y2}\/4_x2_y2 dA

y

AR
_ _[2 Jzﬂ2r (cos @ — sin? 9)

rdo dr = jz L(lsinZHJ dr =0
0 \/4—r2 0|4 - r2\2 o

27. Let C = ai + bj + ck, then %IC(er)-dr = %Lj.curl(er)~NdS = %jsjzcwds = [ Je-Nas

27

i j ok
because C xr =|a b c|= (bz — cy)i — (az — cx)j + (ay — bx)k
x y z
i i k
and curl(C x r) = 9 o 9 |_ 2ai + bj + ck) = 2C.
Ox oy 0z

bz —cy ox—az ay — bx

28. (a) F(x, v, z) = i

From the figure you have

’

G ni(r) = 4, 0<r<1, r =i
Gy (1) = i + 1, 0<r<Il, r =j
Crn()=(1-0i+j 0<r<1 r =-i
Cy: ny(t) = (1 - 0)j, 0<tr<1, r, =-j oo

jCF~dr = ICIF-rl'dt+ jCZF-rz'dH 'fCSF-r;dt-i— IC4F~r4'dt = f;e‘)dz+o+ J';—e“odt+0 =l-e

Double Integral: curl F = ¢’*7j — ¢’*°k

G(x,y)=z=0, N =k

curlF - NdS = —e’dd = [ 1—eycixa'y: 1—eyafy: ] =1-e
I JiJ I : (],
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440 Chapter 15 Vector Analysis

(b) F(x, ¥, z) = z% + xzj + yzk
From the figure you have

C:r(r) =2cosdi + 2sintj + 4k, 0 <7 <27,
ICF dr = ICM dx+ Ndy+ Pdz = I02”[16(—2 sin7) + (4 cos’ t)(2 cost) + OJ dt = 1.02”[—32 sin ¢ + 8 cos® t} dt =0
Double Integral: curl F = 2yi + 2zj + 2xk

z=glry)=x>+)", g =2x, g, =2y

js [eurlF - N as = jR [(231 + 22 + 2xk) - (~2xi — 2yj + k) dd
= '[R I[—4xy - 4y(x2 + y2) + ZxJ dA

= _[;” _[02[—4rsin0rcos0 — 4 rsin 0(},2) - 2rcos0}rdrd9

= [*[[-16sin 0 - 7 cos 6 — B sin0|do = 0
.[0 3 5

29. Let S be the upper portion of the ellipsoid

P+ a4y 422 =4220

Let C: r(f) = (2 cost,sint,0),0 < 7 < 27, be the boundary of S.

If F= <M, N, P> exists, then

______
-

0= IS J(curl F)-NdS (by (i)) . g
= ICF - dr (Stokes's Theorem) A N
= [ G-dr (by (iii))
= J2”<_Sin t, 2 cos t, 0> . <—2 sin ¢, cos 7, 0> dt = l_[27[(2 sin® ¢ + 2 cos? t) dt =«
o\ 4 4 4o

So, there is no such F.
Review Exercises for Chapter 15

1. F(x,y,z)zxi+j+2k 3. f(x,y,2)=2x2+xy+z2
Il = N F(x,y,z) = Vf = (4 + y)i + xj + 2zk

4. f(x, ¥, z) = x%e”
2 F(x, ¥, z) = 2xe”i + x’ze”*j + x*ye’’k

= xeyz(Zi + xzj + xyk)

%y 5. Because 0M/dy = —1/x* = 6N/ox, F is conservative.
2. F(x,y) =i-2)j From M = dU/ox = —y/x* and
IF] = M+ a0 4y? N = 8U/dy = 1/x, partial integration yields

U = (y/x) + h(y)and U = (y/x) + g(x) which
suggests that U(x, y) = (y/x) + C.

6. Because 0M/dy = —1/y* # ON/ox, F is not

conservative.
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7.

10.

15.

16.

F is not conservative.
N = 8U/oy = 3y*(1 + cos 2x), you obtain

U =y’ cos 2x + h(y)and

U = y*(1 + cos 2x) + g(x) which suggests that (a) divF = 2x + 2xy + x?

(b) curlF = 2% + y’k
y

13. Because F(x, ¥, z) =xri+x?j+xzk:

Review Exercises for Chapter 15
11. B
Because oM = 2xy and oN = 2xy, F is conservative. ecause
oy Ox oM -1 _oNoM _ -1 _oP
T Sl sl e
From M = Y = xp? — x% and ¥ Yz & & ox
o ON _ x _opP
T 2.2 A
N = au = x%y + y?, partial integration yields 0z yz oy
o F is conservative. From
1 3 -
szxzyz—x—-kh(y) MzﬁiUzi’ NzﬁiUsz, zaiU
2 3 ox  yz o Yz 0z
and you obtain
1 »? X X
U ==x*y* + — + g(x). U=—+ ,z), U =—+ g(x,z),
g e T D) U= ()
So, h(y) = »*/3 and g(x) = —x*/3.So, U=2> 4 h(x.y) = f(x9.2) = X K
yz yz
Lo, ¥ »
Ulx,y) = =x*y* ==+ —+ C.
2 3 3 12. Because
) ) oM . ON oM
. Because dM/dy = —6y” sin 2x = ON/ox, F is £ =sinz=—- ——=ycosz # .
conservative. From M = oU/dx = -2y sin 2x and

h(y) = »*, g(x) = C,and i j ok
U(x,y) = »*(1 + cos 2x) + C. (b) curlF = A —(2x2)j + ¥’k
ox oy oz
M M . X x? Xz
. Because M = 8xy and N = 4x, M # a—N, so Fis Y
oy Ox oy Ox
not conservative. 14. Because F(x, y,z) = »* j - 2* k:
Because (a) divF =2y -2z
aaiM = 4)(' = Zﬂ’ ! ‘l k
X
Y (b)curlF:gEE:O
oM _ 2 — oP ox 0z
Oz o’ 0 y* -z
ON oP
— = E
oz oy
F is not conservative.
Because F = (cos y + y cos x)i + (sin x — x sin y)j + xyzk:
(@) divF = —ysinx — xcos y + xy
(b) curlF = xzi — yzj + (cos X —sin y + sin y — cos x)k = xzi — yzj
Because F = (3x — p)i + (v — 22)j + (z - 3x)k: 17. Because F = arcsin xi + xp?j + yz’k:
ivF = 1+1=
@ div S+l > (a) divF = L + 2xy + 2yz
(b) curlF = 2i +3j +k NI

441
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442  Chapter 15 Vector Analysis

18. Because F = (xz - y)i - (x + sin? y)j: 21. (@) Let x =31,y =4, 0<7i<],
(@) divF = 2x — 2sin ycos y then ds = /9 + 16 dt = 5 dt.
(b) curlF =0

[ (2 + %) ds = jol 9 + 1617)5 dr
19. Because F = ln(x2 + yz)i + ln(x2 + yz)j + zk:

AT 125
{125 } _ 125
o 3,73

. 2x 2 2x + 2
(a)dlvF:x2+2+2y2+1 S
¥ o X2 +y X+ )2 .
5 5 (b) Let x = cost,y =sint, 0<¢ < 27,
(b) eurlF = = — "2k
2 2
xT+y then ds =\/(—smt) + (cos7)” = 1.
27
20. Because F = ii + ij + z%k: Ic(xz + yz) ds = J.O dt =2z

x2 2 2

(a) divF:—Z—ZQ+2z:Z(2_1_lj
Y X y

(b) curlF = —li + lj
y X

22. (a) Let x = 5¢,y = 41,0 <t < 1, then ds = /41 dt.

chy ds = L;ZOtZ\/H dt = 20\3/H )
® C:x=1ty=00<¢t<4,ds =dt 4l

Coix=4—4t,y=2,0<t<lds=2J5dt

Cyix=0,y=2-1,0<1t<2,ds =dt

1
So, [ xyds = j:oclr + j;(sr — 82)2/5 dr + jozoarz - 16\/5{;2 - ’;} _ &S

0 S C 3 4

23. x =1-sint,y =1-cost,0 <t <27

% = —cost, % =sint, ds = \/(—cos t)2 + (sin t)2 dt = dt

Jc(x2+y s—J [l—smt (1—cost)2}dt— I;”[l—25int+sin2t+1—2cost+c0s2t]dt

= JO [3-2sint - 2cost|dr = [3t+2005t—251nt](2)” = 671
24. x=cost+tsint,y=sint—tcost,OSt£2ﬂ,@=tcost,@=tsint
dt dt
Ic(xz + yz)ds = J.j”[(cost + tsin 1)2 + (sin# — ¢ cos t)z} t?cos’t + t*sin’ t dt = J.Ozlr[f + IJ dt = 27[2(1 + 27[2)
25.(a) Let x =36,y = 31, 0<7<1.
[ (25 = y)ds + (x + 20) dy = j[6t+3z)3+(3t—6z 3)]dr = j;(z7z+9z)dt = 18], = 18
(b) Let x = 3cost,y =3sint,dx = -3sintdt,dy = 3costdt,0 <t < 2r.

.[C(2x - y)dx + (x + 2y)dy = J-OZH[(é cos? — 3sin#)(-3sin¢) + (3cos s + 6sin r)(3 cos t)] dt = J;”9 dt = 187

. . . T .
26. x =cost +tsint,y =sint —tsint,0 <t < — dx =tcostdt,dy = (cost—tcost—smt)dt

\9)

jc (2x — y)dx + (x + 3y)dy = I:/z [sm t cos t(S - 61 + 2) + cos” 1t + 1) + sin® #(2 — 3)} dt =~ 1.01
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27. 2x + y)ds,r(t) = acos’ i + asin®£,0 <t <
¢

NN

x'(f) = =3a - cos* tsin ¢
U]

3a - sin® # cos ¢

. 2

Jc (2x + y)ds = Io 2 (Z(a - cos’ t) + a - sin’ t) x’(t)2 + y’(t)2 dt = 9%
28. r(t) =d+Pj+ 7k, 0< 1< 4

y@:LﬂQZMJMZEM

Jc(x2 +y? + 2%)ds = j:(ﬂ + 1+ ) 1+ 4+ %t di ~ 2080.59
29. f(x,y)=3+sin(x+y) 30. f(x,y)=12—x—y

C: y = 2x from (0, 0) to (2, 4) C: y = x2 from (O, O) to (2’ 4)

r(r) =i +24,0 <7 <2 r(f) = i+ 12,0 <1 <2

r'(f) =i+ 2j r'(f) =i+ 24

(e = /5 (0| = V1 + 4

Lateral surface area: Lateral surface area:

2 .
JoF(y)ds = [[[3 +sin(e + 20)[N/5 ar [ fCeyyds = [(12-1 -1+ 4 di = 41532
= \/§J2[3 + sin 3t] dt
0

31. F(x, ) = wi + 2%
r(f)=ri+7j, 0<tr<l1
) \/5{6 B .. l} r'(r) = 24 + 24
3 3 [ F-dr= J(: [2(2)(20) + 2(2)(e2)(21) ]
5

= T(19 — cos 6) ~ 13.446 - JO‘6,5 dr = ,6]; -1

= \/E{y - %cos 3t}

2
0

32. dr = [(~4sin 1)i + 3 cos fj] dt
F = (4cost - 3sint)i + (4c0st + 3sint)j,0 <t<2rx
7 sin? tT”

0

2z .
J-F-dr:J (12—7smtcost)dt—{12t— = 24rx
c 0

33. dr = [(-2sin )i + (2 cos 1)j + k| dr
F = (2cost)i + (2sin7)j + tk,0 < ¢

IA

2

jCF cdr = J;”tdt =272

4. x=2-t,y=2—-t,z=~4-1*,0<1<2

dr :{—i—j+2_tk}dt

a4t - t?

F:(4—2t—\/4t—t2)i+(\/4t—t2—2+t)j+0k

[ Fodr= [ (-2)d = {’22_2;}2 -

0
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444  Chapter 15 Vector Analysis

35. F(x, ¥, z) = (y + z)i + (x + z)j + (x + y)k
Curve of intersection: x = t,y = t,z = 1> + t* = 21
r(f)=d+6+20%k, 0<7r<2

r'(f) =i+ j+ 4k
[LFedr = [[(+20) + (r+20) + o)) |dr = [[[127 + 2]ar = [46 + 2] =36

36. Let x = 2sint, y = —2cost,z = 4sin?1,0 <t < 7.
dr = [(2 cos ¢)i + (2 sin 1) + (8 sin 7 cos 1) k] dt
F = 0i + 4 + (2sin 1)k

ICF~dr = I:(Ssint+l6sin2tc0st)dt [ 8cost+?sm t} =16

37. Fory = xz,rl(t) =fi+17,0<r<2
Fory = 2x,n,(t) = (2 - #)i + (4 - 20)j,0 <t < 2 ARV A

g

J.ny dx + (xz + yz) dy Jcl xy dx + (x2 + yz) dy + J.Cz xy dx + (xz + yz) dy

=104 (32)=4 +/ /e

38. ICF - dr = J.C(Zx - y)dx + (Zy - x)dy
r(t) = (2cost + 2tsint)i + (2sint —2tcost)j,0 <t<nrx

jCF~dr =472 + 4x

39. F = xi - \/;J is conservative.

ok <[4~ 1710 < 00 - (3 = 3 - 47)

3 (0,0)

2000/5280
7/2

40. r(t) = 10sin#i + 10cos #j + = 10sind + 10 cos #j + ;Tstk,O <t<
T

DN

F = 20k

dr = (10 cosfi — 10 sin #j + £kj
33z

[R50, _ 250

J’F.drz -
c 0 337 33

mi - ton

(1.3.2)

41. Ic 2xyz dx + x*zdy + x*y dz = [x2y2:|(0 0,0)

2. [ ydv+xdy+ édz = [+ n|=[Jy s =16+ In4

4

()

c@ [P dvr 2dy = [ [0+ () + 200+ 301+ 1) de

- j(js(zz + 20 1)+ 230 + 4r + 1)] di = j;(9zz 14t + S)dr = [30 + 77 + SII) — 15

() [ 37 dr+ 2xpdy = L“[t(l) + 2(;)(\/?)2%/?} dr = j (c+0)ydr =[] =

(c) F(x, y) = »%i + 2xy j = Vf where f(x, y) = %

So, [ F-dr =42 —=10) =1s.
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44. x = a(0 —sin0), y = a(l — cos 0),0 < 0 < 27
1
(a) 4= EJ.dey — ydx.

Because these equations orient the curve backwards, you will use

1
A:ff(ydx—xdy) q

27a } x

= 7.[2” — cos 8)(1 — cos §) — a*(6 — sin G)(sin 6’)} do + = I (0-0)de ¢,

= a—J. ”[l—2c0s9+coszﬁ—0sin0+sinz 9}0]0
7 Jo

2 T
= %jﬂz (2 - 2.cos 0 — Osin 0)

2
= %(67[) = 37a>.

(b) By symmetry, x = za. From Section 15.4,

_ijcyz dx = if:ﬁf(l — cos 9)2(1 - cos ) do = 2(3 imz)a3(57r) = %a.
45. J- ydx +2xdy = I J [BN - at;\y/[j dy dx 48. J‘C(xz - yz)dx + 2xy dy = fa Jlj%4y dy dx
J J‘ dydx—l =Ija0dx:0
46. chydx+(x2+y2)dy=I;J;(Zx—x)aj/dx 49. J.xydx+x dy—J ‘[[M—%})\:[Jd/l
= Jij dx = 4 = J‘il Lz (2x — x) dy dx
1 1
= = dx
47. J. w?de + x*ydy = J J.[ - 661;1] dA '['][xy]xz

= Jlll(x - x3) dx
54 -
2 4,
3/2 L

0. [asoa - [0 2/3>3/2<4 oo [

= IR J.(ny - 2xy) dA =0

- J 8 1/3 2/3 2 gy = [—%xm(l B x2/3)5/2 B %(1 B x2/3)5/2}1 o

-1

51. r(u,v) = secu cosvi + (1 + 2 tan u)sin vj + 2uk 4

52. r(u,v) = e™* cosvi + e sin vj + %k

T
OSuSE 0<v<2rm 0<u<4 0<v<2rx
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446  Chapter 15 Vector Analysis

53. (a) (b)

(d)

) . ) W2 W2 . . 2
The space curve is a circle: r M’Z = cos ui + 5 sin uj +Tk

() r, = 3cosvsinui+ 3cosvcosu j
r, = —3sinvcosui—3sinvsinu j+ cosvk
i j k
r, xr, =|-3cosvsinu 3cosvcosu 0

—3sinvcosu —-3sinvsinu cosv

(3 cos® v cos u)i + (3 cos® v sin u)j + (9 cos vsin vsin® u + 9 cos v sin v cos’ u)k

(3 cos? v cos u)i + (3 cos? v sin u)j + (9 cos v sin v)k

Ir, xr|= \/9 cos* vecos? u + 9cos* vsin? u + 81cos? vsin? v = \/9cos4 v + 81cos? vsin? v

du dv = 14.44.

. .. . . 2 27
Using a Symbolic integration utility, J‘”/4 .[o |r, xr,
(f) Similarly, j(f/“ I:/ZHI"M %1, |dvdu ~ 427.

54. S: r(u,v)=(u+v)i+(u—v)j+sinvk, 0<u<20<v<r
r(u,v) =i+j

r,(u,v) =i — j+ cos vk

i j k

r,xr, =|1 1 0 |= cosvi— cosvj— 2k
1 -1 cosv

|r, < x| = ~/2cos® v + 4

7 2 6+\/E
zdS = sinv/2cos’ v + 4 dudv = 2|6 + /2 In| 122
J! I I Jo -2

55. S:r(u,v) = ucosvi+usinvj+ (u—-1)(2-u)k,0<u<20<v<27

ru(u, v) = cos vi + sin vj + (3 - 2u)k

r,(u, v) = —u sin vi + u cos vj
i j K
r,xr, =| cosv sinv 3 -2u|= (2u — 3Jucosvi + (2u — 3)u sinvj + uk
—usiny ucosv 0

Hru X T,

= uyJ(2u - 3) +1

J-S J.(x +y)dS = J.OM _[Oz(u cos v + u sin v) ur/(2u — 3)2 +1ldudv = L)z Joz”(cosv + sinv)u’ [ (2u - 3)2 +1ldvdu =0
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Review Exercises for Chapter 15

56. (a) z =

|
)
—_—
Q
|
=
o
+
<
o
~
(=]
IN
N
IA
Q
o

2432 =4

() S: g(x,y) =z =a* - aJx* + y?
plx, y) = k/x? + y?

J e 2 = [, ol 5 7T

kJR J‘«/xz + yz\/l + Zazxz a’y’ dAd = kJR I\/az + l(alxz + yz)dA

¥+ y? x4+ y?

3
= kNa® + II;” I:rz drdf = kNJa* + lj.ha—dﬁ = %k\/ar2 +1d’x

03

z=0=x

m

+

57. F(x, ¥, z) = x% + xj + zk
Q: solid region bounded by the coordinates planes and the plane 2x + 3y + 4z = 12
Surface Integral: There are four surfaces for this solid.
z=0, N=-k, F-N=-z ISIIOdS:O

0

y=0, N=-j F-N=—xp, jSZJOdS

0

X

0, N=-i, F-N=-x2 js3j0ds

dx 43yt dz— I N = AN HAK o 1+(1j+(3)dA:—V29dA

29 4 16 4

LA [F-Nas = %jR [(2x* + 35y + 4z) a4

- ﬂf j:’(z"”)(zﬁ + 3y + 12 - 2x - 3y)dy dv

2
_ lfé 2x2(12 - ZxJ . 37x(12 - ZxJ . 12(12 - 2x] B 2){12 - 2xj B g[
4% 3 20 3 3 3 2
Loy 5, 2
= gjo (—x + X +24x+36)dx
4 3 6
= U 10 4 36| = 66
6 4 3 .

Divergence Theorem: Because div F = 2x + x + 1 = 3x + 1, Divergence Theorem yields

[[faivEar = [ [0 [ G 41y e dy ae
Qo

6 p(12-2x)3 12 — 2x — 3y
e 2
(12-2%)/3

1 ¢6
= ZIO (3x + 1){12)} - 2xy — Eyz} dx

_ i-.‘:(_’xx + 1){4(12 —2x) - 2){12 = ZxJ B %(12 - 2xﬂdx

_ %j;%(w ~ 35x% + 96x + 36) dx

6

+ 48x% + 36x} = 66.
0

A3t s
6| 4

447
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448 Chapter 15 Vector Analysis

58. F(x, ¥, z) =xi+ yj+zk

Q: solid region bounded by the coordinate planes and the plane 2x + 3y + 4z = 12
Surface Integral: There are four surfaces for this solid.

z=0, N=-k, F-N=—z jslj0dszo

y=0, N=-j F-N-=-y, js deS:O
2 0.4.0 "
2x+3y+4z:12,N:w,dS— 1+(£}+[2jd/4—£d‘4
J2 4) 16 4
6
1 1 s p2-29) L[ 2x _ X
P pas = 2 s = L =3 02 s 2] a0

Triple Integral: Because div F = 3, the Divergence Theorem yields

JéUdivF v = '[QU3 dv = 3(Volume of solid) = 3{%(Area of base)(Height)} = %(6)(4)(3) = 36.

59. F(x, y,z) = (cos y + ycos x)i + (sin x — xsin y)j + xyzk
S: portion of z = y* over the square in the xy-plane with vertices (0, 0), (a, 0), (a, a), (0, a)

Line Integral: Using the line integral you have:
C:y=0, dy =0

Coix=0, dx=0, z=y% dz=2ydy
C:y=a, dy=0, z=a’, dz=0
Cyox=a, dc=0, z=y dz=2ydy

F.-dr = Ic(cosy+yc0sx)dx+(sinx—xsiny)dy+xyzdz

Icl dx + Icz 0+ JQ (cos a + a cos x) dx + fc4 (sina — asin y)dy + ay*(2y dy)

J:dx + Jj (cos a + acos x) dx + Jj (sin a — asin y) dy + I: 2ay* dy

a

.10 . ; ¥’

= a+[xcosa+ asinx| +[ysina+acosy| +|2a—
5o

: . 2a° 2a°
=a-acosa—asina+asina+acosa-a+— ==

Double Integral: Considering f(x, y, z) = z — »*, you have:
Vi _ itk

N=—-L =22 _—— (4S =./1+4y*dd,and curl F = xzi — yzj.
VA 1+ ay?

So, js [(curl F) - N ds = jo j:2y2z dy dx = jo jo”zy“ dy dx = fozsis dx =
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Problem Solving for Chapter 15 449

60. F(x, ¥, z) = (x - z)i + (y - z)j + x’k
S: first octant portion of the plane 3x + y + 2z = 12

Line Integral:
12 — 3x 3

C:y=0, dp =0, z= . dz = —=dx

1=y )y 2 )

CZ:XzO, dXZO, Z:12_y, dZ:—ldy
2 2

Cyiz=0, dz=0, y=12-3x, dy = 3dx
F-dr:Jc(x—z)dx+(y—z)dy+x2dz

= C[x—12;3x+x2(—gﬂdx+ Icz{y—lzT:‘dy+‘[ [x+ 12—3x ]dx

of 3 5 12(3 4
= L(—Eﬁ +5x—6)dx+ .[0 [7y—6jdy+ IO(IOx—36)dx =8

Double Integral: G(x v,z ) % -z (0,0,6)

C

VG(x, ¥, z) = —%i - %j -k

curl F =i — (2x + 1)j ,0,0)

e v
(0,12,0)

[ J(curt®) - Nas = [* {77 (x - )dyav = [[(-3 + 15x ~12) dv = 8
61. If curl (F) = xi + yj + zk, then diV(curl F) =1+ 1+ 1 = 3, contradicting Theorem 15.3.

Problem Solving for Chapter 15

-25
1. VI = ——=|xi + yi + zk
(@ 5 3/z[m yi + ZI ]

(x2+y2+z
N = xi + V1 - ¥’k
1

1-x

as = dA

2

xz z

X2+ y2 + 22)3/2(1 - x2)1/2 " (x2 + y2 + 22)3/2]dA

Flux = J’S j—kVT "NdS = 25ij j{

2

/2 ¢l x° I-x
= 25kj 12 ,[0|:(x2 + yz + 22)3/2(1 _ xz)l/z + (x2 + y2 + 22)3/2(1 - x2)1/2:|dydx

o5k [ ! ! dy dx = 25k |, i )3/2 dv[" i 12)1/2 dv = 251{?}(3] s Y2m

12 Jo (1 + y2)3/2(1 B x2)1/2 12 6

(b) r(u,v) = (cosu, v, sin u)

r, = <—sin u, 0, cos u>, r, = <O, 1, 0>
r, Xr, = <—cos u, 0, —sin u>
VT = %{xi +)j+ k] = yzlcos ui + vj + sin uk]
(x? + 57 + 22 V41
=25 25

VT - (r, xr1,) = ———(-cos’ u — sin ) = ———

( ) (v2 R 1)3/2( ) (v2 . 1)3/2
Flux = I JZM s dudv = ZSkQ

/3 2
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450 Chapter 15 Vector Analysis

7 Oz

2. (@) z = 1_x2_y,f:—7x,@:¢
x Ji-x oy 1oy

Y oz ? 1
ds = —| +|—| +1d4d = —F/—————
\/(6):) (6)/} NI

=25

VT = 3/2()ci+yj+zk):—25(xi+yj+zk)
(x2+y2+z2)
—Z—Zi—g—zj-rk
X 4 x . y 2 2
N = = i+ J+tkl—-x" -y
2 [\/1—x2—y2 \/l—xz—y2

=xi +yj+J1-x* -’k = xi +yj+zk
L - 1
Flux = [ [-kVT - NdS = k[ [25(xi + yj + 2k) - (xi + yj + zk)ﬁdfl

rdrdf = 50xk

25
= k| |—————dA = 25k
[J By o
(b) r(u,v) = (sin u cos v, sin u sin v, cos u)

r, = <cos u COS v, COS u sin v, —sin u>

r, = <—sin u sin v, sin u cos v, O>
r, Xr, = <sin2 u cos v, sin? u sin v, sin u cos u sin? v + sin u cos u cos’ v>
Hru X Iy H = sinu

27 exf2
Flux = ZSkJO JO sin u du dv = 507k

3. r(t) = <3 cos t,3sin ¢, 21)
r'(t) = (3sint,3cost,2),

r’(t)H = V13
L= [ (3 + 2)pds = joz”(9 sin? 1 + 42 W13 dt = é\/ﬁz(sznz +27)

I, = L(xz + zZ)p ds = "'0271(9 cos®t + 412)\/E dt = %\/B”(n”z + 27)
L= (¢ +)?)pds = [7(9cost 1 + 9sin® (VI3 dir = 18713

2248 2>

t2
4. r(r) = > b
= <t, 1, \/Etl/2>, r'(7)

1
ds = ——(t+1)dt =1
P 1+t(+)

H:t+1
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Problem Solving for Chapter 15 451

5 W*l* 1 62w7 2x% - y? - 2?
SRyt ox’ (x2 + %+ 22)5/2
ow X azw_ 2y? —x* - 2?
0Ox (x2 97 22)3/2 oy? (xz 97 22)5/2
@:_ y 82w: 222 —x* — 7
ooyt 22)3/2 N P 22)5/2
ow z 5 w  Pw  *w
87 = —ﬁ V w = F + 72 + F = 0
z (x +y° +z ) x oy z

1. .
Therefore w = — is harmonic.

6. jy dx + x" dy—JJ[aN—?y/[]dA

For the line integral, use the two paths
Girn(x) =xi,~a<x<a

Cy: r2(x) =xi+Na® - x*j,x =atox = —a

Icl yide +x"dy =0 20t
ICZ yidx + x"dy = J:a {(a2 - xz)n/z + x”az_x_xz} dx /_\!%CZ
I j[ JdA = J I o nx T pyn- leydx K a

(a) For n = 1,3, 5,7, both integrals give 0.

(b) For n even, you obtain

4 1 2
n=2——a n = 4: ——6a5 n=6: —3—a7 n=8 ———
3 1 35 315

(c) If mis odd then the integral equals 0.
7. %J.dey —ydx = 2[ [ — sin 0)(asin 0) d0 — a(1 - cos 0)(a(1 — cos 0)) dﬁ]
=1a Io [Bsinﬁ —sin? @ — 1+ 2cos @ — cos? H}dﬁ = %azjoz”(ﬁsinﬁ +2cosf - 2)db = -3 za’

So, the area is 3 7a.

8. 2‘[ xdy — ydx—2j [ sm2tcost—s1ntcos2t}d :2(%)

So, the area is %.

9.(a) r(r)=1,0<r<1
r(r) =i
W = J'F dr—.fn Sjdt = J-;dtzl
(b) r(t):(t—t)i+tj,03tsl
r'(r) = (1-21)i+
_[;(21—1 [r—t)2+1D (1= 20)i + j) ar
13

jl[l—Zt 2;—;2)+(14 —2 41 +1)Jdt = J.;(t“ — 42 +2t+1)dt T
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10.

11.

13.

Chapter 15 Vector Analysis

(c) r(r)
r'(1) = (1 - 20)i +

ot -2)i+4,0<r<1

Fodr = (c(t = ) + 1)(c(1 - 20)) + (cz(t —2) + 1)(1)

=Mt = 2% + Mt -2 + et + 1

W:JF-dr:icz—lc+l
c 30

12. Area = mab
r(t) =acosti+ bsintj,0 <t <27

r'(r) = —asin fi + b cos fj
— _lpeinsa + L 3
F = stmn + 50 C0s I
F.dr = Bab sin’ ¢ + Lab cos? t] dr = Lab
2z
_ _ 1 _
W = IO F . dr = 5ab(27r) = zab

Same as area.

6
d—W—ic—l—Ozc—é
de 15 6 2
aw 1 5 ..
7 = I >0c¢ = Emmlmum.
F(x, y) = 3x*y%i + 2x’yj is conservative.
f (x, y) = x’y? potential function.
Work = f(2, 4) - f(L1) = 8(16) -1=127
vxr = {a,a,a)x(x,,z)
= <a22 — @Y, —aiz + a3x, )y — a2x>
curl(v x r) = (2a;, 24y, 2a3) = 2v
By Stokes's Theorem,
[ (vxr)dr = [ feurl(vxr)-Nds = [ [2v-Nads.
F(x, y) = M(x, y)i + N(x, »)j = #yzsn[“yi (27 - xz)ﬂ
3 _
%—A):[ = 3mxy{—§(x2 + yz)_7/2(2y)} + (x2 + yz)_5/2(3mx)
— 3mx(x? — 42
= 3mx(x2 + yz) 7/2[—5)/2 + (xz + yz)J B (xz( + y2)7/2 )
2 2
P iy
(]
(Z—N = m(Zy2 - x2)[—§(x2 + y2)77/2(2x)} + (x2 + yz)is/z(—me)
x
= mx(x2 + y2)77/2[(2y2 — xz)(—S) + (xz + yz)(—Z)J
- 3mx(x? — 4y°
- mx(x2 + yz) 7/2(3x2 - 12y2) B (xz( + y2)7/2 )
So, a—N = 6—M and F is conservative.
Ox
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CHAPTER 16

Additional Topics in Differential Equations

Section 16.1 Exact First-Order Equations

1. (Zx + xyz)dx + (3 + xzy) dy =0

au

= 2xy
oy
ON
— = 2x
ox Y
aﬂ = — Exact
Oy Ox

2. (1—xy)dx+(y—xy)aj/:0

oM
— =X
oy
N _
Ox 4
oM ON
—— # — Not exact
oy ox
3. xsinydx + xcosydy =0
oM _ X cos
oy 7
N _ cos
Ox 7
OM  ON
—— # — Not exact
oy ox

4. ye¥ dx + xe¥ dy = 0
am

= eV + xypeV
oy 7
ON
— =Y + xye¥
ox 7
a—M = a—N Exact
oy Ox

454

5. (2x —3y)dx + (2y - 3x)dy =0

oM ON

— = -3 = — Exact

Oy Ox

f(x, y) = IM(x, y) dx
= I(2x -3 y) dx

= x> - 3xy + g(y)
[ ) = B3x+ ¢'(v)

=2y -3x = g'(y) =2y
=gy) =y +C

f(x,y)=x273xy+y2+Cl
¥ -3xy+y* =C

. yetde+etdy =0

om =e' = 6—N Exact

E3 ox

S(ry) = [N(xy)dy = e dv = ye' + g(x)
[l y) = ye' + ¢(x) = ye = g'(x) = 0
= g(x) = G

f(x,p) = ye +C
ye* =C

. (3y2 + 10xy2)dx + (6xy -2+ 10x2y) =0

Z—A):[ =6y + 20xy = %\c] Exact
f(x, y) = IM(x, y) dx = j(3y2 + 10xy2)dx

3xp* + 5x%y% + g(»)

f(x,y) = 6xy +10x%y + g'(y) = 6xy — 2 + 10x°y
> g =—2=>¢g0)=-2y+C

f(xy) =307 + 5% =2y + G

3x? +5x%y =2y =C
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8. 2cos(2x — y)dx — cos(2x — y)dy = 0

10.

11.

oM
oy

ON
ox
2 sin (2x - y) Exact
f(x, y) = IM(x, y) dx

= IZ cos (2x — y)dx = sin(2x — y) + g(»)

2sin (2x — y) =

1i(x,»)

—cos(2x — y) + g'(»)

—cos(2x —y) = g'(y) = 0= g(y) = G
f(x,y) = sin(2x — y) + G

sin(2x - y) =C

. (4x3 - 6xy2)dx + (4)/3 - 6xy) dy =0

oM = —12xy
oy

ON

= - 6

ox Y
Not exact

2yze)‘y2 dx + 2xye"y2 dy =0

oM 2

— = 4x® + y)e®

M )

ON 2

— =2(x* + y)e¥

= 2wt )
Not exact

—y X
dx + dy =0

PR PR Y

2 _ 2
oM _ y -x" _ON o

(a2 y2)2 E3

fvy) = [M(x, ) dv = ‘a“”a“(;j *&b)

filxy) =

Section 16.1 Exact First-Order Equations 455

12. xei(xzﬂlz) dx + yei(xzwz) dy =0
oM = —2xyei(xz+yz) = oN Exact
oy ox

f(x, y) = IM(x, y) dx

= j‘xei(xzwz) dx = —%ei(xzwz) + g(y)

(xz +yz) —(xz +y2

) = e gy < 2t S ) 0

2 2
13.[ 24 jdx+( al ]dyzO
x-y x—y

oM 2xy
> (=)
ON _ 2xy
(-

Not exact

14. ye’ cos xy dx + ey(x cos xy + sin xy) dy =0

oM, , L

<, = ¢ cosxy + e’ cosxy — xye” sin xy
Y

N .

= = [cos xy — xy sin xy + y cos xy]
x

6—M = 6—N Exact

oy Ox

flxy) = IM (x, ) dx
= Iyey cos xy dx = e’ sinxy + g( y)

fy(x’ y) = e’ sin xy + xe’ cos xy + g'(y)
= ¢ =0=g(y) =G

f(x, y) =e’sinxy + G

e’ sinxy = C

© 2010 Brooks/Cole, Cengage Learning



456 Chapter 16 Additional Topics in Differential Equations

15. (a) and (c)

. 1 ]
EES
(b) (2xtany + 5)dx + (x2 sec? y) dy =0, y(%j -

oM _ 2xsec’ y = N = Exact
oy ox

f(xy) = IM(x, y)dx = I(2x tan y + 5) dx
= x> tan y + 5x + g(y)

fi(x,y) = x*sec’ y + g'(y)
= x?sec’y
=>g()=0=¢0)=C

f(x,y) = x*tany +5x = C
1z 1 5 11
- = =—+Z ="—=C
(35)-1+3

11
Answer: x*tan y + 5x = "

16. (a) and (c)

(b) 2xydx + (x2 + cos y) dy =0,)(1) =«

aﬂ =2x = a—N Exact
Oy Ox

= g'(y) = cosy
= g(y) =siny + C

f(x,y) = x2y +siny + C
x*y +siny = C
fLzx)y=n=C

Answer: x’y +siny = 7

17. (a) and (c)

y 6

18. (a) and (c)

dy = 0,y(4) = 3
\/x2+y2y »)
= Exact
:J' * dx
X2 + y?
= o+ ) v

Il

=

(¥}
1

<
(S}

+

0Q
—

<
~

I
U
oq\
S
I
S
U
N
=
I
@)

fley) =~Jxt +y* =
fB34) =P +4 =25=5=C

Solution: /x> + y* = Sor x*> + y* = 25
8
N
-12 ’_WK 12
-8
(b) (x2 - y)dx + (y2 - x)dy =0,y4) =5
oM =-1= oN Exact
Oy Ox
f(xy) = [M(x, y)dx

f(45)=43=cC

3

Solution: x* + y* — 3xy = 129
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19.

20.

21.

Section 16.1 Exact First-Order Equations 457

2 2 -
yldx+[ln(x—l)+2y]dy:0 22. (x* +)?)dx + 2xpdy = 0
X —
oM ON
oM 1 ON — = 2y = — Exact
— = = — Exact oy Ox
Oy x -1 ox

f(x.y) = [M(x.y)dr = yIn(x = 1) + () f(%y) = [M(x, y)dx

£ 3) = (e - 1) + &) o) = S e ()
= g'(y) =2y = g(y) =y +G fy(x,y) = 2xy + g'(y) = g'(y) =0= g(y) =C
f(x, y) = yln(x - l) + y2 + G

3
f(ny) =+ 0+ G
yln(x—1)+y2=C 3

3

y(2) =44m2-1)+16=C = C =16 x?+xy2:C
Soluion: yIn(x 1) + y* = 16 W) =L9+3=12=C
= Y x +x? =12
dx + dy =0 - =
x2 + y2 )C2 + yz y 3
oM —2xy ON Solution: x* + 3xy? = 36
— = ———— = — Exact

2
oy (x2 + y2) ox 23. (2xy - 9x2)dx + (Zy + 37+ 1) dy =0

f(x, y) = J.M(x, y)dx oM oN
1 E =2x = g Exact
=sz 5 =Eln(x2+y2)+g(y)
Yy f(x,y) = JM(x, y)dx = J(ny - 9x2)dx
y : ~
Hwr) =z +8) = X%y =3¢ + g(v)
_ 2 o) — 2
=g =0=20)=G flxy) =2 +g(y) =2y +x +1
L2 = gy)=2r+1
f(x,y)—Eln(x +¥)+ 6 = g(y) =y +y+G
ln(x2 + y2) =C flny) =Xy =32 + 32 + y + G
y(O) =4 ln(16) =C Xy -3+ +y=C
In(x? + y*) = In16 y0)=-39-3=6=C
Solution: x* + y* =16 Solution: x’y —3x* +y* +y =6
(e_“ax sin 3y)dx + (eS)c cos 3y) dy =0 24. (2xy2 + 4)dx + (2x2y - 6) dy =0
oM ON
86—1;[ = 3e* cos3y = %\c{ Exact E =4y = . Exact
f(xy) = jM(x, y) dx flxy) = IM(x, y)dx

— 2 _ 2.2
= J‘esx sin3y dx = %eh sin3y + g() - I(ny + 4)dx =Xy’ +4x + g(y)

fi(xy) =22 + g(y) = 2x% - 6 = g'(y) = -6

f(x,y) = € cos3y + g'(y)
! = g(y) = -6y + G

=g =0=¢0)=¢
f(x,y) = xzy2 +4x - 6y + C

R
f(x,y)—se sin3y + C; W+ dr—6y = C

e¥sin3y = C y(—l)=8:1+64—4—48:13:C
y(O) =7 C=0 Solution:
Solution: €** sin3y = 0 x>+ y? +4x -6y =13
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458 Chapter 16 Additional Topics in Differential Equations

25. ydx—(x+6y2)dy =0

(oN/ox) — (oM /dy) _ 2

m S k(»)

. ) - 1
Integrating factor: eIk(y Vb e

28.

(5x2 - yz)dx +2ydy =0

(oM)oy) — (aN/ox) h(x)
N

—X

Integrating factor: e ) e

Exact equation: 1 dx — [xz + 6] dy =0
y

X _6y=cC
y
26. (2" + y)dx —xdy = 0
(eM/ay) — (6N /eéx) _ 2 ()
N b
Integrating factor: eIh(x)dx = e = Lz
x
Exact equation: (2x + %) dx — 1 dy =0
X X
flxy) =+ - % +g(y)
gv) =0
g(y) =G
2-2-c
x
27. (Sx2 - y)dx +xdy =0
(0M/dy) — (ON/ox) _ 2 ()
N X
Integrating factor: i _ g2 iz
x

Exact equation: (5x2 -y ) dx + 2ye ™ d)

F(5y) = —5x%e -
g)=0
g(y) =G
yle ™ — 5x% ™ —10xe™ — 10 = C
29. (x + y)dx + (tanx)dy = 0

(@M/ay) — (oN/ax)

N —tan x = h(x)

i(x) v — plncosx

Integrating factor: ej

10xe™ — 10e™ + y

e = COS X

ly =0

4+ g(y)

Exact equation: (x + y)cosxdx + sinxdy = 0

f(x,¥) = xsinx + cos x + ysinx + g()

g)=0
g(y) =G

xsinx 4+ cosx + ysinx = C

30. (2% —l)dx + X’ dy = 0

(OM/ey) — (NJ&x) _ 1 _
N X

Integrating factor: ejh( Vb Gnlt) 2 2
x

. 1
Exact equation: [2xy - fj dx +x*dy =0
x

gl)=0
g(y) =G
x*y — In|x|

31. y2dx + (xy - l)dy =0

(on/ox) — (oM/ay) _ 1
M y

= k(»)

Integrating factor: ejk(y)
y

Exact equation: y dx + (x - 1] dy =0
y

f(xy) =+ g(»)
g(y) =—

g(y) = —ln‘y‘+ C
- ln‘y‘z C

dy _ eln(l/y) _ l
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Section 16.1 Exact First-Order Equations 459

32. (x? + 2x + y)dv + 2dy = 0 35. (4x?y + 2y) dx + (3x° + 4xp)dy = 0
(0M/dy) — (oN/éx) _1 h(x) Integrating factor: x)?
N 2

Exact equation:

iy _ (4x3y3 n 2@’4) dy + (3x4y2 + 4x2y3)dy =0

Integrating factor: e

Exact equation: (x2 + 2x + y)e)‘/ 2dx +2e"dy = 0

flny) =2+ X + g(y)
f(x, y) = 2(x2 —-2x +4 + y)e)‘/2 + g(y) g'(y) =0
g) =0 g(y) =G
g(y) = QG x4y3 + x2y4 =C

2 X2 _
(2 —2x+ 4+ yle C 36. (3y% + Sx’y)dx + (3 + 2x°)dy = 0

33. 2ydx + (x - sin\/;) dy =0 Integrating factor: x%y
(oN/éx) — (oM /ay) e ) Exact equation:
M 2y (3)62)/3 + 5x4y2) dx + (3x3y2 + 2x5y) dy =0
Integrating factor: efk(y)dy = eln(l/\/;) = 1 f(x, y) =2y + 0+ g(y)
Jy ,
g)=0
Exact equation: 2\/; dy + (\77 - s1r\1/\l;de =0 gly) =G
y y Py =C
f(xy) = 2/vx + g()
sin\/; 37. (—y5 + xzy)dx + (2xy4 - 2x3)dy =0
g) = -
Jr Integrating factor: x 2y~
g(y) =2 COS\/; +G Exact equation:
2
\/;x+cos y=0C [—yz+12]dx+[2y—2x3jdy=0
x X v
34. (—2y3+1)dx+(3xy2+x3)dy:0 f(x )_Lz+i+ ()
(0M/dy) — (6N/ox) =3 () Y X 7 T8V
N x g =0
3 —
Integrating factor: eIh(X)dX = eln(l/x) = % g(y) =G
X 2 X
L + 7 = C
X y

h.3 2
Exact equation: ( 2y + 13J dx + [3)} + lj dy =0

X3 X x2

38. -y dx + (xy2 - xz) dy =0

3
y 1
fxy)==5--—=+sgl
(x) x? o 2x? () Integrating factor: x 2y~
gl) =1 —y 11
g(y) =y+C Exact equation: e dx + (x - yzj dy =0
3
A S
RS G fley) =2+ 2()
g0) = -
yZ
f)=1+6
y
X + l — C
x oy
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460 Chapter 16 Additional Topics in Differential Equations

39, ydx —xdy =
1 1 oM 1 ON
(@ 5 ddi——dy =00 = =Y
X7 x X oy X ox
11 X oM -1 ON
b S —dx-—dy =0, —=—=—
vy y &y oy
© Ly Ly g M o
Xy x y Oy Ox
1 y b
d , d dy =0,
()x2+y2x2+y2x xz+yzy
oM _ & -y _ON
oy (x2+y2)2 Ox

40. (axy2 + by)dx + (bxzy + ax) dy =0

. oM oM oM
Exact equation: e = 2axy
y

X

Integrating factor: x"y"

(axm+1yn+2 + bxmyn+l)dx + (bxn1+2yn+l + axm+1yn)dy =0

%—M = a(n + 2)x""'y"" + b(n + 1)x"y" a(n +2) = b(m +2)
y

ON m+1_ n+l m..n

Ezb(m+2)x y +a(m+1)xy b(n+1)=a(m+1)

abn — b*m = Zb(b - a)

an—bm:Z(b—a)
abn — a’m = a(a - b)

bn—am =a—-b

(az—bz)m = —(2b+a)(a—b)
2b + a
m=—
a+b
bnfa[wazafb
a+b

~2ab — a* + a* — b* _ —b(2a + b)
a+b  a+b

2a + b

a+ b

bn

41. 42.

y . x .
F(x’ y) = \/)C2 N yz‘ \/x2 n sz
X
dx_;
ydy + xdx =0

b _

V¥+x2=C

Family of circles

4

N2

+b’aiN = 2bxy+a,7 :—onlyifa = b.
ox oy a

x . y .
F(x,y) = 11— J
(x7) NI P

@ _ Y

dx X
xdy +yde =0

xy =C
Family of hyperbolas

.|
<7

—4
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Section 16.1 Exact First-Order Equations 461

dy y-x
= 42vi — 2 X 45, 2 = 2 °
43. F(x, y) = 4x“yi [2xy + yzjj a3y —x
& -y | (x = y)dc+(3y —x)dy = 0
575_4@3 aﬂ:_l:aﬂ
3 2 Gjy 6x
284y+1dy:_;dx : x?
v fley) ==~ +g(y)
1
4 = — '
ln(2y + 1) = ln(xzj +InC g(y) =3y
3 2
2y4+1:£ g(y):L"'Cl
x? 2
2yt +x2 = C x? - 2xp +3y? = C
2 Initial condition: y(2) = 1,4 -4+3 =C,C =3

a
1]
[
I
=)

Particular solution: x*> — 2xy + 3y = 3

v=2 46. dy _ —2xy
2 dx X2+ y?
2xydx + (x* + Yy} dy = 0
44. F(x,y) = (1+2%)i - 2w v+ (x + 57) dy
v, e
& _ 2w oy ox
dc 1+ x2 )
1 2x S y) = 'y + g(v)
7dy = - 2 ’ — 2
y 1+x gl) =y
hy=t[——|+hc ()—y3+c
Y 1+ x? V)= 3 !
y = ¢ 3%y +y P =C
- 2
L Initial condition: y(O) =28=C
4
Particular solution: 3x%*y + y* =8
-6 6

2y —10x  ydx
(20xy = y?) v + (10x? = 2xy)dy = 0

47. E(x) = 20x -y _xdy

oM =20x - 2y = oN
Ox
f(x, y) = 10x2y - xy2 + g(y)
g =0
g()’) =G

10x%y — xy* = K

Initial condition: C(100) = 500,100 < x, K = 25,000,000
10x?y — xy? = 25,000,000

xp? — 10x%y + 25,000,000

0 Quadratic Formula

1022 + \/100x* — 4x(25,000,000) 5(x2 + A/t - 1,000,000)6)

<
Il

2x X
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462 Chapter 16 Additional Topics in Differential Equations

48.

% + P(x)y = Q(x)
dy + P(x)y dx = Q(x) dx
[P(x)y - Q(x)] dx +dy =0

M(x, y) = P(x)y - Q(x) and N(x, y) =1
V(o) - () P~ €] 410

. N (x, y) - 1
- Py

By Theorem 16.2, u(x) = I i an integrating factor.

49. (a) y(4) ~ 05231

2

“"-\-..\_\_\_\_\_\_

ah —
b Lo

dx  x* + y?

xy dx + (x2 + yz)dy =0
1 1 1 .
E[NX - My] = 5[2)( -x] = ;funcﬁon of y

alone.

Integrating factor: A _ gy _ y
xp? dx + (xzy + y3)dy =0

2

2
fxy) = [otdr = ny +g(»)
4
fHxy) =3y + g (y) = gly) = y? + G
x2y2 y4
= L -¢
S(x ) >
4 1 9
Initial dition: y(2) =1, —+ —===C
nitial condition y() 2+4 4
2.2 4
Particular solution: ol zy + yj = —or

2x%y% + y* = 9.
For x = 4,32 + y* =9 = y(4) = 0.528

© 2

\

50. () ¥(5) ~ 6.6980

dy _ 6x+ ¥?

dx y(3y - 2x)

(6x + yz)dx + (2xy - 3y2)dy =0
oM _ ON

— = 2y = — Exact
Oy 7 ox

f(x, y) = J.(6x + yz)dx =3xr + x° + g(y)
fi=20+g()=el)=-"+G

f(x,y) =3xr+x? -y’ =C

Initial condition: y(O) =l=-1=C

(b)

Particular solution: 3x% + xy? — y° = -1
For x =5,75+5y> =3  +1=0 = y = 6.695.
(c) 16
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51. (a)

(b)

(©

¥(4) ~ 0.408

2

Y
dx  x* + y?

xya’x-&—(x2 +y2)dy =0

1 1
EI:NX - My:l = 5[2)( — x]

1 .
— function of y alone.

y
Integrating factor: el _ gny _ y
xp? dx + (xzy + y3)dy =0
2 x’y?
fw9) = fotdv = ==+ g(y)
e
Liley) =2y + () = 8(y) =+ G
22
x,y) = +—=C
f( y) 2 4
Initial condition: y(2) = 1,i + 1.2 C
27474
2.2 4
Particular solution: 22— + 2 = 2 or
2 4 3
2%y + 34 =9

For x = 4,32y + y* =9 = y(4) = 0.528

~—

=

The solution is less accurate. For #49, Euler’s
Method gives y(4) = 0.523, whereas in #51, you

obtain y(4) =~ 0.408.The errors are

0.528 — 0.523 = 0.005 and
0.528 — 0.408 = 0.120.

Section 16.1 Exact First-Order Equations 463

52.

53.

54.

55.

56.

57.

(a) y(s) ~ 6.708

16

. ‘_//6

-2

(b dy _ 6x + 2
dx  y(3y - 2x)

(6x + yz) dx + (ny - 3y2)dy =0

oM =2y = oN Exact
Oy ox

f(xy) = _[(6x + yz)dx =3 + x° + g(y)
fi=20+2g ()= e) = +G
f(x,y) =3x*+x? -y’ =C
Initial condition: y(O) =1l=-1=C
Particular solution: 3x* + xy? — ° = -1
For x = 5,75+ 52 =3 +1= 0 = y = 6.695.
(c) 16

L

-3 6

2
The solution is less accurate. For #50, Euler’s
Method gives y(5) ~ 6.698, whereas in #52, you
obtain y(5) ~ 6.708. The errors are

6.695 — 6.698 = —0.003 and
6.695 — 6.708 = —0.013.

If M and N have continuous partial derivatives on an
open disc R, then M(x, y)dx + N(x, y)dy = 0 is exact

if and only if oM = a—N
oy Ox

See Theorem 16.2.

False

aﬂ = 2x and a—N = 2x
Oox

False

ydx + xdy = Ois exact, but xy dx + x*dy = 0is not

exact.
True
0 oM .8 N
L/ () + M] = Z5and () + N] =
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464 Chapter 16 Additional Topics in Differential Equations

58. True 61. M = g(y) sinx, N = yzf(x)
0 0
9] - 0and 2 =0 oM , . ON ,
ay[f(x)] an ax[g(y)] > = g'(»)sinx, Fo ¥ f(x)
59. M = xp* + kx’y +x*, N = x> + x%y + )? 86—1:[ = Z—])\C{: g'(y)sinx = f'(x)y*
oM ON
— =2+ kP, = =3x*+2 , 3
o o - g0) =y =) =5 +G
oM _ON _ 4 -3 f(x) = sinx = f(x) = —cosx + G,
Oy Ox
. ] 62. M = g(y)ey,N = xy
60. M = ye* + 2x, N = kxe*™ — 2y oM o
—— =8We’ +ey)e’.—— =y
%\/[ =™ 4+ 2xyez”’,aa—N = ke®™ + 2kxye*™ oy ( ) ( ) Ox
X
gv)e’ + g(ye” =y
oM  ON
— =—=k=1 T
o [g()e’] =

Section 16.2 Second-Order Homogeneous Linear Equations

1. y = Ce™ + Coxe™
V' = =3Ce™ + Ce™ — 3Cxe™
V' = 9Ce™ — 6C,e3* + 9C,xe”>*
Y+ 6y + 9y = (9Cie™ — 6Coe™ + 9Cyxe ™) + (—18Cie™ + 6C,e ™ — 18Cyxe ™) + (9Cie™ + 9Cxe ™) = 0

y approaches zero as x — oo.

6

N
S — x
ﬂ: 2 4 6

2. y = Ce* + Ce™ 3. y = C cos2x + C, sin 2x
V' = 2Ce — 2C,e y' = =2C; sin 2x + 2C, cos 2x
V' = 4CeH + 4G = 4y y" = —4C, cos 2x — 4C, sin 2x = —4y
V' 4y =4y —4y =0 V'+4dy =-4y+4y =0

The graphs are basically the same shape, with left and

The graphs are different combinations of the graphs of right shifts and varying ranges.

e**and e

y
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4. y = Cle* cos3x + Cre *sin3x = e’""(Cl cos 3x + C, sin 3x)

10.

Section 16.2 Second-Order Homogeneous Linear Equations

¥ = —e(C cos 3x + C, sin 3x) + e™*(=3C; sin 3x + 3C, cos 3x)

= ¢ *[-C; cos 3x — C, sin 3x — 3C, sin 3x + 3C, cos 3x|
V" = —e*[-C, cos 3x — C, sin 3x — 3C; sin 3x + 3C, cos 3x]
+ e7[3C; sin 3x — 3C, cos 3x — 9C; cos 3x — 9C, sin 3x]
V' + 2y +10y = ¢[C cos 3x + C, sin 3x + 3C,; sin 3x — 3C, cos 3x
+ 3C,; sin 3x — 3C, cos 3x — 9C; cos3x — 9C, sin Sx]
+ 2¢7*[~C, cos 3x — C, sin 3x — 3C, sin 3x + 3C, cos 3x]
+ IOe’"”[Cl cos 3x + C, sin 3x] =0

y approaches zero as x — . The graphs are the same only reflected.

.y”—yl=0

Characteristic equation:

Roots: m = 0,1

y =G + Ce*

.Y 42y =0

Characteristic equation:
Roots: m = 0,-2

y=C + Ce™

LY =y -6y =0

Characteristic equation:

Roots: m = 3,-2

y = Ce* + Ce™

.Y +6Y +5y =0

Characteristic equation:

Roots: m = —1,-5

y = Ce™ + Cye™

. 2y"+ 3y =2y =0

Characteristic equation:
Roots: m = £,-2

y = Cle(l/Z)x + C2672x
16y" —16y" +3y =0
Characteristic equation:

o 13
Roots: m = iy

y = G 4 Crel¥H

m? +2m =0

m —m-6=0

m> +6m+5=0

2m*> +3m -2 =10

16m* —16m +3 =0

11.

12.

13.

14.

15.

16.

V'+6y +9y =0

Characteristic equation: m? + 6m + 9 =

Roots: m = -3,-3

y = Ce™ + Cuxe ™

y'=10y"+ 25y =0

Characteristic equation: m* — 10m + 25

Roots: m = 5,5

y = G + Cyxe™

16y" -8y +y =0

Characteristic equation: 16m* — 8m + 1 =

Roots: m = %,%
y = GV 4 Cpxel

9" —12y"+4y =0

Characteristic equation: 9m? — 12m + 4

. =22
Roots: m = 53

y = G 4 Cyxel

Vi+y=0

Characteristic equation: m* +1 = 0

Roots: m = —i,i

y = C cosx + C,sinx

V'+4y =0

Characteristic equation: m> + 4 = 0

Roots: m = -2i,2i

y = Cycos2x + C, sin 2x

465
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466 Chapter 16 Additional Topics in Differential Equations

17. y" =9y =0 25. y(4)—y=0

Characteristic equation: m* — 9 = 0 Characteristic equation: m* — 1 = 0

Roots: m = -3,3 Roots: m = —1,1, —i, i

— 3x —3x

y=Ge? + Ge y =Ce" + Ce™ + Cycosx + C,sinx

18. " -2y =0
. o, 26. Y9 -y =0
Characteristic equation: m~ — 2 = 0

Roots: m = — \/E, J2 Characteristic equation: m* — m* = 0

Roots: m = 0,0, 1,1
y = Cleﬁx + Cz’ﬁ""
y=C + Cx + Ce* + Cye™
19. " -2y ' +4y =0

Characteristic equation: m? — 2m + 4 = 0 27. 7 - 6y" + 11y -6y = 0

Roots: m = 1 — ~/3i.1 + ~/3i Characteristic equation: m> — 6m? + 11lm — 6 = 0

Roots: m =1,2,3
y = e"(Cl cos/3x + C, sin \/gx)
y = Ce* + Cye™ + e
20. ' —4y"+21ly =0

28, " _ " _ ’ + — 0
Characteristic equation: m> — 4m + 21 = 0 4 oy

foti CHI
Roots: m = 2 — ~/174,2 + ~/17i Characteristic equation: m” — m

Roots: m = —1,1,1
y = e‘b‘(C1 cos~/17x + C, sin \/17x)

Z-m+1=0

y = Ce* + Cyxe® + Cye™
21. Yy"'=3)y'+y =0
29. y" =3y"+ 7y -5y =0
Characteristic equation: m*> —3m +1 = 0

_3—\/5 3+4/5

Characteristic equation: m*> — 3m?> + 7Tm — 5 = 0

Roots: m = T Roots: m = 1,1 — 2i,1 + 2i
)= Cle[(%ﬁ)/z]x . Cze[s-ﬁ/z]x y = Ge* + e*(C, cos 2x + C; sin 2x)
22. 3" +4y -y =0 30. Y =3y"+3y' -y =0
Characteristic equation: 3m* + 4m —1 = 0 Characteristic equation: m* — 3m* + 3m —1 =0
2-J7 2+7 Roots: m = 1,1,1
Roots: m = 3 , 3

y = Ce* + Coxe* + Cyx’e”
Cle[(izhﬁ)/ 3])‘ + Cze[(iziﬁ)/ 3}‘

= 31. )" +100y = 0
23. 9y" —12y" + 11y = 0 y = C,cos10x + C, sin 10x
Characteristic equation: 9m* — 12m + 11 = 0 »" = —10C; sin 10x + 10C, cos 10x
Roots: m < 2F \/71" 2 -7 @ y0)=22=C¢
3 3 Y(0)=0:0=10C, = C, =0
y = eﬂm’{C} COS[fXJ + G Sin[\/j xﬂ Particular solution: y = 2 cos10x
(®) »(0)=0:0=¢
4. 2y" -6y +7y =0 y(0)=22=10C = C, =1

Characteristic equation: 2m?> — 6m + 7 = 0

3450 3-+/5

Particular solution: y = %sin 10x

Roots: m 5 5 (© »0)=-L-1=¢
0)=33=10C, = C, =3
(3/2)x 5 (/5 7 ) 2 2710
y=e C, cos| —x | + C, sin| —x . . 5
2 2 Particular solution: y = —cos 10x + 7o sin10x
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32.

33.

36.

37.

y = Csin V3t
y' = \/EC cos \/gt
y" = =3Csin \/gt

V" + wy = -3Csin 3t + wsin /3t
0= w=3C

53

¥(0) = -5 -5 =3¢ = C = = and

Section 16.2 Second-Order Homogeneous Linear Equations 467

34. y' =7y +12y =0, y(O) =3, y'(O) =3
Characteristic equation: m> — 7m + 12 = 0
Roots: m = 3,4
y = Ce¥ + Coe*, )y = 3Ce*™ + 4Ce™

Initial conditions:
y(O) =3, y’(O) =3 C+GC, =3,3C +4C, =3

Solving simultaneously: C, = 9,C, = -6

Particular solution: y = 9¢** — 6e**

y' =y =30y =0, y(O) =1, y’(O) =4

35. y" +16y =0, y(0) = 0, y'(0) = 2

Characteristic equation: m> — m — 30 = 0

Roots: m = 6,-5

Characteristic equation: m? + 16 = 0

Roots: m = +4i

y = Ce® + Ce™*, Y = 6Ce* — 5C,e>*

Initial conditions:

y = C cos 4x + C, sin 4x

¥0) = 1, y(0) = —4, 1 = G, + C,, -4 = 6C, - 5C, ¥ = —4C; sin 4x + 4C, cos 4x
Initial conditions: y(0) = 0 = C
. . 1 10
Solving simultaneously: C; = —, C, = — ) ]
11 11 y(O):2:4C2:>C2:5

Particular solution: y = %(e‘”‘ + 106’5")

V' + 2y +3y = O,y(O) =2, y’(O) =1

Particular solution: y = £ sin 4x

Characteristic equation: m? + 2m + 3 = 0

9+ _
Roots:m:M:—liﬁi

2

y = e""(Cl cos</2x + C, sin \/Ex)

y' = e’x(—CI\/E sin /2x + sz/z cos \/Ex) - e"‘(Cl cos~/2x + C, sin \/Ex)

Initial conditions: y(O) =2=C

y'(O) =1

Particular solution: y = e”‘(2 cos~/2x +

9y" -6y +y =0, y0) =2, y(0) =1

Characteristic equation: 9m* — 6m + 1 = 0

. _ 11

Roots: m = 33

y = G 4 Cpxel

yr _ %C]e(l/?s)x + %sze(l/l)x + Cze(l/l)x

Initial conditions: y(0) = 2, y'(0) =1

C =2
) =G =2GC=1
§C1+C2=1

x/3 3

Particular solution: y = 2¢%° + %xe"/

CV2-C=CV2-2=0G, =

5

3 .
——=sin \/Ex
5

38. 4" + 4y +y =0, y(0) =3,)(0) =1
Characteristic equation: 4m? + 4m + 1 = 0
2m+1} =0

e 1 1

Roots: m = —3,—5

y = G+ Cyxel

yv — _%Cle(fl/Z)x _ %sze(fl/Z)x + Cze(fl/Z)x

Initial conditions:
y(O) =3=C
y'(O):I:—%Cl-rCZ = G :%

Particular solution: y = 3¢7? + %xe’""/2
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39.

40.

41.

42.

Chapter 16 Additional Topics in Differential Equations

V' =4y +3y =0, y(O) =1, y(l) =3
Characteristic equation: m> — 4m + 3 = 0

Roots: m = 1,3
y = Ce* + Cye™
y0) =1 C +C =1

y(l) =3 Ce+ Ce® =3

3
. . e’ -3 3-e
Solving simultaneously, C; = — ;G = 5
e’ —e e —e
. e -3 3-e 5,
Solution: y = — et + ———e”
e —e e —e

49" +y =0, y(O) =2, y(ﬂ') = -5
Characteristic equation: 4m> + 1 = 0
Roots: m = i%i

y = G cosLx + Cysindx
w0)=2¢ =2
y(;z') =-5C =-5

Solution: y = 2cosdx — 5sinlx

V' +9y =0, y(0) =3, y(7) =5
Characteristic equation: m> + 9m = 0
Roots: m = £3i

y = C, cos3x + C, sin 3x
y(0)=3C =3

yz)=5-C =5

No solution
4y" + 20y + 21y = 0, y(O) =3, y(Z) =0

Characteristic equation: 4m? + 20m + 21 = 0

Roots: m = 73, ,Z
22

y = Cle(—S/Z)x + Cze(—7/2)x
W0)=3C+C =3

y(2) =0:Cel +Ce’ =0=C +Ce =0

Solving simultaneously, C; = —— T C, =
e

-3 364
Solution: y = — > (¥ 4 ¢
7 et -1 et —1

43.

44.

45.

46.

47.

48.

49.

4y" - 28y" + 49y =0, ¥(0) = 2, y(1) = -1

Characteristic equation: 4m? — 28m + 49 = 0

Roots: m = Z,Z
22

y = G 4 CyxePx
y(O) =2C =2

W) = -1 Ce? + e = -1 C, =
1 9,72
Solution: y = 2¢"/2% 4+ (lzejxewz)x

V' + 6y +45y =0, y(O) = 4, y(iz) =38

Characteristic equation: m?> + 6m + 45 = 0

6 + ~/ —
Roots:szz%i&

y = Cie™>* cos 6x + Cye™* sin 6x
W0)=4¢C =4

y(ﬂ') =8 —Ce? =8

No solution

No, it is not homogeneous because of the nonzero term
sin x.

Answers will vary. See Theorem 16.4.

Two functions y, and y, are linearly independent if the
only solution to the equation C,y;, + C,y, = 0is the
trivial solution C;, = C, = 0.

V' +2ky+ky =0

Characteristic equation: m?> + 2km + k = 0
0 + ~/4k2 —

mzwz_k+«/k2_1

(a) For k < —land k > 1, k> — 1 > 0and there are 2
distinct real roots.

(b) For k = 1, k2 —1 = 0and the roots are repeated.

(c) For -1 < k < 1,the roots are complex.

By Hooke’s Law, F' = kx

poF 32

x 23
Also,F:ma,andm:E:Q:I

a 32

So, y = %COS(“\/EI)
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50.

51.

53.

Section 16.2 Second-Order Homogeneous Linear Equations 469

By Hooke’s Law, £ = kx 52. y = G cos(4/3t) + C; sin(44/31)
F 32
k=t =22 s,
x 23 ; Initial conditions: y(0) = %, y'(0) = —%
F 32
Also,F:ma,andm:;:S—zzl. y(o):q:%
So, y = ‘% cos(4/31). V(1) = ~4/3C;sin(4/31) + 4-/3C; cos(4/31)
1 1
V(0)=4/3C, = == C = —+
vy =Gq cos(« /k/mt) + G, sin(« [k/m t), 2 83
JkIm =48 = 43 W) = fcos(4\ft) \/— sm(4\ft)
Initial conditions: y(0) = —%, y'(0) = %
vy =G cos(4\/§t) + C, sin(4\/§t)
2
J’(O) =G = 3
( ) = —4\/— G sm(4\/§t) + 4\/— C, cos(4\/_t)
L -1 3

w(1) = —% cos(4\/§t + —3 (4\/—t)

By Hooke’s Law, 32 = k(2/ 3), so k = 48.Moreover, because the weight w is given by mg, it follows that
m = w/g = 32/32 = 1. Also, the damping force is given by (—1/8)(dy/d). So, the differential equation for the

oscillations of the weight is
d*y 1( dy
m —=| = ——|-48

( dr? } 8[ dt g
2

m d—f + (dy j + 48y

dt dt
In this case the characteristic equation is 8m> + m + 384 = 0 with complex roots m = 1/16 («/12 287 / 1 6)

M) - /[ AT ¢, g, wm?t]
16 )

I
e

So, the general solution is y

Using the initial conditions, you have y(O) =C = %
y’(t) = e 7ﬂ€1 _ & sin \/12’28% + \/12’287 G, - o] COsM
16 16 16 16 16 16
yr(o):ﬂcz—Q=0:>C2:ﬂ
16 16 24,574

and the particular solution is

—1/16
o~ (COS 122870 12287 \/12,287t}

e LT 12,287 16
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54. By Hooke’s Law, 32 = k(2/3),s0 k = 48.Also, m = w/g = 32/32 = 1. The damping force is given by (~1/4)(dy/dr). So,
d*y 1 dyj
ay)_ a4
m( dﬂ] 4[dt g

2
md—zy +l(@j+48y = 0.
dt ) A\ dr

The characteristic equation is 4m> + m + 192 = 0 with complex roots m = (-1/8) £ (\/3071/8)1'. So, the general solution is

1 . 1
»(1) = e-'/*‘(q cos % + C, sin 3;)7 [j.

Using the initial conditions, you have
1

¥0) =G = 5
, sl | /3071 C, | . 3071z NV3071C, G 3071¢
V() =e ————(C, — =% |sin + — —Licos
8 8 8 8 8 8
¥(0) = \/3071C2 G 0= C = 3071
8 8 6142

and the particular solution is

el /3071 /3071 . /3071
y(r) = cos + sin .

2 8 3071 8
55. y"+9y =0 57. y" +2y +10y = 0

Undamped vibration Damped vibration
Period: 277[ Matches (c)

58. '+ 3y +3y =0
Matches (b) yomrTay

Damped vibration

56. y" + 25y =0
Yoy Matches (a)

Undamped vibration
Period: 2z
5
Matches (d)
59. Because m = —a/2 is a double root of the characteristic equation, you have
aY a*
m+—| =m*+am+—=0

2 4

and the differential equation is y" + ay’ + (a2 / 4) y = 0. The solution is

y=(C + sz)ef(a/z)x

o (,@ ce @x]gwm
2
" (jla2 (JZa2 7(0/2))(
= - aC, + X le
Y ( 4 2Ty

2 2 2 2 2 2 2
Y+ ay + %y = e{"/z)’{(cf - Cya + C24a x] + [ Clza + Ca - Caa xj + [Cla i Ga xﬂ = 0.
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60.

61.

62.

63.

64.

65.

67.

68.

69.

Section 16.2 Second-Order Homogeneous Linear Equations 471

Because m = a + fi are roots to the characteristic equation, you have
[m —(a+ ﬂi)][m —(a - ,Bi)] = m* - 2am + (az + ,6'2) =0
and the differential equation is y" — 2ay’ + (a2 + ﬂz)y =0. (Note: i’ = 71.) The solution is

y = e™(C cos Bx + C, sin fx)

<.
1]
Q
g
o
N
+
2
=
[}
@
®
+
o
N
|
e
=
<8
=
i)
=

[
20y = ¢[(-2Ca* - 2C,0f) cos fix + (-2Coa® + 2Gap) sin fx |
(e + )y = ]

So, ¥ - 2ay' + (az + ﬂz)y = 0.

|
Q
3
o
Qm
+
L)
=,
Y
]
@
=
=
+
o
QN
+
S
=
z
=
®
| S—

False. The general solutionis y = Ce** + C,xe**.

True

True

2

False. The solution y = x“e* requires that m = 1is a triple root of the characteristic equation. Because the characteristic

equation is quadratic, m = 1can be at most a double root.

N = eax’ Y2 = ebx, a#b 66. N = eax9y2 = xe”
( ) e ebx e xe™
W, y,) = /4%% =
1, V2
ae™  be™ ( ) ae™ e* + axe™
= (b = a)e"”bx # 0 for any value of x. = ¢* # 0 for any value of x.
y = e*sinbx, y, = e* cosbx,b # 0
W ( ) e™ sin bx e* cos bx
Yo V2) = . .
ae™ sin bx + be™ cos bx ae™ cos bx — be™ sin bx
= —be*™ sin? bx — be*™ cos? bx = —be?™ # 0 for any value of x.

_ _ .2
V=X Y, =X

X 2

Wy, »m) = =x* = 0for x # 0.

1 2x

X2y +axy + by = 0,x >0
Let x = €.

dy _ dy/dt _ e—t@
& dga ¢ dr

dy _ddfe(dyjd)] @y ] L [dy dy
= =e¢lle’'—5 e —|=e"|—5 - —
dt dt dt dt

(@

dx? e

¥y +axy' + by = 0

2
| e ay _& + ae’(e”ﬂj + by =
de*  dt dt
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(b) x2y" + 6xy +6y =0

Let x = ¢'. From part (a), you have:

d’y  dy
Y52 L6y =0
dr? dt Y

m*+5m+6=0
(m+3)(m+2):O

m = -3,m = -2

) In(1/+3 In(1/x2 C C
y = Ce? + Ce® = Ce ™ + Ce?™ = Cee (/<) + Che (/<) =1+ =2
X x

70. '+ Ay =0
If 4 > 0,then y = C, cos VAx + C, sin JAx.
¥(0)=0= C =0and y = G, sin~/Ax

W7) = 0= 0=Csindr = V4 = +1,42,43,... = 4 = 1,4,9,16, ...
So, 4 is a perfect square integer.
If 4 <0,then y = Cle*/jx + Cze'\/jx.
y0)=0=C+C, =0 }czczo: Y
»r)=0= Cle*/j” + Cze’ﬂ” =of " ’ g
If A = 0,then " = 0 and the initial condition gives y = 0.
Section 16.3 Second-Order Nonhomogeneous Linear Equations

1. y = 2e** —2cos x
¥y = 4e* + 2sinx
' = 8e* + 2cosx

Y+ y = (862" + 2 cos x) + (262" — cos x) = 10e**

2. y =2sinx + Jxsinx
"= 2cosx + +xcosx + Lsinx
y 2 2
U

y' = —2sinx — Jxsin x + cos x

" I T . L _
y +y—(2smx 2xsmx+cosx)+(25mx+2smx)—cosx

3. y =3sinx — cosxln‘secx + tanx‘
y' =3cosx -1+ sinxln‘secx + tanx‘

"

y" = 3sinx + tan x + cosxln‘secx+ tanx‘

y"+y = (-3sinx + tan x + cos x In|sec x tan x|) + (3sin x — cos x In|sec x + tan x|) = tan x

4. y = (5 - ln‘sinx‘)cosx — xsin x

r
y =
y" = —6.cosx + cos x + cosxln\sin x\ — cos x(fcsc2 X+ 1) + sin x(cotx + x)

= -5cosx + cosxln‘sinx‘ + ¢sc x cot x + xsin x

= 7(5 - ln‘sinx‘)sinxf cosxcotx —sinx — xcosx = —6sin x + sinxln‘sinx‘ - cosx(cotx + x)

y'+y = cosx(fS + ln‘sinx‘) + csc x cot x + xsin x + (5 - ln‘sinx‘)cosx — xsin x = csc x cot x
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5. "+ 7y +12y =3x +1 7. )" -8y +16y = &
YV'+ Ty +12y =0 y'=8y +16y =0
m* = Tm +12 = (m = 3)(m — 4) = 0 when m = 3,4 m278m+16=(m74)2=0whenm=4

— 3x 4x
v = G + Cye vy = Ce* + Cyxe®

Yp = Ao+ Ax y, = Ae™,y, = 34e™, Y, = 94e
Vp = Ay, =0 946 - §(34¢™) + 16(de™)

Yy + T, + 12y, = T4, +12(4, + Aix) = 3x + 1

vy =8y, +16y,

3x

=e

124, = 3 Py 1 94 - 244 +164=1= 4 =1

= = =, = —1 .
74, + 124, =1 PTem0 s Solution: y, = ¢
Solution: y, = — + 1x
’ o4 8. )"+ +3y =€

6. y'—y —6y =4 Yy 43y =0

Y=y -6y=0 -1 +-/-11

m+m+3=0=m=
m2—m—6=(m—3)(m+2)=0whenm:3,—2
v, = Ae™, ¥, = 24e™, y) = 44>

V' + ¥+ 3y = 44e* + 24e* + 3(Aezx) = ™

v = GeEr + Cre™
v, = Ay, =y, =0
Vp =V, =6y, =64=4=4=-3 4A+2A+3A:1:A:$
2

Solution: y, = —%

Solution: y, = éez"

9. ' =2y —15y =sinx
y'=2y' =15y =0
m* —2m — 15 =(m75)(m+3):0:> m=15,-3
Yy, = Asinx + Bcosx
¥, = Acosx — Bsin x
Yy = —Asinx — Bcosx
Vs =2y, =15y, = (~Asinx — Bcos x) — 2(A4 cos x — Bsin x) — 15(4sin x + B cos x) = sin x
(-4 + 2B —154)sinx + (-B — 24 — 15B) cos x = sin x

-164 =
+2B =1 4 7i,B _ 1
-24-16B =0 65 130
. 4 . 1
Solution: y, = —— sinx + — cosx
65 130

10. y" + 4y + 5y = e cosx
V'+4y +5y =0

774i\/j4:—2ii

2

v, = Ae* cos x + Be* sinx = e*(Acos x + Bsin x)

m +4m+5=0=m=

y, = e*(Acosx + Bsinx) + e*(—A4sinx + Bcosx) = e’*((B — A)sinx + (A4 + B)cos x)

vy e*((B — A)sinx + (4 + B)cos x) + e“'((B — A)cosx — (4 + B)sin x) = e*(-24sinx + 2B cos x)

Vi + 4y, +5y, = e'(-24sin x + 2B cos x) + 4(ex((B — A)sin x + (4 + B) cos x)) + S(Ae" cos x + Be* sin x) =e*cosx
(24 + 4(B - 4) + 5B)sinx + (2B + 4(4 + B) + 54)cos x = cos x

—6A+9B—0}:>A 3 2

=— B=—
94 + 6B =1 39’ 39

. 3. 2 L.
Solution: y, = 58’ cos x + —9@ sin x

© 2010 Brooks/Cole, Cengage Learning



474

Chapter 16

11. y" -3y +2y = 2x

12.

13.

y'=3y+2y =0
m?> —3m+ 2 = 0when m = 1,2.

v, = Cie* + Czez"

yp=A0+A1x
J’;;:Al
Yy =0

Yy = 3Y, + 2y, = (24y - 34;) + 24,x = 2x

24y - 34, = 0

24 Al_laAO_%
=

y=Ce +Ce® +x+3

Il
(e}

' =2y -3y

m> —2m —3 = Owhen m = -1, 3.

vy = Ce™™ + Cye™

Vp = Ay + A4x + a, x*

Yy = A4 + 24,x

vy =24,

Vi =2y, =3y, = (34)x* + (34, — 44,)x
+(34y — 24, + 24,) = x* -1

34, =1

-34, -44, =0

=34, — 24, + 24, = -1

— 5 _ 4 — 1
AO - 7?7141 - E:AZ - 73

_ —x 3x _ 1,2 4., _ 5
y =Ce™ + Cye 3X X — 55

Y+ 2y = 2e"

y'+2y'=0

m? + 2m = Owhen m = 0,-2.
v =C + Ce™

y, =4de" =y, =y,

Vo + 2y, =34e" =2eor 4 =2

— —2x 2 X
y=0C+GCe™" + 3e

Additional Topics in Differential Equations

14. 3" -9y = 5

15.

16.

17.

y'=9y =0

m* —9 = 0when m = -3,3.
vy = Ce™* + Cye™®

Yy = Axe®

Ae3"(3x + 1)

Ae**(9x + 6)

Vo
Vo

Vy =9y, = 64’ =5 or 4 =2

y = Ce > + (C2 + %x)e"”c

y"' =10y" + 25y = 5 + 6¢*
y'=10y"+ 25y =0

m? — 10m + 25 = Owhen m = 5,5.

vy = Ce™ + Cyxe™

Y, = Ao + A"

Vp =¥y = A€’

¥y =10y, + 25y, = 254y + 164,¢* = 5 + 6
or Ay = 1,4, =3

- 5x 4 3 1
yf(C1+C2x)ex+§eX+g

16y" -8y +y = 4(x + ex)
16y" -8y +y =0

16m* — 8m +1 = Owhen m = 1,1

Yh (Cl + sz)e(l/4)x

Yy = Ao + Aix + Ay’

Yy = Ay + Ay’

y; = Aye*

16y, = 8y, + ¥, = (Ao = 84) + Aix + 9dye”
= 4x + 4e”

ordy = 44 = 4,4y = 32

y = (G + Cx)e" + 32 + dx + Lo

"

V"' + 9y = sin3x
Y'+9y =0
m? +9 = 0 when m = —3i, 3i.
v, = C cos 3x + C, sin 3x
Y, = Ag sin 3x + A;x sin 3x + 4, cos 3x + A4;x cos 3x
Vy = (—9A0 - 6A3) sin 3x — 94, x sin 3x
+ (6A1 - 9A2) cos 3x — 9A4; x cos 3x
Yy + 9y, = —64;sin 3x + 64, cos 3x = sin 3x,

Al = O’AS = _lg

y = (Cl - %x) cos 3x + C, sin 3x
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20.

Section 16.3 Second-Order Nonhomogeneous Linear Equations 475

-3y +2y =2

-3y +2y=0

m’> —3m + 2 = Owhen m = 1,1,-2.
v, = Ce* + Cyxe* + Cye™

Vp = Age™™ + Axe™

(-24 + 4))e™ - 24 xe™

Yy
Yy = (440 — 44,)e™ + 44 x>
Yy = (-84 +124,)e" — 84 xe™

=3y, + 2y, =94 =2 ord, = 2

y = Ce* + Cyxe* + (C3 + %x)e'zx

V'+y = x3,y(0) =1, y'(O) =0
Vi+y=0

m?> +1 = Owhen m = i, —i.

v, = Cycosx + C,sinx

y, = Ay + Aix + Apx* + Ay’
Yy, = A+ 24x + 34;x2

Yy = 24, + 64;5x

Yo+ ¥y = A + Apx? + (A) + 645)x + (4 + 24,)

= x3
or A3 =1, 4, =0,4, = -6,4, =0
y =Crcosx + Cysinx + x> — 6x
¥ = —Cysinx + Cycos x +3x* — 6
Initial conditions:
¥(0) = 1L,y'(0) = 0,1 =C,0=C,-6,C, =6

Particular solution: y = cos x + 6sinx + x* — 6x

V' + 4y = 4, y(O) =1, y'(O) =6

y'+4y =0

m* + 4 = Owhen m = 2i,-2i.

v, = Cycos2x + C, sin 2x

Yp = Ay

yp =0

Yy + 4y, = 44, = 4or 4, =1

y = Cicos2x + Cysin2x + 1

y' = =2C; sin 2x + 2C, cos 2x

Initial conditions: y(0) = 1, y'(0) = 6,1 = C, + 1,
C =06 =2C,C, =3

Particular solution: y = 3sin2x + 1

21.

22.

Y+ y' = 2sinx, y(0) = 0,)'(0) = -3
y” + y/ — 0

m* +m = Owhen m = 0, 1.

v, = C + Ce™

Yy, = Acosx + Bsinx
yp = —Asinx + Bcosx
Y, = —Acosx — Bsinx

Vi + ¥, =(—=A+ B)cosx + (-4 — B)sin x = 2sin x

y = C + Cye* — (cos x + sin x)

V' = —Cye™ — (—sin x + cos x)

Initial conditions: y(0) = 0, y'(0) = -3,
0=C+C—1,-3=-C -1,
G, =2,C = -1

Particular solution: y = —1 + 2¢™ — (cos X + sin x)

V' + ¥ =2y = 3cos2x,y(0) = -1,)'(0) = 2
Y4y =2y =0

m?> +m—2=0when m = 1,-2.

Ce* + Ce™

Acos2x + Bsin 2x

Yh
Yp
y;, = —2A4sin 2x + 2B cos 2x
¥, = —4Acos2x — 4B sin 2x

Yo+ ¥y =2y, = (=64 + 2B)cos 2x + (—24 — 6B)sin 2x
=3co0s2x

—64 + 2B 3},4 _ e gz

—24 - 6B

20 20
0

y = e + Cye ™ — 2:c0s 2x + 2 sin 2x
V' = Ge* — 2Ce™" + sin 2x + 3 cos 2x
Initial conditions:

y(0) = -1,y'(0) = 2,-1=C + C, — 55,

2=0C-26+3

C+C =-4
_ 20 C1:%»C2:*%

Particular solution:

y = %(46‘)[ —15¢72* — 9cos 2x + 3sin 2x)
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23. y'- 4y = xe* — xe*, y(0) = 1
y-4y =0
m—4 = 0when m = 4.
Yn = Ce4x
Vp = (AO + A]x)ex + (Azx + A;xz)e‘”
Yy = (AO + Alx)ex + A’
+ 4(Ayx + A;x)e™ + (4 + 245x)e™
y, =4y, = (—3A0 - 3A1x)e" + Adie* + Ay
+ 24;xe* = xe* — xe*
Ay = —%,Al = —%,Az =0,4; = —%
y = (C - %x2)e4x — (1 + 3x)e”
Initial conditions: y(0) = 1,1 =C -1 C =4

Particular solution: y = (% —1x?)et = L(1 + 3x)e*

=

24. y' + 2y =sinx, y[g
V' +2y=0
m+ 2 = 0when m = -2.
y, = Ce™

Yo
Y, = —Asinx + Bcosx

Acosx + Bsinx

Vy,+2y, = (fAsiner Bcosx) + 2(Ac0sx+ Bsinx)
= (2B — A4)sinx + (24 + B)cosx = sinx

2B—A:1,2A+B:O:B:§,A:—é

—2x

1 2 .
y=y,+y,="Ce —gcosx+gsmx

Initial conditions: y(ﬁ) 2
2) s

(VRN )

_cer+2c-
5

. . 2 . 1
Particular solution: y = 5 sin x — s cos X

25. y' 4+ y =secx
yl’ + y — 0
m?> +1 = Owhen m = —i, i.
v, = Cicosx + C,sinx
Y, = v COSX + Vv, sinx
vicosx + vysinx = 0
Vi(=sin x) + vh(cos x) = secx

0 sin x

, Sec X COoS x
v = = —tanx

cosx sinx

—sin x cos x
v, = I—tanxdx = ln‘cosx‘

cosx O
! j—

—sinx secx
Vz - T (/7 = 1
cos x sinx

—sinx cos x
v, = J.dx =x

y = (Cl + ln‘cosx‘)cosx + (Cz + x)sinx

26. y" + y = secxtanx

Yi+y=0

m?> +1 = Owhen m = —i, i.

v, = Cicosx + C, sinx

Yp = V1 COS$X + Vv, sinx
Vicosx +vysinx = 0

’ : ’

Vi(—sin x) + 15 cos x = sec x tan x

0 sin x

, sec x tan x cos x 5
V] = —/——m———— = —tan“ x

cos x sin x

—sin x CoS x

v, = I—tanzxdx = —J(seczx—l)dx

=—tanx + x
cos X 0

, —sin x sec x tan x
Vy, = - = tan x

cos x sin x

—sin x cos x
vy = Itanxdx = 7ln‘cosx‘ = ln‘secx‘
Y=Yt yp

= C, cosx + C, sinx + (x — tan x) cos x

+ ln‘secx‘sinx

(G + x —tanx)cos x + (Cz + In|sec x‘) sin x
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Section 16.3 Second-Order Nonhomogeneous Linear Equations

27. y' + 4y = csc2x

28.

yu + 4y — 0
m? + 4 = Owhen m = —2i, 2i.
v, = Cjcos 2x + C, sin 2x

yp

v, €os 2x + v, 8in 2x = 0
Vi cos2x + v, sin2x = 0

Vi(=2'sin 2x) + v5(2 cos 2x) = csc 2x

0 sin 2x
, csc2x 2cos2x 1
¥ =
! cos 2x sin 2x 2
—2sin2x 2cos2x
1 1
v, = J‘—E dx = 7%
cos 2x 0
, —2sin2x  csc2x 1
= - = —cot 2x
sin 2x 2

v, =
cos 2x

—2sin 2x 2 cos2x

v, = J%cot2xdx = %ln\sian\

y = (Cl —%xj cos 2x + (Cz +iln‘sin 2x‘)sin 2x

Il
=
Q

yrl _ 4yl + 4y
yn _ 4’)/ + 4y

Il
(e}

m?> — 4m + 4 = Owhen m = 2,2.
yi = (G + Cyx)e™

Yy = (vl + vzx)ezx

r 2x

Vie? + vhxe? =0

v’l(Zezx) +vh(2x + 1)e* = x%e

0 xe**
. x’e™ (2x + 1)e™ —x3e™ R
VI = = = —X
4
er xe2x e X
2% (2x + l)ez"”
_[_.3 _ 1.4
v, = J xdx = —yx
e 0
, 262x x262x x264x )
V2 = 4x = 4x =X
e e

— 2 _ 1.3
vz—J‘xdx—3x

1
y = [Cl + Cyx + Ex“jezx

477

29. y' =2y +y=¢e"Inx

30.

31.

32.

V' =2y +y =0

m?> —2m+1=0when m = 1,1.

yi = (G + Cyx)e*

Vp (vl + vzx)ex
vie® + vixe® = 0

vie® + vh(x + l)ex =e'lInx

Vi =-—xlnx
2 2
v, = '[—xlnxdx =X mx+
2 4
v, = Inx

v, = Jlnxdx =xlnx - x

2 ,x

y = (G + Cx)e” + x4@ (ln x2 - 3)

er

V' =4y +4y
X

V' -4y +4y =0

m? —4m + 4 = Owhen m = 2,2.
yi = (G + Cyx)e™
Yy = (vl + sz)ezx

vie? + vhxe =0

er
vie(2) + vh(2x + 1)e* =
X
v = -1
v, = J‘fl dx= —x
, 1
vy = —
X
1
Vv, = I;dx =ln‘x‘

y = (C] + Cx — x + xln‘x‘)ez“'

yu_yl_lzy :0

m? —m—12 :(m—4)(m+3):0:>m:4,—3
Let y, = Ax* + Bx + C.This is a generalized form of
F(x) = x7%

yu_yv_lzy =0

m? —m—12 :(m—4)(m+3):0:>m:4,—3
Because y, = Cie** + Cye™, let

y, = Axe*".
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478 Chapter 16 Additional Topics in Differential Equations

33.

34.

35.

36.

Answers will vary. See the “Variation of Parameters”
box on page 1163.

(a) Because y, = 0and 3(yp) =3(4) = 12.
®) y, =2

©) y, =4

’

q" +10q" + 25¢ = 65in 5¢,¢4(0) = 0,4'(0) = 0

(8]

m~ + 10m + 25 = Owhen m = -5, -5.

g = (G + Cyt)e™

q, = Acos 5t + Bsin 5t

g, = —5Asin 5t + 5B cos 5t

q, = —25Acos 5t — 25B sin 5t

g, +10q, + 25¢, = 50B cos 5 — 504 sin 5t
= 6sin5,4 =-%,B=0

g = (C + Cyt)e™ — 2 cos 5t

Initial conditions:

q(0) = 0,4'(0) = 0,C, - &

C1: Cz—g

=0,-5C, + C, = 0,

25°

Particular solution: ¢ = —( -t 4 5te™>! — cos St)

q" + 20q" + 50 = 10sin 5¢

m* + 20m + 50 = Owhen m = —10 + 5+/2.

g, = Cle(—10+5ﬁ)z + Cze(—lo—sﬁ)r

q, = Acos5t + Bsin 5t

g, = 5Bcos 5t — 54 sin 5t

g, = —25Acos 5t — 258 sin 5¢

gy + 20q,, +50q, = (254 +100B) cos 5t
+(25B —1004) sin 51

25A+IOOB:O} 2 8

=10 sin 5¢

B
25B - 1004 =10

(-10+5+/2)1 -10-57/2)r 8

q = Cie + Cze( — —cos 5t + lsin St
85 85

Initial conditions:

q(0) = 0,4'(0) = 0,C, + C, — % =0,

(<10 + 5v2)C) + (10 - 53/2)C;, + % =0,

c - 8+7\/5’C2 _8-7\2
170 170
Particular solution:
8 + 7\/— -10+5/2)¢ 8 - 7\/— ~10-53/2)r
170 170

- Ec0s51 + lsinSt
85 85

37.

38.

39.

2" + 48y = 2(48sin 4¢), y(0) = 4, 1/(0) = 0

4>

Zm* + 48 = Owhen m = +8i.
2

vy = C cos 8¢ + C, sin 8¢
v, = Asin 4t + B cos 4t Dﬂﬂj\rﬁl%
v, = 4Acos 4t — 4B sin 4 U U U U

v, = —16A4sin 4t — 16B cos 4t 3

2" + 48y, = 364 sin 41 + 36B cos 4t
= 24(48sin47),B = 0,4 =1
y =y, +y, = Ccos8 + C,sin8 + sin 4¢
Initial conditions: y(0) = 4,1'(0) = 0,4 = C,
0=8C,+4=C =-1

Particular solution: y = 4 cos 8¢ — 1 sin 8 + sin 4«

%" + 4y = &(4sin87), y(0) = 4, )'(0) = 0

Zm® + 4 = Owhen m = +8i.

vy = Cycos 8 + C, sin 8¢

y, = Atsin8t + Bt cos 8t

-2
vy = (~644t — 16B)sin 8 + (164 — 64B1) cos 8

"

32)/,, + 4y, = —Bsin 8 + Acos 8t

= %(451}1 8t),A =0,B=-1

y = G cos 8 + C,sin 8 — 47 cos 8¢

Initial conditions:

»(0) =4, (0) = 0,4 = C,0 =8G, —}; =6 =5
Particular solution: y = 4 cos 8 + 3 sin 8 — 17 cos 8¢

V"' + ¥ + 4y = Z(4sin8), y(0) = £, '(0) = -3
em° +m+4=0when m = —8,-8.

0.3

i = (G + Gyr)e™

y, = Asin8t + B cos 8¢

v, = 84cos 8 — 8B sin 8¢

Vv, = —64A45sin 8 — 64B cos 8¢

-0.05
5y, +y, +4y, = —8Bsin 8¢ + 84 cos 8
= Z(4sin 87) — 8B

=1 =>B=-584=0=4=0

32»
Initial conditions:

¥(0) = 1.5(0) = 3.5 = C -
-3=-8C, +C, = G, :—%

€1 _—
» = G =35

Particular solution: y = (l - %t)e'g’ -

1
> 35 €Os 8¢
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4 25 1
40. —)y"+ =)'+ =y =0,y(0) = -, »'(0) = -4
2t 3y =050 =250
0.5
lm2-+—lm+§=0
8 2

41.

42.

44.

m® + 4m + 100 = Owhen m = -2 +4-/6i.

1.57

y - Ce™ cos(4\/gt) + Cze‘z’sin(4\£t)

Initial conditions:

-0.5

¥(0) = % ¥(0) = —4,% = C,-4 = -2C, + 4/6C,,
¢ -3 _ 6
N 8

%e’z’ sin(4\/€t)

Particular solution: y = %e’z’ cos(4\/€ t) -

In Exercise 37,

Y = lcosSt - lsin81‘ - ﬁsin 8¢ + 7 + arctan L
4 2 4 2

(@ £ +Zy=0

y = C, cos10x + C, sin 10x

W0)=53=6

()

= Lcos10x — Z5in10x

= 4-4=10C, = C, = -2

y
y

The motion is undamped.
(b)
()

If b > 0, the motion is damped.
If b > 3, the solution to the differential equation is

of the form y = Ce™”* + C,e"2". There would be
no oscillations in this case.

Let y, = 4 sin(ln x) + B cos(ln x).

X

X X

J5

( 1
= ——sin| 8 + 7 — arctan —
4 2

vy ;ZI(A cos(ln x) -B sin(ln x)) + l(—A sin(ln x)l -B cos(ln x)l)
X x

? sin(8¢ + 2.6779).

43. xy" —x)' +y = 4xInx

y =xand y, = xlnx

ux + usxlnx =0 = u = —ujlnx

4 .4
=—Inx 2> u, =—Inx

u + uy(1 + In x)

x x
4 2
du =——1
and u| x(nx)
4 3 2
u = —E(ln x) and u, = 2(In x)
Vp = —gx(ln x)3 + 2x(ln x)3 = %x(ln x)3

y=wm+y,=Cx+Cxlnx+ %x(ln x)3

A cos(ln x)l - B sin(ln x)l = l(A cos(ln x) - B sin(ln x))
X X

= é(B - A) sin(ln x) + %(—A —B) cos(ln x)

cos(ln x) - B sin(ln x))

x*yy + xy' + 4y = (B — A)sin(In x) — (4 + B) cos(In x) + (A

+ 4(A sin(In x) + B cos(In x)) = sin(In x)
(B - A-B+ 4A) sin(ln x) + (—A -B+ A+ 4B) cos(ln x) = sin(ln x)
3A=1,3B=03A=%

So,

Yy = %sin(ln x) and y = y, +y, = G sin(ln xz) + G, cos(ln x2) + %sin(ln x).
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480 Chapter 16 Additional Topics in Differential Equations

X

45. True. y, = —e** cose”

y, = € sin e"(fe"‘) — 2e** cose™ = —e*sine™ — 2e** cose™*

[—e"‘ cos e’x(—e’x) — e* sin e’x} + |:26‘2X sin e”‘(—e’x) — 4e* cos e”‘}

"
Yp

So,
Vo =3y, +2y, = [cos e™® — e"sine™ — 2" sine™* — 4e** cos e"‘} - 3[7ex sin ™ — 2¢** cos e"‘} — 2e** cose™™

= [—e"‘ —2e* + 3e"] sine™ + [l — 4e* + 6e* — 2@“} cose ™™ = cose™.

46. True.
vp = —5ey, = g€y = e
V= 6y, = 1 - 6(—%e2"‘) = ¥
47. y"' = 2y" + y = 2"
m>* =2m+1=0=m=11
v = CGe' + Cyxe',y, = x2e*, particular solution
General solution: f(x) = (C, + Cyx)e* + x’¢* = (C1 + Cox + xz)e"
F(x) = (G +2x+ G + Gx + 22)e" = (% + (G + 2)x + (G + Cy))e”
(a) No. If f(x) > Oforall x,then x* + C,x + C; > 0 & C,> — 4C, < Oforall x.
So,let G = C, = L.Then f'(x) = (x* + 3x + 2)e*and f'(-3) = L < 0.

(b) Yes. If f'(x) > 0 forall x, then
(C,+2) —4(C +G) <0
=C2-4C, +4<0
C? —4C < -4
C2 —-4C <0
= f(x) > Oforall x.

Section 16.4 Series Solutions of Differential Equations

0. Letting y = z a,x":
n=0

Ly-y

0

y-y= i na,x""! — Z ax" = i (n + l)a,,Hx” - i ax" =0
n=0 n=0

a
a = dy,d, = —5— =—a =— = ey, = —

00
a
y = Z—Ox” = qye”

Check: By separation of variables, you have:

- fa
Iny =x+C
y = Ce*
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Section 16.4 Series Solutions of Differential Equations 481

2. y'—ky = 0.Letting y = Z a,x":

n=0

o0 o0 o0 o0
y —ky =Y nax""' -kY a, Z (n+ Da,,x" = Y kax" =0
n=0 n=0 n=0

n=1

(n + l)a,,ﬂ = ka,

ka,
a,., =
" n+1
kay i2a, ka, IBa, k"
a; = kay, a, = = , A3 = = sy = —— 0y
2 3 1-2-3 n!
k" 0 (kx)"
e
y = —'aox" = aoz = ae
n=0 n=0 I

Check: By separation of variables, you have:

ji; - [kax
ny=he+C
y = Ce&

3. y" =9y = 0.Letting y = Z a,x":

n=0
y"—9y:in(n—l)anx"’2—9i a,x" = i n+2)( )4 2X" Z9ax =
n=2 n=0 n=0
(n+2)(n+1)a,,+2 = 9a,
4 _ 9a,
T (et 2)(n+ 1)
ap = q a =4
9 9
= =5
= 9a, 9%q, g = 9a, 9%q,
YT 4.3 4.3.2.1 7 5.4 5.4.3.2
iy, = 0 4y, = G
7 (2n) T 2+ 1)
0 914 0 9"g 0 a ) )2”+1 0
_ 0 .2n 1 2n+l: “1
y_,;(zn)!x +Z:‘)(2n+l) Z n! 32 20 + 1) Z

= Cpe™ + Ce* where C, + C, = gyand C, — C, = %,
Check: " — 9y = 0is a second-order homogeneous linear equation.
2-9=0=m =3and m, = -3

y = Ce* + Ce™

<
I

Coe™ + Cie™™ . Follow the solution to Exercise 3 with 9 replaced by k2.
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5. y" + 4y = 0. Letting y = Z a,x":
n=0
y'+4y = z n(n - l)anx”’2 + 42 a,x" z n + 2 n + 1 ,Hzx +z 4a,x" =0
n=2 = n=0

n=0

(n + 2)(;1 + 1)a,7+2 = —4a,

G T )+ )

dyp = 4qy a = q
—4, —4
=" “=3
~4a, _ (4 a g, _ (4a
a, = = as = =
4.3 4! 5-4 5!
_ e _(ye
ayy = (Zn)! ay Qyps1 = (Zn N 1)!01

i 4 a° X" i al Xl = i 0e” “—i e Cy cos 2x + C| sin 2x
o = 2n foer 2n 25 (2n+1) 0 !

Check: y” + 4y = 0is a second-order homogeneous linear equation.

m +4=0=m==+2i

y = C cos 2x + C, sin 2x

6. y = C, cos kx + C, sin kx. Follow the solution to Exercise 5 with 4 replaced by k2.

7. '+ 3xy = 0.Letting y = z a,x":

n=0

Yo+ 3xy = i na,x"" + i 3a,x"" =0

n=1 n=0
< n+l1 < n+l1 _3an
z (n + Z)a,Hzx = -3a,x"" = a = 0and a,,, =
n=-1 n=0 n + 2
ay = a a =0
3a 3a
g = 3 B} _ 3, e = 3 3a
Yol 2 23 o503
2 3 2
N R o= 3Fa)
6 2 2°(3-2) N3-5
3 3Pa, 3*a, 3 3a
ag —— 3 = 3 ay = —— =
8 2(3-2) 2(4~3-2) 9l 3.5.7
L (_3)”x2n
= q
y OWZ:(:) 2l

3x?

e 2n+1)

(_3)n+1x2n+2 2!
2n+1(n + 1)| (—3)”X2”

n—o

The interval of convergence for the solution is (—oo, oo).
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8. ' —2xy = 0.Letting y = z a,x":
n=0

0

y = 2xy = z na,x""! — i 2a,x"™" =0
n=0

0

z (n + 2)a,,+2x"+1

n=-1

n=1
o0
> 2a,x™" = a = 0and
n=0

P 2a,
n+2 n+2
a, =0 a =0
2a 2q,
a, = — = q, a :7:0
2 5 0 3 3
oY) Za w224
4\ 2 22.2 2 503
a(,:z 222a0 _ 323610 _ % a7:22201 -0
6|27 -2 2°.3-2 3! 7\3-5
3
angﬁ =D at):g 24 =0
8\ 3! 4! 9\3-5-7
aox2n
Yy = 4q ,
n=0 M
2n+2 ] 2
lim 224 = fim | 2| = fim —— = 0
noo |y, n—o (n + 1)' 2" n-wop + 1

The interval of convergence for the solution is (—oo, o0).

9. y" — xy' = 0.Letting y = Z a,x":
n=0

0

V' =xy =) n(n-1ax"? - xi na,x"' =0
n=1

n=2

o0 o0
n(n - Na,x"? = na,x
Sl Y = e

n=2 n=0
i(n+2)(n+l)an+2x" = inanx"

n=0 n=0

., ="
" (n+2)(n + 1)
ay = dy a = q
a, = 0 a = 361]2
3a; 3a
There are no even powered terms. as = 5.4 = =
a = Sas _ 5 3q
76 7!
B 1235 7(2n - x> 2 (n)t =
Y =a +a1n§ @+ 1) = a, +a1n§ P T 1) ap +a]”§
lim | %221} = fim Xt AL | D v R ). S
noo |, | onow | 27 (n +1)(2n + 3) x> e 2(n +1)(2n + 3)

Interval of convergence: (—oo, oo)

x2n+1

—~ 2"nl(2n + 1)

483
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484 Chapter 16 Additional Topics in Differential Equations

10. y" — xy' — y = 0.Letting y = z a,x":
n=0

YV-x -y = i n(n = )a,x"? - xy_ na,x"" - i ax" =0

|
s
—_
N
+
—_
~—
Q
3
=
3

S (04 2)(n + ayar” =

n=0 n=0
a =
n+2 }’l+2
ay = a a = q
Ay a
a, = — a; = —
2 2 3 3
a
=B h_ @ O
4 8 22 5 3.5
a, a, as aq
ap = — = — a, = — =
ST 6 2% 7T 7 T 3.5.7
6
a ag a; a
Ay = — = —— Qo = — = —m8M
$Tg T 24 T 9 3.5.7.9
© 2n © 2n+l
X X
=aq) —+a
DN 1,;1-3-5-7---(2%1)
2n+2 n o 2
fim [t = gim |2y Y
noo |y, noe | 27 (n + 1) X" ne 2(n + 1)
. ) 2n+3 1-3-5-7-(2n +1 ) 2
lim [“2L| = Jim — x . 2n+l( )‘ = lim — =0
|, | now|1-3-5-7(2n + 3) x | e 2n+3

Because the interval of convergence for each series is (—oo, oo), the interval of convergence for the solution is (—oo, oo).

11. (x2 + 4)y” + y = 0.Letting y = i ax":

n=0

(xz + 4)y” +y = i n(n - l)anx" + 4i n(n - l)anx”’2 + i a,x"
n=2 n=2 n=0
= i (nz -n+ l)a”x” + i 4(n + 2)(n + l)amzx” =0
n=0 n=0
—(n2 -n+ l)an
Auya =
4(n + 2)(n + 1)
ay, = a a = q
__~% _ ~49 -4 _ T4
“Tu)0) T s T YR
ay = -3a, _ 9 as = ~Tay;  a

4(5)(4) 1920

x? x* X 7x°
y=a|l-—+— -+ aq|x-—+ — .
8 128 24 1920
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12. " + x’y = 0.Letting y = ) a,x":

n=0
Y+ Xy Z 24—Z:a,,x”+2=0
n=2 n=0
Z (n+4)(n+3 a4 X" z
n=-2 n=0
P — E—
e (n+4)(n+3)
Also:
Y= ay + ax + ax® + agx® o+ ax" + e
V' =2a, + 3 2ax + -+ n(n = Na,x" 7 + -
V'+ Xy = 2ay + 3 2a3x + (ap + 4 - 3a)x> + (@ + 5 das)x + - =0
2a, = 0,6a; = 0,12a, + ay = 0,20as + g, = 0
So, a, =0and a3 = 0 = a4 = 0,a; = 0, = 0,anda,; = 0. Therefore, a,,,, = 0and a,,,; = 0.
ay = 4o a = q
ay a
ag = — as = —
M) ST 5.4
8.7 8-7-4-3 9-8 9-8-5-4
ag ay ay a
ap = == a3 = =
1211 12-11-8-7-4-3 1312 13.12-9-8-5-4

"+ Xty = a1 - x + x - x* 4o
d P Ty 38 743 12-11-8-7-4.3

x5 x7 X9
+a|x - + - + e
5.4 9.8.5-4 13-12-9-8-5-4

13. y' + (2x -1)y =0,y(0) =2

(1-2x)y y'(0) =0
y'=(1-2x)y -2y y"(0) = -2
y" = (1 - 2x)y” -4y y'"(O) =-10
y (1-2x)y" - 6y" y(4)(0) =2

<
I

“ g 2 _ & 3 4
W) =2+ Jrogpet o vt
. . 1) _ 163
Using the first five terms of the series, y 5= e ~ 2.547.

Using Euler’s Method with Ax = 0.1 you have ' = (1 - 2x)y.

I x |y
(U 2

1 |01]22

2 102 2376

3 103 251856

4 104 261930

5 105 267169

485
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14. y' = 2xy =0, (0) =1

V' =2xp '(0)
Y =2(x'+y) »"(0)
y/n — Z(Xy” + 2y1) y/n(o)
y(4) — (xy/n + 3yn) y(4)(0)
y(5) _ 2(xy(4) + 4)/'”) y(5)(0)
$9 = 21+ 5,9) 9(0)
y(x) =1+ Exz + Ex4 + @xﬁ + -

2! 4! 6!

:1+x2+lx4+lx6+...
2 6

Using the first four terms of the series,

(1) = % ~ 2.667.

Using Euler’s Method with Ax = 0.1 you have y' = 2xy.

Lol x| »

0 0 1

1 0.1 |1

2 0.2 | 1.02

3 0.3 | 1.0608
4 0.4 | 1.1244
5 0.5 | 1.2144
6 0.6 | 1.3358
7 0.7 | 1.4961
8 0.8 | 1.7056
9 0.9 | 1.9785
10 | 1.0 | 2.3346

18.

So, y(l) ~ 2.335.

@ m+9=0=m=+3i

y = Cycos3x + C, sin 3x

»(0)

Yy
¥'(0)

=2=C
= —3C, sin 3x + 3C, cos 3x
6=3C, =>0C, =2

¥, = 2c0s3x + 2sin 3x

15.

16.

17.

Given a differential equation, assume that the solution
is of the form y = z a,x". Then substitute y and its
n=0

derivatives into the differential equation. You should
then be able to determine the coefficients ay, g, ....

A recursion formula is a formula for determining
the next term of a sequence from one or more of the

preceding terms. See Example 1.

(a) From Exercise 9, the general solution is

0 x2n+l
yoata, 220 + 1)
y(O) =0=4ag, =0

> (Zn + l)xz"

.\<~
I
™M
I
RS
PMs
N
S

Yo 1) &
y(0)=2=gq
0 x2n+]
=2
d goznnv(znﬂ)
b) P 2 g X
(b) 3(x)7 x+2.3 = x+?
3 5 3 5
B(x) =2x + —+2 ol PR
4.2-5 20

P3()%/
Py

-12

(c) The solution is symmetric about the origin.
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Section 16.4 Series Solutions of Differential Equations 487
(b) Let y = i ax",y = i na,x"!, y" = i n(n - X2
n=0 n=1 n=2
y'+9y = Z n(n - l)a,,x”_2 + 92 ax" =0
n=2 n=0

(n+2)(n + Da,x" + 9 ax" =0

n=0 n=0
(n+2)(n + Da,., = 9a,
e = ——————a
"+ 2+ 1) "
For n even, For » odd,
-9 -9
a, = 7610 a; = ial
-9 -9)* -9 (-9)’
R TI BT
9y o)’
aﬁ:(a) o a7:(7!) “
and in general, a,, = ((_231))'% and in general, a,,,; = (2(}7_93 1)! a
So,
Yy = i anxn = i aanzn + i a2n+1x2n+l
n=0 n=0 n=0
_ S (_9)n 2n N (_9" 2n+1 _ N (_l)n(3x)2n n(sx)z'l*l
Tl L g™ T ) 1,,2) (2n + 1)
o (_1\" 2n © n 2n+l1

Applying the initial conditions, a, = ¢ = 2,and y = 2 ,,Z::') ( 122(}3):) Z::‘) Zn(i )1) .

19. y" - 2xy = 0,(0) = 1,)'(0) = -3 20. y" 20" +y =0,»(0) =1,)(0) = 2
y' = 2xp ¥'(0) =0 "= 2 -y y'(0) = -1
y _ 2(Xy' + y) ym(O) — 2 " — 2xy/r + y/ ym(o) — 2
W= 200"+ 2y) y(0) = -12 Y@ = 2x" 4 3y" y9(0) = 3
y(S) _ 2(xym + 3yn) y(S)(O) =0 y(5) — 2xy(4) + Sylll y(5)(0) =10
0 = 2( o 4 4yw) y(6)(0) ~ 16 3O = 230 4 7,3 y(ﬁ)(o) = 21
0 = Z(xy(s) . 5y(4)) y(7)(0) — 12 ) - 2@ + 930 y(7)(0) - 90

e Lol 2s 3L 10 2 90,
b3 2 12 16 120, R AR A A N T
I 3! 41 6! 7!

Using the first six terms of the series,

Using the first eight terms of the series, y[%j ~ 1.911.
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488 Chapter 16 Additional Topics in Differential Equations

21.

22.

23.

V' + x2y = (cosx)y = 0,(0) = 3, »'(0) = 2
y' = =x*y' + (cosx)y »'(0) =3
y" = 22x*y - x*y" — (sinx)y + (cos x) )’ »"(0) = 2

2 3 2,
y=3+=x+=—x*+>x
I 2! 3!

Using the first four terms of the series, y[%] ~ 3.846.

V' + ey = (sinx)y = 0,y(0) = -2,)'(0) = 1

V' = -y + (sinx)y,
" = —e'y' —e*y" + (cosx)y + (sinx)y’
= —e*(y' + »") + (cos x)y + (sin x) '
_ 1. 1. 25
YERE T Y

Using the first four terms of the series, y[%j ~ —1.823.

fx)y=¢€"f(x) =€)y -y=0.

o0
Assume y = Z a,x", then:
n=0

o0
Z na,x"!

= a,x
n=0
n +1 ,,Hx" = Za,,x”
n=0 n=0
a,. = Gn ,n >0
n+1
n =0, a = a
n=1, a, = 4 _ %
2 2
a 0
-2 =% _ Y
nes S5 T )
a a
n =73, a, == = 0
2(3)(4)
a a
n = 4, as = = = 0
5 23)4)0)
- _ % G
et = (n + 1)! = = n!

y = Uoz % which converges on ( o0, oo). When
n=0

X

a, = 1, you have the Maclaurin Series for f' (x) =e'.

24. f(x) = cosx, f'(x) = —sinx, f"(x) = —cos x,
y'+y=0.
Assume y = Zanx", then:
n=0
y' = i n(n - 1)a,x""*

M

n(n — l)anx”’2 + i a,x"2

n=2

in+2 n+ ,Hzx —7Zax

n=0

. T———
ST o)
a, = a a =4
a, = ay ay = a;
(1)(2) (2)3)

___ % _ 9D _ 4 _a
EEC R OO
ayy = (71) % Aypy1 = (71) a4

(Zn)’ (2n + 1)!
© ” 2n l)" 2n+1

Z + alz wh1ch

n=0

converges on (700, )

When a, = 1and g; = 0, you have the Maclaurin

Series for f(x) = cosx.
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Section 16.4 Series Solutions of Differential Equations 489

f (x) = arctan x

S
f(x) 1+
" —2x

f(x): "2
(1+x)

"o_ —2x ’

4 1+x2y

(1 + xz)y" +2x' =0

0
Assume y = Z a,x", then:
n=0

<
Il

(1 + x2)y” +2xy' =

i n(n - l)anx"’2 =
n=2

0

(n + 2)(n + l)a,,ﬂx" =
n=0

(n +2)(n + Da,,, =

Apiy =

i n(n - l)anx”’2 + i n(n - l)anx” + i 2na,x" = 0

0 n=0

n

—a,,n =20
n+2 "

n =0 = a, = 0 = all the even-powered terms have a coefficient of 0.

n =1,
n =3,
n=>35,
n="717,
o _1"x2n+1
y=a 7( )

= 2n+1

1
a3 = —gal
— 3 —
as = *ga3 = gal
a; = —éa:—, = ——=q
7 7
7 1
dy —5617 501

(=)'a

Qopy1 = 72n 1

which converges on (—1,1). When a, = 1, you have the Maclaurin Series for f(x) = arctan x.
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26.

27.

Chapter 16 Additional Topics in Differential Equations

f(x) = arcsin x
A
S0 = =
/(@) = ——5
(1-)
no_ 1 x X ,
AN R PR
(1 - xz)y” -x' =0
Assume y = i a,x", then: i a, n n— i n - 1 i anx" =0
i:: n+ 2 n + l)awzx" = gnzanx"
Apin = man,n >0
n =0 = a, = 0 = all the even-powered terms have a coefficient of 0.
= a ; | ! a
ol REEN
n=23 as = 9a3: o a = 3 a
’ @6) " @E)EE) - E6)
L R - N C I
’ ©)(7) ~  @E)HEN6NT) —  (2)(4)(6)7)
. RN e/ ¢ M€ U1
’ ®)O) "~ B)HENONTNE)O) ~  (2)(4)6)®)
Vs s e eEme)
’ (10)(11) = )B)AESNO)TE)O)M0)(IT) —  (2)(4)(6))(10)(11)
Ayps1 = %al
(27nt) (2n + 1)
= Z;} m x*"*! which converges on (—1,1). When g, = 1, you have the Maclaurin Series for f(x) = arcsin x.

y'—xy =0.Let y = z a,x".

n=0
i n—l
2a, + i[n+3 n+2)a,,+37an1x”+l =0

a

So, a, = 0and a,,; = ——F——for n = 0,1,2,...
? " (n + 3)(n + 2)
The constants g, and g, are arbitrary.
ay = ap a = q
Ay a
a; = a, =
37 3.2 Y43
ag = as _ dy a = ay a
6-5 6-5-3-2 7-6 7-6-4-3
So, y = ay + a;x + Jop3 Dy doyo Dy
6 12 180 504

n+3 n+2 ,,+3x”

00
+1 _ Z anxnﬂ =0
n=0
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Review Exercises for Chapter 16

1. (y+x3 +xy2)dx7xdy =0

a—]‘/[:1+2xy;ta—N:71
Oy Ox
Not exact

. (5x—y)dx+(5y—x)dy =0

oM _ | _ON
oy Ox
Exact

. (10x+8y+2)dx+(8x+5y+2)dy=0

Exact: a—M =8 = a—N
oy Ox

f(x,y) = J.(IOx + 8y + 2) dx = 5x% + 8xy + 2x + g(y)

fy(x,y) =8x + g'(y) =8x+5y+2
g'(y) =5y+2

5
g) =27 + 2+ G
f(x,y):sz+8xy+2x+§y2+2y+C1
5x2+8xy+2x+§y2+2y:C

. (2x—2y3 +y)dx+(x—6xy2)dy =0

_ov

Exact: Y — —6y% + 1
Oy Ox

f(xy) = j(zx —2y% + y)dx
=x? - 2xy3 + xy + g(y)
fy(x, y) = —6x1% + x + g'(y) = x — 6x)?
gl) =0
g(y) =G
f(x,y) =x* - 2xy3 +xy + G
2 -2x +xy=C

a—M:—lfa—Exact
Oy Ox
2
f(x,y)zI(x—y—S)dxzx——xy—Sx+g(y)
fv(x, y) = —x+ g'(y) =-—x-3y+2
g'(y):—3y+2
-3
gy) ==y +20+ G
x—z—x —Sx—é 24+2y+C =0
2 Y Zy Yy 1

x2 = 2xy —10x = 3y* + 4y = C

Review Exercises for Chapter 16

6. (3x2 - Sxyz)dx + (2y3 - Sxyz)dy =0

oM
oy

Not exact

= —10xy # N _ 5y?
Ox

7. San - % dy =0
Yy y

oM —-x oON -1
—_— e — ;ﬁ —_—

Oy y2 Oox y2

Not exact

8. ysinxydr + (xsinxy + y)dy = 0

oM . ON
—— = xycosxy + sin xy = — Exact
Oy Ox

f(xy) = Iysinxydx = —cosxy + g(y)

f(x,y) = xsinxy + g'(y) = xsinxy + y

y2
gy)=y=2b) = S +a

2
—cosxy+y7 =C

9. (a)

,4L/,/24

_4 -

(b) (2x—y)dx+(2y—x)dy =0

oM =-1= a—NExact
Oy Ox

g(y) =2y
gy)=r»y" +G
x* - Xy + y2 =C

W2)=2:4-4+4=4=C

Particular solution: x*> — xy + y* = 4
(c) 4
-6 /‘-H-j 6
1

—4

491
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492 Chapter 16 Additional Topics in Differential Equations

10. (a) and (c) 4\/ 12. 3x%y% dx + (2x3y - 3y2) dy =0, y(l) =2

om = 6x%y = Z—NExact

oy x
\ fxy

—4 ) = I3x2y2 dv = ¥y + g(y)
— 3 ' _ 3. 2
(b) (6xy - y3)dx + (4y +3x2 — 3xy2)dy =0 fi(xy) =2y + g'(y) = 2x°y = 3y
oM » _ON g'(y) = -3y’
g =6x -3y = gExact g(y) e
S ) = [(69 = ») dx = 3%y =07 + g(») ¥yt -yt =C

Initial dition: (1) = 2: 4-8 =C
(%, p) =3x" =307 + g'(y) = 4y + 3x* - 3x° nitial condition: /(1)

) =4y =g()=2"+C Particular solution: x*y? — 3* = —4
2 3 2 _
Wy -—xwi+ 2yt =C 13. (3x2—y2)dx+2xydy:0
0)=1:2=C
¥(0) (0M/ay) - (aN/ox) _ -2y -2y _ 2 _ W)
Particular solution: 3x?y — xp* + 2% = 2 N 2xy X
: . Ih(x)dx _ o mx2 _ i
11. (2x +y- 3)dx + (x S 1) dy =0 Integrating factor: e =e =
oM ON 2 )
Exact: — =1 = — ion: 13 - 2= =
Y o Exact equation: (3 xzjdx + . dy =0

f(x, ) = x+y—3)dx g ’
(vy) = [(2x+y-3) f(x,y)_.f[3_y2jdx—3x+);+g(J’)

:x2+xy—3x+g(y) X
g - ' 2 , 2
-/y(x’y) x+g(y) ﬁ(x’y):l+g(y):—y
=x-3y+1 X X
g'(y) =-3y+1 gl(y) =0= g(y) =G
35 yz
gy) =y +y+G Bx+—=C
2 X

f(x,y) =x* +xy - 3x

14. 2xpdx + (y* — x*)dy = 0
—%yz +y+ G 4 (y ) 4
ON/ox) — (0M/0 2x -2 2
2x% + 2xy —6x - 3y* + 2y = C (ON/ox) — (OM[2y) _ -2x Lo 2 k()
. . M 2xy y
Initial condition:
¥2)=0 Integrating factor: JH gy 1
8§+0-12-0+40=C=C=-4 y
. . 2
Particular solution: Exact equation: de + [l - xzj dy =0
y y

2x% + 2xy — 6x — 3y? + 2y = —4

2x x2
)= [ =2
f(x.) fy o= g(»)
(x,) = BE TR
£(x ) Tt g'(») %
gy)=1=¢g(y)=r+G

x2

—+y=C
y
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Review Exercises for Chapter 16 493

15. dx + (3x - e’z»")dy =0 19. y' =)y -2y =0

(ON/éx) — (0M/dy) _ 3 -0 m'—m =2 =(m=2)m+1)=0m=2-l

M 1 y = Ce¥ + Ce™
V' = 2Ce* - Ce™

»0)=0=C+G

y(0) =3 =20 -G

8

Integrating factor: A _

Exact equation: e dx + (3xe3y - ey) dy =0

-8

_ 3) _ 3
f(5y) = [e dr = xe + g(y) Adding these equations, 3 = 3C, = C, = land
fi(xy) =3xe + g'(y) = 3xe® — e G =-1
g(y) = ¢ yoet-er
gy)=-¢+G 20. )" +4y +5y =0
3y _ Ly — — ~ —
xe e c m* +4m+5 =0 m:74ir 216 20:—2ii
16. cos y dx — [Z(x - y) sin y + cos y] dy =0 y= Cle’zx coS X + Cze’h sin x
(ON/ox) - (0M/dy) _ —2siny +siny W0)=2=C = y=e>[2cosx + Cysinx]
M cosy y' = e’zx[—Z sinx + C, cos x] - Ze’zx[2cosx + G, sin x]
=—tany = k(y)
y(0)=-7=C,-22)=>C, =3
Integrating factor: ej b _ cos -2 2%
grating : y y =2e" cosx —3e " sinx
Exact equation: s

cos? y dx — [2(x — y)sin y cos y + cos’ y} =0

f(xy) = J.cosz ydx = xcos’ y + g() » s

f(x,¥) = 2xcos ysin y + g'(y) —~

—2xsin y cos y + 2y sin y cos y — cos’

21. y"+2y' =3y =0
g'(y) = 2ysin y cos y — cos® y m* +2m—-3=(m+3)(m-1)=0=m=-31
= g(y) = —ycos’ y + G

y = Ce™ + et 2
xcos’y — ycos’y = C V= 3Ce ™ + Cyet
0)=2=¢C +C
17,y = Ge¥ + Cye™ v »(0) s
Yy = 2Ce* - 2C,e™ ¥(0) =0=-3G + G - S 6
Y = 4Ce¥ + 4C,e w Subtracting these equations, 2 = 4C; = C; = +and
-5 - 5
_3
Y — 4y = 4Ce* + 4Cye™ = G =5
- 4(Clezx + Cze’z") =0 y =3+l
18. y = C cos 2x + C, sin 2x 22. y" +12y" +36y =0
¥ = =2C; sin 2x + 2C, cos 2x m* +12m +36 = (m + 6)° = 0,m = —6,-6
y" = —4C; cos 2x — 4C, sin 2x
) y = Ce ™ + Cyxe™™
V" + 4y = —4C, cos 2x — 4C, sin 2x

"= —6C e + Ce — 6C,xe”**
+4(C cos 2x + C,sin 2x) = 0 Y ! : : 2

) Wo)=2=¢ \
y'(O) =1 -1

%“;"? = —6 = [
=—6(2)+C, = C, =13
w

&

y = 2e% 4 13xe™
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494 Chapter 16 Additional Topics in Differential Equations

23. Y +2y'+5y =0 27. Y'+y=x+x
v e Ja 0 2 _ .
m2+2m+5=0:>m=72_ 4 20=—1i2i m”+1=0whenm =i
2 . v, = Cjcos x + C, sin x
y = e(C; cos 2x + C, sin 2x) v, = Ao + Ax + Ayx° + Ay’
(1) =4 =¢e(Ccos2 + C;sin2) ¥, = A + 24,x + 34;x°
-1 v_.—"_‘— 5
y(Z) =0= e'z(Cl cos4 + C, sin 4) |[ yp” =24, + 645x
2
Solving this system, you obtain C, = —9.0496, ¥, vy = (Ao +24,) + (A + 643)x + Apx* + A;x°
C, =7.8161. N B
y = e’x(—9.0496 cos 2x + 7.8161sin 2x) Ay =0,4, =-54,=0,4; =1
y = C cos x + C, sin x — 5x + x°
24. y"+y =0
m+1=0=m==i 28. Y +2y=¢€" +x
y = Ccosx + C,sinx 3 m?> +2 = 0whenm = — 21',\/51',
n)=2=6 \ ¥p = Cicos~/2x + C, sin~/2x
7 _
y(zjzlzcz “\/ \/5 y, = Ae** + By + Byx
y = 2cosx + sinx 3 yp' = 24 + B,
"o .. . y”:4Aez.r
25. y" is always positive according to the graph (concave ’
upwards), but )’ is negative when x < 0 (decreasing), v, +2y, = 64¢™ + 2B, + 2B)x = & + x
soy #y. A=L1B,=0B =1
26. y" is positive for x > 0 (concave upwards), but y = C cos~/2x + C, sin J2x + %62)( +1x

-1y < Ofor x > 0 (increasing). So, y" # —1)".

29. y'+y =2cosx
m?> +1 = Owhen m = —i, i.

v, = Cycosx + C, sinx

Yy, = Axcosx + Bxsinx

v, = (Bx+ A)cosx + (B — Ax)sin x

y,,” (2B - Ax) cos x + (—Bx - 2A) sin x

"

Yy +t Yy, =2Bcosx —2A4sinx = 2cosx
A=0,B=1
y = Ceosx + (C, + x)sin x

30. y" + 5y + 4y = x* +sin2x

m?> +5m + 4 = Owhen m = —1,—4.

v = Ce™ + Cze’“
v, = Ay + Aix + A,x* + B sin 2x + B, cos 2x
Yy, = Ay + 24,x + 2B; cos 2x — 2B, sin 2x
y," = 24, — 4B, sin 2x — 4B, cos 2x
v, + 5y, + 4y, = (44, + 54, + 24;) + (44, + 104,)x + 44,x* — 10B; sin 2x + 10B; cos 2x = x* + sin 2x

— 21 — 5 — 1 — — 1
AO - 7>A1 - _§3A2 - X’BO - O’Bl T

w

= —x —4x 21 _ 5 1,2 1
y=CGe" +Ce™ + 5 —3x + X
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31.

32.

3s.

V' =2y +y = 2xe* 33.
m?> —2m +1 = Owhen m = 1,1.
v, = (Cl + sz)e""

Vp = (vl + vzx)e“'

e + v, xet =0

Vet + vz'(x + l)ex = 2xe*

v = 22x?

v = J.fo2 dx = —2x°

v, = 2x

v, = j2xdx = x’

y = (Cl + Cyx + %x3)ex

y” —+ 2y’ =+ y = 21)( 34.
x e
m?> +2m+1 = 0whenm = -1, 1.

i = (G + Cyx)e™
Yy = (v] + vzx)e’x

ve™ + vz'(xe”‘) =0

1
’ —x ' _x
vl(—e )+v2 —x + l)e™ =
( ) exx2
/ 1
Vv, = ——
X

1 1
Vy, = J‘;dx = —;

y = (Cl + Cox 7ln‘x‘ - l)e”‘

V' +4y = cosx

m +4=0=m==+2i

v, = Cycos2x + C, sin 2x
Yy, = Acosx + Bsinx
yp' = —Asinx + Bcosx
yp” = —-Acosx — Bsinx
y, +4y, = (—Acosx — Bsinx) + 4(4 cos x + Bsinx) = cos x
34cosx + 3Bsinx = cosx = 4 = fand B = 0
y, = tcosx

Y =y, +¥, = Ccos2x + C,sin2x + L cos x
Initial conditions: y0)=66=C+i=0¢ =1
¥(0) = =6:-6 = 2C, = C, = -3

Particular solution: y = cos2x — 3sin 2x + L cos x

Review Exercises for Chapter 16 495
V' +y =6y = 54, y(O) =2, y’(O) =0

m* —m-6=0

(m—3)(m+2):0

m o= 3,m = -2

v = G + Cre™™

¥, = =9 by inspection

Y=y ty, = Ce* + Cre™ -9

Initial conditions:
y0)=22=G+G-9=C+GC =11
y(0)=0:0=3C-2C, = C =2,C, =3

5o 5

o

y = %(263" + 36’2"”) -9

Y+ 25y =€, (0) = 0,y(0) = 0
v, = C,cos5x + C,sin 5x
yp — Aex,ypl — ypu — Aex
1

Ae* + 254" = ¢ = 264 =1= 4 =—
26
. 1
y:yh+ypZCICOSSX+CZSIHSX+2—63"
y(0)=0i0=Cl+i:>Cl:,L
26 26
1 1
0)=0:0=5C,+— = C, = —
¥'(0) 2t 5e = G = s
YZ—LCOSSx—Lsin5x+iex
26 130 26
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496 Chapter 16 Additional Topics in Differential Equations

36. ' +3y

m? + 3m
Vh
Yp

'

Yp

"
Yp
’

yp' + 3)/,,'

yp

= 6x

=0=m =0andm, = -3

=C + Ce™

= A + Bx> + Cx + D

=34x* + 2Bx + C

= 6A4x + 2B

= (64x + 2B) + 3(34x” + 2Bx + C) = 94x* + (64 + 6B)x + (2B + 3C) = 6x,4 = 0,B = L, and C = —

=x*-2x+D

y=y,,+yp:C1+C26'3"+x2

37.

vy = Ce™ + Cre™

y, = A+ (Bx + sz)e”‘

yp' = —(Bx + CxQ)e”‘ + (B + 2Cx)e’"‘

Y'=y =2y =1+ xe, y(0) = 1, '(0)—
m27m72=(m72)(m+1):0:>m:2,71

-2x+D
G+ G
3G, -2 G, =
+xP—2x =1
=3

(B + (ZC - B)x - CxQ)e”‘

v = (B +(2C = B)x — Cx?)e™ + (2C = B = 2Cx)e™ = (Cx* + (B — 4C)x + 2C = 2B)e™

"

Yp

So,C = L and B = —l.
6
2x —x 1
Y=yt = Cie" + Cye _E+

Initial conditions: y(0) = 1 =

Adding, 3C,

So, C, = —

Particular solution: y =

- yp' - 2yp

9

y(0) =3
= g = Cl = -
18
1
27
ger
54

1
27

—X

1

2

9

—+ =x

(!

6

U
e
+
AP
|
|

1] .
xe -

(2C = 2B + (-4C + B)x + Cx?)e™ = (B + (2C = B)x = Cx?)e™ = 2 + (Bx + Cx*)e™)

24 + (—6Cx + 2C — 3B)e’x =l+xe’ = A= —%,—6C =1land 2C - 3B = 0.
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Review Exercises for Chapter 16 497

38. )" —y" = 4x%, y(0) = 1,»'(0) = 1,»"(0) = 1
y’” _ y” 0

m’> —m~ = 0when m = 0,0,1.
vy = C 4+ Cyx + Cye*
Yp = Agx® + A + Apx?
v, = 24px + 34,x% + 44,x°
¥, =24y + 64x + 124,27
v, =64, +244,x
9" =y, = (240 + 64)) + (=64, + 244 )x —124,x° = 4x? ordy = —4, 4, = -4, 4, = -1
¥ =C + Cox + Cee* —dx? — 43 — 1yt
V' =G, + Cye* —8x —4x* — 4x°
' = Cie* — 8 — 8x — 4x?
Initial conditions: y(0) = 1,(0) = 1,y"(0) = ,1 = G, + G3,1 = G, + C3,1 = C; = 8,C, = -8,C, = -8,C; = 9

Particular solution: y = —8 — 8x — 4x> — $x° — 1x* + 9¢*
39. By Hooke’s Law, F = kx,k = F/x = 64/(4/3) = 48. Also, F = maand m = F/a = 64/32 = 2.So,
d*y 48
—+|—=y =0
dt? ( 2 jy
y = C, cos (2\/51‘) + C, sin(2\/gt).

Because y(0) = 4 youhave C; = Land y'(0) = 0yields C, = 0.So, y = %cos(Z\/gt).

40. From Exercise 39 you have k& = 48and m = 2. Also, the damping force is given by (1/8)(dy/dt).

d*y 1 dy
p [l L AT
(dﬂ] s

1
"+ —y' +24y =0
y 16y y
16" + y' + 384y =0

The characteristic equation 16m* + m = 384 = 0 has complex roots

S BN Y X 72 TR U LT
32 32 327 32
So, y(t) = e 2| C, cos > 983t + C, sin > 983t .
32 32
Initial conditions:
1 1
0)==—=¢C =—
¥(0) 2 175
YOy =0= o G o Y98
32 32 9830
Particular solution: y(r) = e™/* 1 oos| 2083, | VO83 [ 5VO83,
2 32 9830 32
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498 Chapter 16 Additional Topics in Differential Equations

. 24 .
3 sin 2¢ + 5 sin 7t
e -4 4 -1

41. () (1) y = %cos 2t +

AL
QU‘“’\J

(i) y:%ﬁ1—6J50w42J50+3n42J3Q}

60

o

vnf"..lﬂllﬁlﬂlm
UUUUU

o

—-60

e
111 =
(i) y 398

{199005 +~/199 s V19 !

Giv) y = %e’z’(cos 2t + sin 2¢)

0.6

N

-0.2

(b) The object comes to rest more quickly. It may not
even oscillate, as in part (iv).

(c) It would oscillate more rapidly.

(d) Part (ii). The amplitude becomes increasingly large.

45. (x —4)y' + y = 0.Letting y = i a,x":

n=0

xy'—4y'+y:2nax

»1:0 n=0
(n + l)a,7 = 4(n + l)anH
1
Ay = Zan
1 1
dg = Ag,a; = 100502 = Za] = 4700,
o
y = ao; 47

42. y, = Lcosx,y, = —%sinx,y,” = —Lcosx
v, +4y, +5y, =—tcosx + 4(—7smx) + 5( cosx)
= cosx —sin x
False.

43. (a) yp” = —4sinxand 3y, = 34sin x.

So, y," +3y, = —Asinx + 34sinx

2A4sin x = 12sin x

b) y, = %cosx

(c) If y, = Acosx + Bsin x, then

"

¥y, = —Acosx — Bsin x, and solving for 4 and

B would be more difficult.

44. y = 5,because y' = »" = Oand 6(5) = 30
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46. y" + 3xy' — 3y = 0.Letting y = z a,x":

Review Exercises for Chapter 16

n=0
V' + 30 -3y = i n(n —1)a,x"?* + 3xi na,x""" — 3§: a,x" =0
n=2 n=1 n=0
3 (n + 2)(n + l)a,Hzx" = i (3 - 3n)a,,x"
n=0 n=0
A 3(1 - n)a,
e (n + 2)(n + 1)
a, = ag a = aq
3
a, = ﬁao a; =0
There are no odd-powered terms for » > 1.
3 ( 3 ] 3(3)a,
4 = T 549 | T~
4.3\2-1 4!
EC] 3(3)0()] 33(3)a,
dg = =
6-5 4 ol
3(5) (3 (3)ao 34(5 - 3)ay
e = = _
N T | G 8!
3(7) [ 3*(5-3)ag)  3(7-5-3)ay
dyp = =
10-9 8 10!

(-1)""'3"[3-5-7-(2n - 3)]

3, &
Y= ag+ aee’ + apy,
n=2

2n
(2n) !
47. y" + y' =€y = 0,y(0) = 2,)'(0) = 0
yn — _yv + exy yvr(o) — 2
Y= =y"+ ex(y + y') y'”(O) =-2+4+2=0
y(4) — _ym + ex(y + zyl + yll) y(4)(0) _
W = @ ety + 3y + 3y + ) W0) = 4+8=4
" " (4) (5)
y = Y(O) + y'(O)x + yz(!o)x2 + 4 3(!0))63 + 4 4!(0))64 + Y 5!(0)x5 =2+ 2+ —x*+ ;—Oxs
Using the first four terms of the series, y(%j ~ 2.063
48. y" +xy = 0,y(0) = 1,y'(0) = 1
y'=—xy y'(0)=0
ym — 7xy/ _ y y/n(o) — 71
y(4) _ _xyrr _ yl _ yl _ _xyrr _ 2yr y(4)(0) =2
y(S) _ _xym _ yu _ 2yrr — _X:ym 3)}” y(S)(O) =0
y(6) — _xy(4) _ ym 3ym _ —Xy(4) _ 4ym y(ﬁ)(o) =4
Y = —p® = @ _ 4y = g0 _ 58 y(7)(0) =10
. o 20 20) ;5 _ A
y = ¥(0) + Y (0)x + 2!x+- + o x—1+x—z—a+@ 504
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500 Chapter 16 Additional Topics in Differential Equations

Problem Solving for Chapter 16

1. (3x2 + kxyz)dx - (5x2y + kyz)dy =0 3. V' —d’y =0,y >0
oM " m* —a* =(m+a(m-a)=0=m=ta
. = 3
0 _
y y = B]eax + Bzefax — Cl + CZ e Cl CZ P
a—N:fley 2 2
ox B C(eax + eaxj . C[eax _ eax]
=l ——=— S
MW 2 2
Oy ox

= C, cosh ax + C, sinh ax

(3x2 - 5xy2) dx — (szy - 5y2) dy = 0 Exact
4. y' '+ By =0

5

fly) = [(3x* = 5%)dx = ¥ - S50+ g() m =0 = m=2pi

. y = C cos fx + C, sin fx

fy(x, y) = 75x2y + g(y) = 75x2y + 5y2 c

5 Let ¢ be given by cot ¢ = FZ’O < ¢ < 27

d) =5 =2¢e0)=2+q !

3 Then C, cos ¢ = C, sin ¢.

5 5
XS =G LetC = — b = 2 Then
sin ¢ cos ¢

6x° — 15x%y* +10y* = C

y = C, cos fx + C, sin fx
= C'sin ¢ cos fBx + C cos ¢ sin fx = C sin(fx + ¢).

2. (ke + y?)dx — hoy dy = 0 _
Note that if C;, = 0, then¢g = 0 and

1 1
(a) ?(kxz 4 yZ)dx - ?kxy dy =0 y = Csin(fx). Andif C, = 0, then
2 . T
[k " yzj dx — Qdy -0 y = Csm(ﬁx + Ej = C cos(px).
X x
oM _2y ON _k —~ k=2 5. The general solutionto y” + ay' + by = 0Ois
y X & X (r+s)x (r—s)r
y = B + Be' .
®) [2 . yjj e (Qj i = 0 Exact LetC, = B, + B,andC, = B, — B,.
X x _
Then B, = %and B, = Q
. y y
xy)=||2+=|d =2x - — +
f( y) ‘[( sz X g(y) (C] + CZJ (r+s)x [C] - Czj (r—s)x
Soy = e + | —— ¢
2y, ) = T 2 2
Hxy)=—=+¢)=—"=¢ =G . o
X X e” + e e” —e™
S e AL PCN S S
32 2 2
2x ——=C
x = ¢”[C, cosh sx + C, sinh sx].

—a +~Ja* - 4b
2

6. The roots of the characteristic equation m?> + am + b = 0 (a, b > O) arem = . You consider three cases:

(i) If the roots are equal, then~/a> — 4b = Oand y = (Cl + sz)e%ax — O0asx — oo

—a —a
. —a . — .
(i) If the roots are complex, m = EY + fi,theny = Ce 2 " cos Px + Coe? " sin pPx > 0asx — ©

(because cos fx and sin fx are bounded).

—a+~\ a%—-4b —a-N a 74[’)[

(iii) If the roots are real and distinct, then y = Cie 2 Ty Cye 2 . The second term clearly tends to 0 as x — oo.

-a a 4b
I =
For the first term, note that \/a> — 4b = a l1-— <aSoy = Ce 2N @ 5 gas x —> o,
a
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Problem Solving for Chapter 16 501

7. Yy +ay =0, y(O) = y(L) =0 8 y'+ay=0,a>0, y(O) = y(L) =0
(@ Ifa=0,)"=0=>y=cx+d. y0)=0=4d m:t+a=0=m=+Jai
dy(L)=0=cL =0.S = Oisth
and (L) a=e oy 18 e y=0q cos(\/;x) + G, sin(\/;x).
solution.
(b) Ifa < 0,y"” + ay = 0 has characteristic equation n)y=0=4¢
m*+a=0=m=+J-a. y==06 sin(\/;x)
y = CeV T 4 CpeV o yL)=0=0¢ sin(\/;L)
W0)=0=C+C = -C =G So~/al = nr
— 0= CeV-al ~V-alL 2
y(L) =0=Ce + Ge a = (ﬂj , 1 an integer.
- Cle\gL _ Cle'\/;L L
e\/ZL _ —~J-alL
= 2C1 2

= 2G, sinh(\/——aL) =C=0=0

So, y = 0is the only solution.

2
9ﬂ £p-0,% 50
dr? L L

(@ o(r) =G sm( % J + G, cos[\/g IJ

. g G T
Let¢ be givenbytan| , |[Z¢d| = —,—— < ¢ < —.
# be given by («/Lszﬁ] SR

Then G, sin[\/g ¢] = - cos[\/g ¢].
Letd =
- E) ol ) - s Eo)f ) aof Eo)f £ - o] [0
\/g(t+¢}g—98L—025
39.

® o) = Acos{
V392

Dividing, tan| /392 ¢ | = - = ¢ = —0.1076 = 4 ~ 0.128.
\/39.2

0(r) = 0.128 cos|\/39.2 (¢ - 0.108)]

2

~/39.2
(d) Maximum is 0.128.
(e) O(r) = Oat r ~ 0.359 sec, and at 7 = 0.860 sec.

(f) 6(0.359) ~ ~0.801,6'(0.860) ~ 0.801

(c) Period = ~ lsec
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502 Chapter 16 Additional Topics in Differential Equations

10. (a) Ay" = 2Wx — %sz,A >0

AP
A 24 24

3
V' = W(sz —xJ+C1

! 2—Wx— W o W(4x—x2)

24 3

wi2x* x*
=—|—-—|+Cx+C
g 2A[3 12] e

W0)=0=C =0

w(l6 16
2)=0=> —|—-—|+2G, =0
2) 2A[3 12) !
W oo ==
A
wi2x* x*
y=—— —-"—=-2x
24( 3 12

(b) Using a graphing utility, the maximum deflection is

atx =~ 1.1074, and the deflection is

W (1.43476) ~ 07174,
24 A

1. y" + 8y +16y = 0, y(0) = 1,(0) = 1

@ A=40=421" - o = 0,critically damped

®) m =m, = -4
y = (G + Gi)e™,
y' = —4(C1 + G, t)e"" + Cye™

¥0)=1=¢
Y(0)=1=-4+C =C =5
y = (1+5t)e™

(c) =

| -

0

The solution tends to zero quickly.

12. y" + 2y + 26y =0, y(O) =1, y'(O) =4

(@) 1=1Lw=-/26,

A* — @ = =25 < 0, underdamped
®) m =-1+5,m =-1-15i

y = Ge ' cos(5t) + Cye™ sin(5¢)
»0)=1=¢

y'(1) = —e™(C, cos 5t + C, sin 5¢)

+ e”(—SCl sin 5¢ + 5C, cos 5t)

Y(0)=4=-C+5C, = C =1

» = e(cos 5¢ + sin 5¢)
(¢) 2

| WA

-2

The solution oscillates.
13. )" + 20y + 64y = 0, (0) = 2, y'(0) = —20
(@ A =10,0 = 8, 1> — @ = 36 > 0,overdamped
() mo=-10+6=—dm =-10-6 =16
y = Ce™ + Ce
W0)=2=0C+GC
V(1) = —4Ce™ - 16Ce ™
¥(0) = =20 = —4C, — 16C,
C+C =2 }
C =10 =1
—C - 4C, = -5

y=e*te

(o 2

—16¢

0 2

The sglution tends to zero quickly.
14. y" +2y" +y = 0,y(0) = 2,)'(0) = -1
@ A =1o=1A4%- " = 0,critically damped
b m =m, = -1
y = (G + Gi)e,y = ~(C + Cyt)e + Cye™

y(O =2=C
V(0)=-1=-2+C, = C, =1
y=(2+t)e”
(© 2
o\ 5

-2
The solution tends to zero quickly.
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Problem Solving for Chapter 16 503

15. Airy’s Equation: y" — xy = 0
Vi—xw+y-y=y'-(x-1)y-y=0

©

Lety = z a,(x =1,y = i na,(x - 1)"_1, Y= i n(n = a,(x - l)n_2

n=0 n=l1 n=2

—(x=-Dy-y=0

n=2 n=0 n=0
S (4 )+ ap(r = =S (- =S apax -1 =0
n=-1 n=0 n=-1

2a2—a0 i[n+3 n+2)an+3—an— Hl]x—l"“—o

1 .
2a, —ay = 0 = a, = an;ao,al arbitrary

a, + dpy

In general, a,,; = m

a = ao ;L a
a + la
a + a, ! 270 2a, + a,
“TTn T T T n
la L % + a
as:a2+a3:2° 6 _Aa+a
20 20 120
a +a) 2a; + ay
a:a3+a4: 6 24 :500+6al
¥ 30 30 720
2a, + a, N 4a, + q
g = +as 24 120 _ 9a, + 11g
, = =

42 42 5040
So, the first eight terms are

A B S i Y
2 6 120
+ Say + 64 (x B 1)6 + 9a, + 1lq (x _ 1)7,

720 5040
16. @ Tyul2) = 27(x) - T, (¥)
T, = L7
T, = 2x(x) — 1 = 2x* — 1
2x(

=X

2x2—1)—x:4x3—3x

I
I

= 2x(4x’ = 3x) = (207 — 1) = 8x* — 8x? + |
(b) (1 - xz)y” -0 +ky=0
Substituting Ty, ..., 7, into this equation shows that the polynomials
satisfy Chebyshev’s equation. For example, for 7,
(1 - x2)[96x* - 16] — 322> — 16x] + 16[8x* = 8x* + 1] = 0
(©) Ts
Ty = 2x(16x° — 20x° + Sx) — (8x* — 8x? + 1) = 32x° — 48x* + 18x” — |

2x(8x4 - 8x2 + 1) - (4x3 - 3x) = 16x° — 205 + 5x

T, = 2x(32x° — 48x* + 18x? — 1) — (16x° - 20x* + 5x) = 64x" — 112x° + 56x° — 7x
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504 Chapter 16 Additional Topics in Differential Equations

17. x*y" + xy' + x*y = 0 Bessell equation of order zero

(2)

(b)

18. (a)

(b)

Lety—Zax y' —Znax -, ”:in
n=2

n=1

X3y + xy + x'y =0

n=2

M

2

3
I

0

M

n=0 n=-1

(n - l)a,,x”'z.

xzi n(n - l)aﬂx”’2 + xi na,x""' + xzi a,x" =0
B n=1 B n=0
n(n - l)a,,x” + Z na,x" + z a,x"? =0

0

(n +2)(n + 1)a,.,x" Z n+ 2)a, ,x"? + Z a,x"? =

ax + i [(}’l + 2)(n + l)an+2 + (n + Z)an+2 + an:lxmz -0

n=0
a =0and a,,, = —n 5
(n + 2)
All odd terms g; are 0.
—a
—-a, 1 a,
a, = —— = q, =
4 42 022 42 24(] 2)2
—ay 1 —ay
a, = — = —q, =
6 62 092 42 . g2 26(3!)2
” 2n
N OHZ(:) 22n }’l'

This is the same function (assuminga, = 1).

o0 o0 o0
Lety = z ax",y = z na,x", Z
— n=1 n=2

X2y + xy) + (x2 - l)y =0

o0
xzz n(n a,,x”'2 + xz na,x""' + (x2 -

0

3
Il
o

M

—ay + (a — a)x +

n=0

a, = 0and [(n + 2)(n + 1) + (n + 2) - l]a,Hz = —-a, = [nz + 4n + 3Jan+2 =—-a, = Ay, =

All even terms q; are 0.

- @@

T4

o = -ay  —a —2a,

*T4.6 253 25.213
—as —2a,

a, = =

T 6.8 2734

© (_1)"x2n+1
-9 Y
y =242, 227 (i + 1)

This is the same function (assuming 2a, = 1).

n—l

l)i ax" =
n=0

n(n — ax+ na,x" + a,x"** — ax" =0
( n Z z z n

n=0

o0 o0
(n+2)(n + ,,+2x’”2 Z (n+2) @, ,x"? + z a,x"*? — Z Ay rx™? = 0
n=-2

n=0

[(I’l + 2)(” + 1)an+2 + (f’l + 2)a,,+2 + a, — an+2:|xn+2 -0

-a,

(n+1)(n+3)
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19. (a) Lety = i ax",y = i na,x"!,

(b)

i n—l

n=0 n=1 n=2

y'=2x"+8y =0

in(n—l —2x2nax”1+82ax =
n=2 n=0
i (n + 2)(n + 1)a,,+2x” - Z 2na,x" + Z 8a,x" =0
n=0 n=0 n=0
i [(n + 2)(n + 1)an+2 - 2na, + 8an]x" =0
n=0
__2An-4)
R P P
2(-2 1
a, = 16 = 45(3)) a, = _gaz = a = —48
2(-4)
a, = 48 = ay, = “4ay = a, =12

H,(x) = 16x* — 48x* + 12

Hy(x) = (2(;)0 =1
H(x) = (2;)] = 2x
Ha(x) = io D 22'(22);) o 2(22)!6)2 2y

Hy(x) = 22: 4v(_22)n : n _ 4!(3:) ~ 4!(?) . 4:

n=0

-2

= 8x* — 12x

Problem Solving for Chapter 16 505

— = 16x* — 48x% + 12
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506 Chapter 16 Additional Topics in Differential Equations

20. (a)

(b)

'+ (1-x)y +ky =0

Lety = i ax",y = i na,x"', y" = i n(n = 1)a,x" 2.
n=2

n=0 n=l1

Ms

X

n(n - l)anx"’2 + (1 - x)i na,x"" + ki a,x" =0
n=1

2

P]s 3
M

n(n - l)a,,x”’1 +

n=0
o0 o0
na,x""' — z na,x" + z ka,x" =0
2 n n=l1 n=0

n

M
NgE

(n + l)na,,ﬂx” +

1 n

o0 o0

n+ l)a, x" — > na,x" + ka,x" =0
1 0
n= n=

Il
=]

n

(@ + kay) + Zw: [(n + Dna,,, + (n +1)a,, — na, + ka,,]x” =0

n=1

a + kay =0 = a = —ka,
(n + l)za,,H + (k - n)a,, =0=a,, = Lkza,,
(n + l)
Leta, = 1.
Fork = 0,ay = a, = -+ = 0 = Ly(x) = L.
Fork =lL,a =-l,a, =a; =+ =0= Ll(x) =1-x
Fork = 2,0, = 2,a, = %al = % = Lz(x) =1-2x+ %xz.
In general, for a given integer k > 0, a;,, = a;,,, = --- = 0. Furthermore, in the given formula for
Ly (x), you can verify that a,,, = (nk)2 a,. Finally, you can see that for k > n,
n+1
~1) = Dk = (n -1 _ - _9_
" _(n-1) ko _()(k-(n ))an_] _(Yk+1-n) n-2 ko
n’ n’ n* (n - 1)2
2 n
)=k =(=2) () (k= (= D)k = (1= 2)) (k- 0)
- 2 n-2 = - 2 2}
n*(n—1) n*(n—1)--22 .1

() (k = (n = D)(k = (n = 2))-k(k = n). . - (-1)"k!

(n)’ (k - n)! (k = n)(n))’

= (0 - n)(n)’
2 - L= PR
h()nﬂufwwy
3 (-1)"2tx" . x+—2
L= oo T
I x+fx27xf3
L3(X)_r§)(3—n)!(n!) SRR
Ly(x) = g(:__l)n;'(j) =1-4x+3x*> - =x* + ax“
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