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RESUMEN 
METODO DE SUSTITUCIÓN TRIGONOMETRICA 

Un buen numero de integrales que contienen polinomios de segundo grado, se pueden transformar a 
integrales directas o inmediatas si se utilizan sustituciones de variables que contienen funciones 
trigonometricas que transforman la expresión en una identidad trigonométrica 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

 
 

a2 + x2    →    x = a tg z   →  x2 = a2 tg2 z    
 
Reemplazando 
a2 + x2   = a2 +   (a2 tg2 z )   
a2 + x2   = {a2 + a2 tg2 z}  
a2 + x2   = { a2 (1 + tg2 z )} 
a2 + x2   = a2 (sec2 z )  

a2 - x2    →    x = a sen z   →  x2 = a2 sen2 z    
 
Reemplazando 
a2 - x2   = a2 - (a2 sen2 z )   
a2 - x2   = {a2 - a2 sen2 z}  
a2 - x2   = { a2 (1 - sen2 z )} 
a2 - x2   = a2 (cos2 z )  

x2 - a2   →    x = a sec z   →  x2 = a2 sec2 z    
 
Reemplazando 
x2 - a2   = (a2 sec2 z ) – a2  
x2 - a2   = { a2 sec2 z  - a2 }  
x2 - a2   = { a2 (sec2 z  -1 )} 
x2 - a2   = a2 (tg2 z )  
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TABLA DE INTEGRALES  
∫ += cu  du  

constante una es a donde  cu  a du  a∫ +=  

-1n   c 
1n

1nu du  nu ≠⇒∫ +
+

+
=  

∫ += c u  Ln  
u

du  

 1  ay         0a.  donde  c 
aLn 

ua du  ua ≠>∫ +=  

∫ += c ue du  ue  
 
∫ += cu  cos - du u sen  
 
∫ += cu sen  du u  cos  
 
∫ += cu   tgdu u  2sec  
 
∫ += cu  ctg - du u  2csc  

 
∫ += cu  sec du u  u tg sec  
 
∫ += cu  csc - du u   ctgu   csc  
 
∫ += c   u  sec Ln   du u   tg  
 
∫ += c   u sen  Ln   du u   ctg  
 
∫ ++= c   u    tgu   sec Ln   du u   sec  

c  u  
2
1  tgLn   c   u  ctg  -u   csc Ln   du u   csc +=∫ +=  
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Las siguientes integrales se pueden usar para resolver en forma directa, además se pueden 
demostrar 

 
 

c 
x-a
xaLn 

a 2
1 

2x-2a

dy
+

+
=∫  

 
  c 

ax
a-xLn 

2a
1   2a-2 x

dx
∫ +

+
=  

 
c   

a
xsen  arc  

2 x-  2a

dx +∫ ⎟
⎠
⎞

⎜
⎝
⎛=  

 
c  2a-2xxLn   

2a-2x

dx
++=∫  

0a   donde   c   
a
x sec arc  

a
1    

2a -  2x x 

dx
>+∫ ⎟

⎠
⎞

⎜
⎝
⎛=  

  
 
 

 
 
 
 

c  22
2
x    

a
xsen arc 

2

2a  2x-2a +−+∫ = xa  

c   
x

a  -  2a   2xLn
a
1 

2a2xx

dx
+

+
=∫

+
 

 
 
 
 
 

c   
 x2a

2 x-  2a  -   
 2 x- 2a 2x

dx
+=∫  

 

c    
a
xsen  arc -  

 x

2 x-  2a  -  dx  
 2x

2x-2a
+=∫  

 

1C    x     2x2aLn  
2

2a    2x2a
2
x dx 22 +++++=∫ + xa

1C    x     2a-2xLn  
2

2a    2a-2x
2
x dx 22x +++=∫ − a

   c   
a
x   tgarc  

a
1    

2 x2a

dx
+∫ ⎟

⎠
⎞

⎜
⎝
⎛=

+

1c   x    2a2xLn 
2

2a  - 2a2x 
2
x dz z sec2a -  dz z 3sec2a  

2a  2x

dx 2x ++++=∫ ∫∫ =
+
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c  
a
xsen  arc  -  

2x-2a

x  
232 x2a

dx 2x
+=∫

⎟
⎠
⎞⎜

⎝
⎛ −

 

 
Encuentre una formula directa para la aplicación de la siguiente integral 
 

   c   
a
x   tgarc  

a
1    

 xa

dx      
22

+⎟
⎠
⎞

⎜
⎝
⎛=

+
∫  

 

 
2 x 2a

dx
∫

+
 

∫=∫
+ z 2sec 2a

dz z 2sec a  
2 x 2a

dx  

 
 

 
 

( ) c   
a
1  dz

a
1  dz 

a
1

+=∫=∫ z  

 
Reemplazando 
 

( ) c   
a
1   

2 x 2a

dx
+∫ =

+
z  

 
                        
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

 

 
z   tga     x         2 x 2a =⇒+  

 
 
 
x = a tg z 
x2 = a2 tg2 z 
 

dz z 2sec a dx      z  tga    x si =⇒=  
 

  z 2 tg2a  2a  2 x 2a +=+  

 z 2tg 12a  2 x 2a ⎟
⎠
⎞⎜

⎝
⎛ +=+  

  z 2sec2a  2 x 2a ⎟
⎠
⎞⎜

⎝
⎛=+  

 

a
x  z    tg   z  tga   x           si =⇒=  

             ⎟
⎠
⎞

⎜
⎝
⎛=

a
x  tgarcz  

2xa +  
x

a

z

c   
a
x  tgarc 

a
1   

2 x 2a

dx
+⎟

⎠
⎞

⎜
⎝
⎛

∫ =
+

dz 
a
1  

z sec a

dz z sec a
22

2
∫∫ =
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Encuentre una formula directa para la aplicación de la siguiente integral 
 

      
2  x-2a 

dx      ∫ =  

   
z cos a

dz z cos a   
x-a 

dx      
2222∫ ∫=  

 
Simplificando 

∫=∫=∫ ∫= dz sec
a
1  dz 

z cos
1

a
1   

z cos a
dz    

2x-2a 

dx      z  

 
 
Tabla de integrales  
 
 
 
 
Reemplazando 
 

c  z  tg z secLn  
a
1  dz z sec

a
1

++=∫  

 

c  
x-a

x  
x-a

aLn  
a
1  dz z sec

a
1

2222
++=∫  

 

c   
2x-2a

aLn  
a
1  dz z sec

a
1

+
+

=∫
x  

 

( )
( ) ( )( ) c 

2x2
xaLn  

a 2
1  c   

2
22

2xaLn  
2a

1  dz z sec
a
1

+
−

++
=+

⎟
⎠

⎞
⎜
⎝

⎛ −

+
=∫

a

xa

xa

 

Cancelando términos semejantes 
 

 

 
 
  
 
 
 
  
 
 

 
zsen  a      x   2x-2a =⇒  

 
( ) dz z 2sen 2a  2x =  
 
Si  x = a sen z   →  dx = a cos z dz 
 

( )   z 2sen 2a -2a   2x -2a =  

 ) z 2sen  -(1 2a   2x-2a =  

 ) z 2(cos 2a   2x-2a =  
 

 
a
x   zsen      zsen  a     x si =⇒=  

 

2x-2a

a  z sec     
a

2x-2a  z cos   si =⇒=  

        
2x-2a

x   z   tg =  

 

x a 

 2x-2a  

z 

c     z   tg  z secln     dz z sec ++∫ =  

c 
x-a
xaLn 

a 2
1 

x-a

dx
22

+
+

=∫  

( )( )
( )( ) c 

x-a
xaLn 

a 2
1   c  xaLn  

a 2
1  +

+
=+

+−
++

xaxa
xa
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Encuentre una formula directa para la aplicación de la siguiente integral 
 

      
a- x

dx      
22∫ =  

   
z  tga

dz z  tgz sec a   
a- x

dx      
2222∫ ∫=  

 

dz 
z tg

1 
z cos

1
a
1  

z  tga
dz z sec      ∫=∫  

 
dz 

zsen 
z cos 

cos
1

a
1  dz z ctg 

cos
1

a
1

∫∫ =
zz

 

 

∫∫ = dz csc
a
1  dz 

zsen 
1

a
1 z  

 
Tabla de integrales  
 
 
 
 

c   z ctg - z cscLn  
a
1  dz z csc

a
1

+∫ =  

 
Reemplazando 

c  
2a-2x

a - 
2a-2x

Ln  
a
1  c   z ctg - z cscLn 

a
1

+=+
x  

 

 ( ) c  

a-x

a-xLn 
2a
1        c   

a-x

a-xLn 
a
1 

2
22

2

22
+

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=+  

( )( ) ( )( )
( )( ) c  

a-x
a-xLn  

2a
1         c  

a-x

a-xLn 
2a
1

22
+

+
−

=+
−

ax
axax  

 
Cancelando términos semejantes 
 

c  
ax
a-xLn 

2a
1 +

+
 

  
 
 
 
 
 
 

x 

a 

 2a-2x
z 

 
z sec  a    x    a-x 22 =⇒  

z 2sec 2a  2x =  
 
Si  x = a sec z   →  dx = a sec z tg z dz 
 

 a -  z sec a    a-x 22222 =  
 1) - z (sec a   a-x 2222 =  

 ) z (tg a   a-x 2222 =  
 

 
a
x   z sec     z sec a     x si =⇒=

 

⎟
⎠
⎞

⎜
⎝
⎛=

a
x sec arc z

 

x
a  z cos    

a
x   z sec   si =⇒=

 

     
2a-2x

a  zcot     
a

2a-2x   z    tgsi =⇒=   

2a-2x

x  z csc    
x

2a-2x   zsen    si =⇒=  

c     z ctg -  z cscln     dz z csc +∫ =  

  c 
ax
a-xLn 

2a
1   

2a-2 x

dx      ∫ +
+

=
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Encuentre una formula directa para la aplicación de la siguiente integral 
 

c   
a
xsen  arc  

 x-  a

dx       
22

+⎟
⎠
⎞

⎜
⎝
⎛=∫  

 
 

 
 
 
 

 
Tabla de integrales  
 
 
 
 

 
 

Reemplazando 
 

 
         
 

        
 
 
 
  
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 

zsen   a     x  2 x- 2a =⇒  
 

z 2sen 2a  2x =  
 
Si  x = a sen z   →  dx = a cos z dz 
 

   z 2sen 2a  - 2a    2  x- 2a =  
 

 z 2sen -12a     2  x- 2a ⎟
⎠
⎞⎜

⎝
⎛=  

 

 z 2cos2a     2  x- 2a ⎟
⎠
⎞⎜

⎝
⎛=  

 

 z cos a    2  x- 2a =  
 

 
a
x   zsen      zsen  a     x si =⇒=

 
 

⎟
⎠
⎞

⎜
⎝
⎛=

a
xsen  arc z

 
 

2 x- 2a

x  z tg =

       

c    z    dz +∫ =  

x 
a

 2  x- 2a  

z

∫=∫ z cos a
dz  z cos a  

 2 x-  2a

dx

∫=∫ dz  
z cos a
dz z cos a 

c   z  dz +=∫

c  
a
xsen arc  c   z +⎟
⎠
⎞

⎜
⎝
⎛=+

c   
a
xsen  arc    

2x-  2a

dx
+⎟

⎠
⎞

⎜
⎝
⎛

∫ =  
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Encuentre una formula directa para la aplicación de la siguiente integral 

 
 2a - 2 x

dx 
∫  

 
 

 
  dz z  sec =∫  

 
 
Tabla de integrales  
 
 
 
 
Reemplazando 
 

c  z  tg z secLn   dz z sec ++=∫  
 

c  
a

2a-2x  xLn    dz z sec ++=∫ a
 

 

c   
2a-2x Ln    dz z sec +

+
=∫ a

x  

 
   c a Ln  -   2a-2xxLn    dz z sec ++=∫  

Cancelando términos semejantes 
 
Pero c   a Ln -  1c +=  

   1c   2a-2xxLn    dz z sec ++=∫  

 
  
 
 
 
  
 
 
 
 
 
 
 

 

z sec  a     x  a -   x 22 =⇒  
 

zsecax =  
 

z 2sec  2a  2x =  
 

dz  z  tgz sec a dx     z sec a   x si =⇒=  
 

    2a   -  z 2sec 2a    2a - 2x =  
 

    1)   -  z 2(sec 2a    2a - 2x =  
 

    )  z 2(tg 2a    2a - 2x =  
 

 z  tga    2a - 2x =  
 

a
x  z sec =    

x
a  z cos =  

       
 
 

( )∫=∫ z  tga 
dz   z  tgz sec a   

 2a - 2 x

dx

x 

a 

 2a-2x  

z 

c     z   tg  z secln     dz z sec ++∫ =  

c 22Ln   2a-2x

dx
+−+=∫ axx  



 9

Encuentre una formula directa para la aplicación de la siguiente integral 
 

0a   donde   c   
a
x sec arc  

a
1    

2a -  2x x 

dx      >+∫ ⎟
⎠
⎞

⎜
⎝
⎛=  

 
 

 
 

 
 
 
 

 
Tabla de integrales  
 
 
 
 

 
 
 

 
Reemplazando 
 

 
         
 

        
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 

x 

a

 2a-2x  
z

 
 2a - 2 x 

dx
∫

x

( ) ∫=∫=∫ dz 
a
1  

z  tga  z sec a
dz z   tgz sec a  

  2a-2xx

dx

( ) c  
a
x sec arc

a
1  c   z

a
1 +⎟

⎠
⎞

⎜
⎝
⎛=+

=∫   dz 1
a

c    z    dz +∫ =  

( ) c  z 1  dz 1
+=∫ aa

   c   
a
x sec arc  

a
1    

2a -  2x x 

dx
+⎟

⎠
⎞

⎜
⎝
⎛=∫

 

 

z sec  a     x  2a2  x =⇒−  
 

z 2sec 2a  2x =  
 
Si  x = a sec z   →  dx = a sec z tg z dz 
 

   a -    z sec a    a - x 22222 =  
 

 1-z 2sec 2a      2a- 2x ⎟
⎠
⎞⎜

⎝
⎛=  

 

 z tga      a -x 2222
⎟
⎠
⎞

⎜
⎝
⎛=  

 

 z   tga     2a-2x =  
 

 
a
x   z sec     z sec a     x si =⇒=  

 

⎟
⎠
⎞

⎜
⎝
⎛=

a
x sec arc z  
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Encuentre una formula directa para la aplicación de la siguiente integral 
 

 

 

dzz  sec a dz z sec a z sec  a dx    xa 32222
∫∫∫ =⎟

⎠
⎞

⎜
⎝
⎛=+  

 
=∫  dz z 3sec  2a  

 
Se resuelve la integral   ∫ dzz 3sec2a   por partes  
∫ ∫= du v -  v*u   dvu  

 
 
 

 
 
 
 
 
 
∫ ∫= du v -  v*u   dvu  
 

 
 

 
 
 

 
Reemplazando la Identidad trigonométrica 
     tg2 z = sec2 z  -  1 

 
 
 
 
 
 

 
 
                           

 
 
 

 
Ordenando como una ecuación cualquiera  y simplificando los términos semejantes 

 
 
 

 
 

Dividiendo la ecuación por 2 

∫=∫ dz z sec *  z 2sec2a   dz z 3sec2a 

Se resuelve por partes 
u = sec z                       dv = sec2 z 

du = sec z  tg z  dz              dz  z 2sec  dv∫ ∫=  
                                              v = tg z  

( )[ ]dz  tgz* z sec * z tg -  z  tg* z sec2a  dz z sec *  z 2sec2a ∫=∫

⎥⎦
⎤

⎢⎣
⎡ ∫ dz z sec * z 2tg  -   tgz* z sec2a 

⎥⎦
⎤

⎢⎣
⎡ ∫+∫=∫ dz z sec   dz z 3sec - z  tg* z sec2a dz z 3sec2a

∫+∫=∫ dz z sec2a  dz z 3sec2a -  z  tg* z sec 2a dz z 3sec2a

∫+=∫+∫ dz z sec2a  z  tg* z sec 2a   dz z 3sec2a   dz z 3sec2a

∫+=∫ dz z sec2a z  tg* z sec 2a    dz z 3sec22a

⎥⎦
⎤

⎢⎣
⎡

∫ ⎟
⎠
⎞⎜

⎝
⎛ dz z sec * 1 - 2sec -  z  tg* z sec2a 

⎥⎦
⎤

⎢⎣
⎡ ∫ ∫+ dz z sec  dz z 3sec -  z  tg* z sec2a

dx  2 2a∫ + x  

z   tga     x          2 x2a =⇒+  
 

ztgax =  

z 2  tg2a  2x =  
 

dz z 2sec a dx      z  tga    x si =⇒=  
 

   z 2 tg22a     2 x 2a a+=+  

  ) z 2tg(1 2a    2x2a +=+  

    z 2sec 2a   2x2a ⎟
⎠
⎞⎜

⎝
⎛=+  

  z sec  a      2x2a =+  
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Tabla de integrales  
 
 
 

 

 
 

 
  
 

 
 
 
 

 
 
 
 
 

 
 
 
 
 

Propiedad de los logaritmos 
 
 
 
 

c    a Ln 
2

2a  -   1C +=  

 
 
 
 
 

 
 
 
 
 
 
 
 

∫+=∫ dz z sec 
2

2a z  tg* z sec 
2

2
a     dz z 3sec2a

c    z  tg  z secLn  
2

2a z  tg* z sec 
2

2a     dz z 3sec2 +++=∫a

c     z   tg  z secln     dz z sec ++∫ =  

c   z  tg z secLn  
2

2a  z  tg* z sec 
2

2a  dx  22 +++=+∫ xa

c   x   
2x2aLn  

2

2a   * 
22

 
2

2a dx 22 ++
+

+⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
+

=+∫
aaa

x
a

xaxa

 

a
x  z    tg    z  tga   x si =⇒=  

2x2a

a  z cos
+

=  

 
 

  z sec  a     2x2a =+  
 

a
z  2x2a  sec +
=  

 
       
 
 

c      x   2x2aLn  
2

2a   
2

22x  
2

2a dx 22 +
++

+
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
+

=+∫
aa

xaxa

c      x   2x2aLn  
2

2a   2x2a x  
2
1 dx 22 +

++
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+=+∫

a
xa

c  a Ln 
2

2a  -  x     2x2aLn  
2

2a   2x2a x  
2
1 dx 22 ++++⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+=+∫ xa

22 xa +  

a  

x 
z

1C    x     2x2aLn  
2

2a    2x2a
2
x dx 22 +++++=+∫ xa  
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Encuentre una formula directa para la aplicación de la siguiente integral 
 

 

 

( ) dz∫=∫=∫  z 2  tgz sec 2a dz  z  tgz sec a  z   tga dx   2a-2x  
 

=∫  dz z sec  z 2 tg 2a  
 
Identidades trigonometricas  
 
 
 
 

∫ ⎟
⎠
⎞⎜

⎝
⎛ −=∫ dzzz  sec12sec2a dz z sec  z 2 tg 2a  

∫∫=∫ ⎟
⎠
⎞⎜

⎝
⎛ − dz sec2a  - dz z sec z 2sec2a  sec12sec2a zdzzz  

 
  dz sec2a  - dz  z 3sec2a =∫∫ z  

 
Se resuelve la integral   ∫ dzz 3sec2a   por partes  
∫ ∫= du v -  v*u   dvu  

 
 
 

 
 
 
 
 
 
∫ ∫= du v -  v*u   dvu  
 

 
 

 
 
 

Reemplazando la Identidad trigonométrica 
     tg2 z = sec2 z  -  1 

 
 
 
 
 
 

 
 

∫=∫ dz z sec *  z 2sec2a   dz z 3sec2a 

Se resuelve por partes 
u = sec z                       dv = sec2 z 

du = sec z  tg z  dz              dz  z 2sec  dv∫ ∫=  
v = tg z

( )[ ]dz  tgz* z sec * z tg -  z  tg* z sec2a  dz z sec *  z 2sec2a ∫=∫

⎥⎦
⎤

⎢⎣
⎡ ∫ dz z sec * z 2tg  -   tgz* z sec2a 

⎥⎦
⎤

⎢⎣
⎡ ∫+∫=∫ dz z sec   dz z 3sec - z  tg* z sec2a dz z 3sec2a

⎥⎦
⎤

⎢⎣
⎡

∫ ⎟
⎠
⎞⎜

⎝
⎛ dz z sec * 1 - 2sec -  z  tg* z sec2a 

⎥⎦
⎤

⎢⎣
⎡ ∫ ∫+ dz z sec  dz z 3sec -  z  tg* z sec2a

dx   2a-2x∫  

z  sec a     x          2a-2 x =⇒  
 

zsecax =  
z 2sec  2a  2x =  

 
dz z  tgz sec a dx      z sec a    x si =⇒=  

 

    2a - 2sec2a      2a-2x z=  
 

  1)- z 2(sec 2a    2a-2x =  
 

    z 2tg 2a   2a-2x ⎟
⎠
⎞⎜

⎝
⎛=

 
  z   tga      2a-2x =  

 
 
              

1 - z 2sec  z 2tg =
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Ordenando como una ecuación cualquiera  y simplificando los términos semejantes 

 
 
 

 
 

Dividiendo la ecuación por 2 
 
 
 
 

Tabla de integrales  
 
 
 
  

Regresando a la integral inicial después de resolver ∫ dzz 3sec2a   
por partes. 

∫ ⎟
⎠
⎞⎜

⎝
⎛ ∫+=⎟

⎠
⎞⎜

⎝
⎛ ∫∫ dz z sec 2a- dz z c

2

2a  z  tg*sec
2

2a  dz z sec 2a  - dz  z 3sec2a sez  

∫ ∫+ dzzsez  sec2a- dz z c
2

2a  z  tg*sec
2

2a  

Se reducen términos semejantes 
 

 

 
aplicando la tabla de integrales 

c   z  tg z sec Ln  
2

2a - z  tg*sec
2

2a ++z  

 
Reemplazando 

c   z  tg z sec Ln  
2

2a - z  tg*sec
2

2a    dz 2a-2x ++=∫ z  

 

c   
a

2a-2x  
a
x Ln  

2

2a  -  
a

2a-2x *
2

2a    dz 2a-2x ++
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛=∫

a
x  

 

c   
a

2a-2x x  Ln  
2

2a  -  
2a

2a-2xx  
2

2a    dz 2a-2x +
+

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
=∫  

c   
a

2a-2x x  Ln  
2

2a  -  2a-2x
2
x    dz 2a-2x +

+
=∫  

∫+∫=∫ dz z sec2a  dz z 3sec2a -  z  tg* z sec 2a dz z 3sec2a

∫+=∫+∫ dz z sec2a  z  tg* z sec 2a   dz z 3sec2a   dz z 3sec2a

∫+=∫ dz z sec2a z  tg* z sec 2a    dz z 3sec22a

∫+=∫ dz z sec 
2

2a z  tg* z sec 
2

2
a     dz z 3sec2a

c     z   tg  z secln     dz z sec ++∫ =  
 

z sec a x =  
 

a
x  z sec      z sec a   x si =⇒=

 

x
a  z cos =

 
 

  z    tga    2a-2x =  
 

a

22
  z tg ax −
=  

 

22 ax −

a  

x 

z

∫  dz z c
2

2a - z  tg*sec
2

2a sez
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Propiedad de los logaritmos 
 

c   a Ln  
2

2a   2a-2x xLn  
2

2a  -  2a-2x
2
x    dz 2a-2x +++=∫  

 
Pero: 

c    a Ln 
2

2a     1C +=  

 
 
 
 
 

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1C    x     2a-2xLn  
2

2a    2a-2x
2
x dx 22x +++=−∫ a  
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Encuentre una formula directa para la aplicación de la siguiente integral 

dx    2x-2a       ∫  
 

( ) ∫∫∫ == dz  z 2cos 2a  dz z cos a*z cos a dx    2x-2a        
 
Reemplazando la Identidad trigonométrica 
      
 
 
 
 
 

( ) ( )dz 2cos1
2

2a     dz 2cos1
2
12a  dz 2cos2

∫∫∫ +=+= zzza  

 

∫+∫ dz 2z cos
2

2a  dz
2

2a  

 

c  2zsen  
2
1

2

2a      z
2

2a
+⎟

⎠
⎞

⎜
⎝
⎛+  

 

c  2zsen  
4

2
       z

2

2a
+⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
+

a  

 
Reemplazando la Identidad trigonométrica 
      
 
 
 
 

( ) ca
++=+⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
+ z cos   zsen   2

4

2a      z 
2

2a      c  2zsen  
4

2
       z

2

2a  

 
Reemplazando 

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
+⎥

⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

a

2x-2a * 
a2

2a      
a
xsec arc

2

2a x  

c  2 x- 2ax 
2
1     

a
x sec arc 

2

2a        c   
2a

 2  x- 2a  *
2

2a   
a
x sec arc 

2

2a
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+=+

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
+

x  

 
 
 
 
 
 
 

 

zsen   a     x  2 x- 2a =⇒  
 

z 2sen 2a  2x =  
 
Si  x = asen z   →  dx = a cos z dz 
 

   z 2sen 2a  - 2a    2  x- 2a =  
 

 z 2sen -12a     2  x- 2a ⎟
⎠
⎞⎜

⎝
⎛=

 
 

 z 2cos2a     2  x- 2a ⎟
⎠
⎞⎜

⎝
⎛=

 
 

 z cos a    2  x- 2a =  
 

 
a
x   zsen      zsen  a     x si =⇒=

 
 

⎟
⎠
⎞

⎜
⎝
⎛=

a
xsen  arc z

    
a

2x-2a   z cos =  

2 x- 2a

x  z tg =

       

( )cos2z1 
2
1  2cos +=z  

z cos  zsen  2  2sen =z  

 22 xa −  

a
x

z 

c  22
2
x    

a
xsen arc 

2

2a  2x-2a +−−+=∫ xa  
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Encuentre una formula directa para la aplicación de la siguiente integral 

 
2a   2xx 

dx
∫

+
 

 

 

∫ z tg
dz  z sec 

a
1

 

 

dz 
zsen 

1
a
1    

z cos
zsen 

dz  
z cos

1

a
1

∫∫ =  

 

∫ dz  z csc 1
a

 

 
Tabla de integrales  
 
 
 
 

c    z ctg -  z cscLn 
a
1  dz  z csc

a
1

+=∫  

 
Reemplazando 

c   
x
a -  

x

2a   2xLn  
a
1  c    z ctg -  z cscLn 

a
1

+
+

=+  

 
         
                   

 
 
 
 
 
 

 
 
 
 
 
 
 
 

 

z   tga     x         2a   2 x =⇒+  
 
x = a tg z 
x2 = a2 tg2 z 
 

dz z 2sec a dx      z  tga    x si =⇒=  
 

  a    z  tga  a   x 22222 +=+  
 

  1   z 2tg 2a  2a   2x ⎟
⎠
⎞⎜

⎝
⎛ +=+  

 

    z sec a  a   x 2222
⎟
⎠
⎞

⎜
⎝
⎛=+  

 

  z sec  a    a   x 22 =+  
 

a
x  z    tg   z  tga   x           si =⇒=  

x

2a   2x
  z csc

+
=              

x
a  z ctg =  

2a 2 +x  
x 

a  

z

c     z ctg -  z cscln     dz z csc +∫ =  

( )∫=∫
+ z sec a  z  tga

dz z 2sec  a  
2a   2xx 

dx

c   
x

a  -  2a   2xLn
a
1 

2a2xx

dx
+

+
=

+
∫  
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Encuentre una formula directa para la aplicación de la siguiente integral 
 

 
2a   2x

dx 2x
∫

+
 

 

 
 
 
 

Identidad trigonometrica 
 
tg2 z = sec2 z  -  1 
 

 
 
 

 
 
 

 
 
 
 

Esta solución se resuelve primero la integral   ∫ dzza  3sec2   por partes y después la otra 
integral 
∫ ∫= du v -  v*u   dvu  

 
 
 

 
 
 
 
 
 
∫ ∫= du v -  v*u   dvu  

 
 
 

 
 
 

Reemplazando la Identidad trigonométrica     tg2 z = sec2 z  -  1 
 
 
 

∫∫
⎟
⎠
⎞⎜

⎝
⎛

=
+   z sec  a

dz  z 2sec  a z 2 tg2a
  

2a   2x 

dx 2x

dz  z sec  z 2tg2a ∫

( )  dz  z sec 1 -  z 2sec2a  dz  z sec  z 2tg2a ∫ ⎟
⎠
⎞⎜

⎝
⎛=∫

∫ ∫ dz z sec2a -  dz z 3sec2a

∫ ∫∫ =
+

dz z sec2a -  dz z 3sec2a  
2a   2x

dx 2x 

∫=∫ dz z sec *  z 2sec2a   dz z 3sec2a 

Se resuelve por partes 
u = sec z                       dv = sec2 z 

du = sec z  tg z  dz              dz  z 2sec  dv∫ ∫=  
                                              v = tg z  

( )[ ]dz  tgz* z sec * z tg -  z  tg* z sec2a  dz z sec *  z 
2

sec2a  dz z 3sec2a ∫=∫∫ =

⎥⎦
⎤

⎢⎣
⎡ ∫∫ = dz z sec * z 2tg  -   tgz* z sec2a  dz z 3sec2a 

⎥⎦
⎤

⎢⎣
⎡ ∫+∫=⎥⎦

⎤
⎢⎣
⎡

∫ ⎟
⎠
⎞⎜

⎝
⎛ dz z sec   dz z 3sec - z  tg* z sec2a  dz z sec * 1 -  z 2sec  -  z  tg* z sec2a

 

z   tga     x         2a   2 x =⇒+  
 

z tga x =  
 
x2 = a2 tg2 z 
 

dz z 2sec a dx      z   tga    x si =⇒=  
 

  2a    z 2 tg2a  2a   2x +=+  

  1   z 2tg 2a  2a   2x ⎟
⎠
⎞⎜

⎝
⎛ +=+  

    z 2sec 2a  2a   2x ⎟
⎠
⎞⎜

⎝
⎛=+  

 

  z sec  a    2a   2x =+  
 

a
x  z    tg   z  tga   x           si =⇒=  
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ordenando como una ecuación cualquiera y reduciendo términos semejantes 
 
 
 

 
 

Dividiendo la ecuación por 2 se obtiene la primera parte de la solución 
 
 
 
 

 
 
 
La integral inicial es : 

 
 
 
 

Se reemplaza en la integral inicial y se sigue resolviendo la integral 
 
 
 
 

Reduciendo términos semejantes 
 
 
 
 

Tabla de integrales  
 
 
 
 

 
 
 
 

Reemplazando 
 
 
 
 

 
 
 
 

 
 

⎥⎦
⎤

⎢⎣
⎡ ∫+∫=∫ dz z sec   dz z 3sec - z  tg* z sec2a dz z 3sec2a

∫+∫=∫ dz z sec2a  dz z 3sec2a -  z  tg* z sec 2a dz z 3sec2a

∫+=∫+∫ dz z sec2a z  tg* z sec 2a   dz z 3sec2a   dz z 3sec2a

∫+=∫ dz z sec2a z  tg* z sec 2a    dz z 3sec22a

∫+=∫ dz z sec
2

2a z  tg* z sec
2

2a     dz z 3sec2a

∫∫+=∫ ∫ dz z sec2a - dz z sec 
2

2a   z  tg* z sec 
2

2a dz z sec2a -  dz z 3sec2a 

c   dz z sec 2a
2
1 -  z  tg* z sec 

2

2a   dz z sec2a -  dz z 3sec2a +∫=∫ ∫

c   z  tg  z secLn 
2

2a  -      z  tg* z sec 
2

2a dz z sec2a -  dz z 3sec2a ++=∫ ∫

c   z  tg  z secLn 
2

2a  -  z  tg* z sec 
2

2a dz z sec2a -  dz z 3sec2a ++=∫ ∫

c   x   
2a  2xLn 

2

2a  -  x *  2a   2x 
2

2a dz z sec2a -  dz z 3sec2a ++
+

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
+

=∫ ∫
aaaa

∫ ∫=∫
+

dz z sec2a -  dz z 3sec2a  
2a   2x

dx 2x 

2a  2x +  
x

a

z 

c     z   tg  z secln     dz z sec ++∫ =  

a
x  z    tg   z  tga         x si =⇒=  

2a  2x
  z cos

+
=

a     
a

2a  2x  z sec +
=  

x
  z ctg a
=  
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Pero: caLnaC +=    2 
2
1

1  

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

c      x  2a  2xLn 
2

2a  -  
2

 2a   2xx  
2

2a dz z sec2a -  dz z 3sec2a +
++

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
+

=∫ ∫
aa

c      x  2a  2xLn 
2

2a  -  2a2x 
2
x dz z sec2a -  dz z 3sec2a +

++
+=∫ ∫

a

c    
2

2a   x    2a2xLn 
2

2a  - 2a2x 
2
x dz z sec2a -  dz z 3sec2a  

2a  2x

dx 2x +++++==
+

∫ ∫∫ aLn

1c   x    2a2xLn 
2

2a  - 2a2x 
2
x dz z sec2a -  dz z 3sec2a  

2a  2x

dx 2x ++++==
+

∫ ∫∫
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Encuentre una formula directa para la aplicación de la siguiente integral 
 

 
 2 x- 2a 2x

dx
∫  

 

( )
∫∫ =

z cos a  z 2sen  2a

dz   z cos a  
 2 x- 2a 2x

dx  

 
dz 

z sen

1

a

1 
22 ∫  

 
dz  csc

a

1 2
2 ∫ z  

 
Tabla de integrales  
 
 
 
 
 
 

c   z ctg 
2a

1 -  dz  2csc
2a

1 +=∫ z  

 
Reemplazando 

c    )
x

2 x- 2a( 
2a

1 -  c   z) (ctg 
2a

1 - +=+  

 
 

 
 
 
  
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 

zsen   a     x  2 x- 2a =⇒  
 

zsen ax =  
z sen  a  x 222 =  

 
dz  z cos  a dx     zsen  a  x si =⇒=  

 

   z sen  a   -  a      x- a 22222 =  
 

 z 2sen -  1  2a    2  x- 2a ⎟
⎠
⎞⎜

⎝
⎛=  

 

 z 2cos  2a    2  x- 2a ⎟
⎠
⎞⎜

⎝
⎛=  

 z cos  a    2  x- 2a =  
 

a
x  zsen       zsen   a  x si =⇒=  

2 x- 2a

x  z tg =       
x

2x2
  z ctg −
=

a  

 
 

c    z ctg -  dz  2csc +=∫ z  

 2 x- 2a  

x 
a

z

c   
 x2a

2 x-  2a  -   
 2 x- 2a 2x

dx
+=∫
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Encuentre una formula directa para la aplicación de la siguiente integral 
 

dx 
 2x

2x-2a
∫  

 

( )
∫∫ =

  z 2sen  2a

   dz z cos a z) cos (a    
 2x

dx  2x-2a  

 

dz 
z 2sen 2a

z 2cos 2a ∫  

 

dz  2ctg∫ z  
 
Identidad trigonometrica 
 
 
 
 

dz 1- z 2csc dz  2ctg ∫ ⎟
⎠
⎞⎜

⎝
⎛=∫ z  

 

∫ ∫=∫ ⎟
⎠
⎞⎜

⎝
⎛ dz  - dz z 2csc dz 1- z 2csc  

 
Tabla de integrales  
 
 
 
 
 
Reemplazando 

c    z -     z ctg  -  dz  - dz z 2csc +=∫ ∫  
 

c    
a
xsen  arc -  

 x

2 x-  2a  -  dx  
 2x

2x-2a
+⎟

⎠
⎞

⎜
⎝
⎛=∫  

 
 
 
 
 
 
 
 
 
 
 
 
 

 

zsen   a     x  2 x- 2a =⇒  
 

zsen ax =  
z 2sen  2a  2x =  

 
dz  z cos  a dx     zsen  a  x si =⇒=  

 

   z 2sen  2a   -  2a    2  x- 2a =  
 

 z 2sen -  1  2a    2  x- 2a ⎟
⎠
⎞⎜

⎝
⎛=  

 

 z 2cos  2a    2  x- 2a ⎟
⎠
⎞⎜

⎝
⎛=  

 z cos  a    2  x- 2a =  
 

a
x  zsen       zsen   a  x si =⇒=

 
 

⎟
⎠
⎞

⎜
⎝
⎛=

a
xsen  arc z

 

22  x- a

x  z tg =       
x

x  z ctg
22 −

=
a  

 
 

c    z ctg -  dz  2csc +=∫ z  

 2 x- 2a  

x 
a

z

ctg2 z = csc2 z  -  1 
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Encuentre una formula directa para la aplicación de la siguiente integral 
 

 
232 x2a

dx 2x
∫

⎟
⎠
⎞⎜

⎝
⎛ −

 

( )
∫∫∫ =

⎟
⎠
⎞⎜

⎝
⎛

=

⎟
⎠
⎞⎜

⎝
⎛ −

 z 2cos

dz z 2sen  
 z 3cos 3a

dz  z cos a z 2sen 2a
  

2 x2a

dx 2x
23

 

∫ dz  z 2tg  
 
Identidad trigonometrica 
 
 
 
 

∫ ∫=∫ ⎟
⎠
⎞⎜

⎝
⎛=∫ dz - dz z 2sec  dz   1- z 2sec dz  z 2tg  

Tabla de integrales  
 
 
Tabla de integrales  
 
 

c z- z  tg dz - dz z 2sec +=∫ ∫  
 
Reemplazando 

c  
a
xsen  arc -  

2x-2a

x  c z- z tg +=+  

 

c  
a
xsen  arc  -  

2x-2a

x  
232 x2a

dx 2x
+=∫

⎟
⎠
⎞⎜

⎝
⎛ −

 

 
 
 
 
 
 
 
 
 

 
 
 
 

2 x- 2a  

 x 
a  

z

tg2 z =  sec2 z  - 1 

c     z   tg dz z 2sec +∫ =  
 c    z    dz +=∫  

 

zsen   a     x  
232x-2a =⇒⎟

⎠
⎞⎜

⎝
⎛  

 
z 2sen  2a  2x =  

 
dz  z cos  a dx     zsen  a  x si =⇒=  

 

 
23

z 2sen 2a-2a   
232x-2a ⎟

⎠
⎞⎜

⎝
⎛=⎟

⎠
⎞⎜

⎝
⎛  

 z sen -1a   x-a
23222322

⎥⎦
⎤

⎢⎣
⎡

⎟
⎠
⎞

⎜
⎝
⎛=⎟

⎠
⎞

⎜
⎝
⎛  

 

 z cosa   x-a
23222322

⎥⎦
⎤

⎢⎣
⎡

⎟
⎠
⎞

⎜
⎝
⎛=⎟

⎠
⎞

⎜
⎝
⎛  

 z 3cos  3a   
232x-2a =⎟

⎠
⎞⎜

⎝
⎛  

a
x  zsen       zsen   a  x si =⇒=  

a
xsen arcz =  

 

2 x- 2a

x  z tg =        
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INTEGRALES POR SUSTITUCIONES TRIGONOMETRICAS 
 
Ejercicios 7.3  Pag 571 Leythold 
Problema # 1 
 

 
 2 x- 4 2x

dx
∫  

 

( )
∫∫ =

z cos 2 z 2sen  4

dz   z cos 2  
 2 x- 4 2x

dx  

 

∫
z 2sen

dz
4
1  

 

dz  2csc
4
1       dz  

z 2sen

1
4
1

∫∫ = z  

 
Tabla de integrales  
 
 
 
 
 
 

c   z ctg 
4
1 -  dz  2csc

4
1 +=∫ z  

 
Reemplazando 

c    )
x

2 x- 4( 
4
1 -  c   z) (ctg 

4
1 - +=+  

 

c   
 x4

2 x-  4  -   
 2 x- 4 2x

dx
+=∫  

 
 
  
 

 
 
 
 
 
 
 
 
 
 
 

 

zsen   a     x  2 x- 2a =⇒  
 

  2 x- 22    2 x- 4 =   

zsen   2    x      2 x- 22 =⇒  
 

zsen  2 x =  
z 2sen  4  2x =  

 
dz  z cos  2 dx     zsen  2  x si =⇒=  

 

   z 2sen  4   -  4    2  x- 4 =  
 

 z sen -  1  4      x- 4 22
⎟
⎠
⎞

⎜
⎝
⎛=  

 

 z cos  4      x- 4 22
⎟
⎠
⎞

⎜
⎝
⎛=  

 z cos  2    2  x- 4 =  
 

2
x  zsen       zsen   2  x si =⇒=  

2 x- 4

x  z tg =       
x

2x4  z ctg −
=  

 

                      

 

2 

 2  x- 4  

x 

z

 

c    z ctg -  dz  2csc +=∫ z  
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Ejercicios 7.3  Pag 571 Leythold 
Problema # 2 
 

 
 2x

dx  2 x-  4
∫  

 

( )
∫=∫

 z 2sen  4

 dz  z cos 2  z cos 2  
 2x

dx  2  x-  4  

 

dz 
z 2sen

z 2cos
∫  

 
dz  z 2ctg ∫  

 
Identidad trigonométrica 
ctg2 z = csc2 z  -  1 
 

dz  1 -  z 2csc  dz  z 2ctg ∫ ⎟
⎠
⎞⎜

⎝
⎛=∫  

∫ ∫=∫ ⎟
⎠
⎞⎜

⎝
⎛ 1dz -  dz z 2csc  dz  1 -  z 2csc  

 
Tabla de integrales  
 
 
 
 
 

c   z  - z ctg -  1dz -  dz z 2csc +=∫ ∫  
 
Reemplazando 

c   
2
xsen arc  -  

x

2 x-  4 -  c   z  - z ctg - +⎟
⎠
⎞

⎜
⎝
⎛

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
=+  

 

  c   
2
xsen  arc -  

x

2 x-  4  -   
 2x

dx  2 x-  4
+⎥⎦

⎤
⎢⎣
⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=∫        

 
        
 
 
 
 
 
 
 

 

zsen   a     x  2 x- 2a =⇒  
 

  2 x- 22    2 x- 4 =   

zsen   2    x      2 x- 22 =⇒  
 

zsen 2x =  
z 2sen  4  2x =  

 
dz  z cos  2 dx     zsen  2  x si =⇒=  

   z 2sen  4   -  4    2  x- 4 =  
 

 z 2sen -  1  4    2  x- 4 ⎟
⎠
⎞⎜

⎝
⎛=  

 

 z 2cos  4    2  x- 4 ⎟
⎠
⎞⎜

⎝
⎛=  

 z cos  2    2  x- 4 =  
 

2
x  zsen       zsen   2  x si =⇒=  

⎟
⎠
⎞

⎜
⎝
⎛=⇒=

2
xsen  arc  z     

2
x  zsen  

 

2 x- 4

x  z tg =      
x

2x4  z ctg −
=  

c    z ctg -  dz  2csc +=∫ z  c    z    dz +∫ =  

2

 2  x- 4  

x 

z
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Ejercicios 7.3  Pag 571 Leythold 
Problema # 3 

 

 
 

 

∫ z tg
dz  z sec 

2
1  

 

∫

z cos
zsen 

dz  
z cos

1

2
1  

 

dz 
zsen 

1 
2
1 ∫  

 

∫ dz  z csc 
2
1  

 
 
Tabla de integrales  
 
 
 
 

c    z ctg -  z cscLn 
2
1  dz  z csc

2
1

+=∫  

 
Reemplazando 

c  
x
2 -  

x
4   2xLn  

2
1       c    z ctg -  z cscLn 

2
1

+
+

=+  

 

c   
x

2  -  4   2xLn
2
1      

42xx  

dx
+

+
=

+
∫                           

 

z   tga     x         a    x 22 =⇒+  
 

z   tg2    x   2   x  4   x 222 =⇒+=+  
 
x = 2 tg z 
x2 = 4 tg2 z 
 

dz z 2sec 2 dx      z  tg2    x si =⇒=  
 

  4    z 2 tg4  4   2x +=+  

  1   z 2tg 4  4   2x ⎟
⎠
⎞⎜

⎝
⎛ +=+  

    z 2sec 4  4   2x ⎟
⎠
⎞⎜

⎝
⎛=+  

 

  z sec  2    4   x2 =+  
 

2
x  z    tg   z  tg2   x           si =⇒=  

x
4   2x  z csc +

=              
x
2  z ctg =  

24 x+  
x 

2  

z

c     z ctg -  z cscln     dz z csc +∫ =  

( )∫∫ =
+ z sec 2  z   tg2

dz z 2sec  2  
4   2xx 

dx

 
4   2xx 

dx
∫

+
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Ejercicios 7.3  Pag 571 Leythold 
Problema # 4 

 
6   2x

dx 2x
∫

+
 

 

 
Identidad trigonometrica 
 
tg2 z = sec2 z  -  1 
 

 
 
 

 
 
 

Tabla de integrales  
 
 
 
 

 
 
 
 

Se resuelve primero la integral   ∫ dzz 3sec6   por partes  
∫ ∫= du v -  v*u   dvu  

 
 

 
 
 
 
 
 

 
 
 

 
 
 

 
Reemplazando la Identidad trigonométrica     tg2 z = sec2 z  -  1 

 
 
 
 

c     z   tg  z secln     dz z sec ++∫ =  

∫∫
⎟
⎠
⎞

⎜
⎝
⎛

=
+   z sec  6

dz  z sec   6 z   tg6
  

6   x 

dx x
22

2

2

 

z   tga     x         2a   2 x =⇒+  
 

( ) z   tg6    x   26   2x  6   2x =⇒+=+  

z   tg6   x =  
 
x2 = 6 tg2 z 
 

dz z 2sec 6 dx      z   tg6    x si =⇒=  
 

  6    z 2 tg6  6   2x +=+  

  1   z tg 6  6   x 22
⎟
⎠
⎞

⎜
⎝
⎛ +=+  

    z sec 6  6   x 22
⎟
⎠
⎞

⎜
⎝
⎛=+  

 

  z sec  6    6   x2 =+  
 

6
x  z    tg   z  tg6   x           si =⇒=  

 

dz  z sec  z 2tg6∫

( )  dz  z sec 1 -  z 2sec6  dz  z sec  z 2tg6 ∫ ⎟
⎠
⎞⎜

⎝
⎛=∫

∫ ∫ dz z sec6 -  dz z 3sec6

∫ ∫∫ =
+

dz z sec6 -  dz z 3sec6  
6   2x

dx 2x 

∫∫ = dz z sec *  z 2sec6   dz z 3sec6 

Se resuelve por partes 
u = sec z                       dv = sec2 z 

du = sec z  tg z  dz              dz  z 2sec  dv∫ ∫=  
                                              v = tg z  

( )[ ]dz  tgz* z sec * z tg -  z  tg* z sec6  dz z sec *  z 2sec6 ∫=∫

( )[ ] ⎥⎦
⎤

⎢⎣
⎡ ∫=∫ dz z sec * z 2tg  -   tgz* z sec6  dz  tgz* z sec * z tg -  z  tg* z sec6 

⎥⎦
⎤

⎢⎣
⎡ ∫ ⎟

⎠
⎞⎜

⎝
⎛=⎥⎦

⎤
⎢⎣
⎡ ∫ dz z sec * 1 -  2sec  -  z  tg* z sec6  dz z sec  z 2tg  -   tgz* z sec6 
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ordenando como una ecuación cualquiera y reduciendo términos semejantes 

 
 
 

 
 

Dividiendo la ecuación por 2 
 
 
 

Tabla de integrales  
 
 
 

 
 

 
La integral inicial es : 

 
 
 
 

 
 

 
 
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
Reemplazando 

 
 

⎥⎦
⎤

⎢⎣
⎡ ∫+∫=⎥⎦

⎤
⎢⎣
⎡ ∫ ⎟

⎠
⎞⎜

⎝
⎛ dz z sec   dz z 3sec - z  tg* z sec6  dz z sec * 1 -  2sec  -  z  tg* z sec6

⎥⎦
⎤

⎢⎣
⎡ ∫+∫=∫ dz z sec   dz z 3sec - z  tg* z sec6 dz z 3sec6

∫+∫=∫ dz z sec6  dz z 3sec6 -  z  tg* z sec 6 dz z 3sec6

∫+=∫+∫ dz z sec6 z  tg* z sec 6   dz z 3sec6   dz z 3sec6

∫+=∫ dz z sec6 z  tg* z sec 6    dz z 3sec12

∫+=∫ dz z sec3 z  tg* z 3sec     dz z 3sec6

c    z  tg  z secLn 3 z  tg* z 3sec     dz z 3sec6 +++=∫

∫++=∫ ∫ dz z sec6 -  z  tg  z secLn  3   z  tg* z sec 3 dz z sec6 -  dz z 3sec6 

c   z  tg  z secLn 6 -  z  tg  z secLn  3   z  tg* z sec 3 dz z sec6 -  dz z 3sec6 ++++=∫ ∫

c   z  tg  z secLn 3  -  z  tg* z sec 3 dz z sec6 -  dz z 3sec6 ++=∫ ∫

c   z  tg  z secLn 3  -  z  tg* z sec 3 dz z sec6 -  dz z 3sec6 ++=∫ ∫

c     z   tg  z secln     dz z sec ++∫ =  

∫ ∫∫ =
+

dz z sec6 -  dz z 3sec6  
6   2x

dx 2x 

6
x  z    tg   z  tg6         x si =⇒=  

6  2x

6  z cos
+

=     
6 

6  2x  z sec +
=  

x
6  z ctg =  

6  2x +  
x 

6  

z
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c   
6

x   
6

6  2xLn 3  -  
6

x * 
6

 6   2x 3 dz z sec6 -  dz z 3sec6 ++
+

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
+

=∫ ∫

c     
6

 x  6  2xLn 3  -  
6

 6   2xx  3 dz z sec6 -  dz z 3sec6 +
++

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
+

=∫ ∫

c     
6

 x  6  2xLn 3  -  
2

 6   2xx   dz z sec6 -  dz z 3sec6 +
++

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
+

=∫ ∫

c     
6

 x  6  2xLn 3  -  
2

 6   2xx   dz z sec6 -  dz z 3sec6  
6  2x

dx 2x +
++

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
+

=∫ ∫∫ =
+

c     
6

 x  6  2xLn 3  -  
2

 6   2xx     
6  2x

dx 2x +
++

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
+

=
+

∫
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Problema # 5 
 

dx 
252x

x
∫

−
 

∫=∫
− z   tg5

dz)  z   tgz sec (5   z sec 5 dx  
25 2x

x  

 
=∫ dz z 2sec5  

 
Tabla de integrales  
 
 
 
 

c   z  tg5    dz z 2sec5 +=∫  
 
Reemplazando 

c  
5

25 5   c  ) z (tg  5 +⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ −
=+

x  

( ) c  25    c  ) z (tg  5 +−=+ x  
 

c+=∫
−

)25 -  2x( dx  
252x

x  

 
 
 
 
 
 

 

z sec a  x  2a - 2 x =⇒  

z sec 5   x   25 -  2x   25 -  2x =⇒=   
 

zsec5x =  
 
X2 = 25 sec2 z 
 

dz  z   tgz sec  5 dx      z sec 5     x si =⇒=  

25 -  z  2sec 25   25 -  2x =  

1) -  z  2(sec 25   25 -  2x =  

)  z  2(tg 25   25 -  2x =  
 

z   tg5   25 -  2x =  
 

5
x   z sec       z sec 5     x si =⇒=  

 

x
5  z cos      

5
x  z sec  si =⇒=       

x
25 - 2x  zsen =  

5
25 - 2x  z tg =  

25 - 2x  
x

5  

z

c     z   tg dz z 2sec +∫ =  
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Ejercicios 7.3  Pag 571 Leythold 
Problema # 6 

 

2
3

2 x 2

dx
∫

⎟
⎠
⎞⎜

⎝
⎛ +

 

∫∫ =

⎟
⎠
⎞⎜

⎝
⎛ +

z 3sec  22

dz z 2sec 2  

2
3

2 x 2

dx  

 

dz 
sec
1

2
1 ∫  

 

  dz cos
2
1
∫ z  

czsen + 
2
1  

 
Reemplazando 

c  
2 x 2

x
2
1   c  z)(sen  

2
1

+
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

+
=+  

 

c   
2 x  22

x  

2
3

2 x 2

dx
+

+
=

⎟
⎠
⎞⎜

⎝
⎛ +

∫  

 
 
 
 
 
 
 

 
2 x 2

x  zsen 
+

=  

 
 
 
 
 
 
 
 
 
 
 
 
 
 

22 x+  
x 

2  

z

 

z   tga     x         
232x 2a =⇒⎟

⎠
⎞⎜

⎝
⎛ +  

( ) z  tg2   x  2
3

2 x 22  2
3

2 x2 =⇒⎥⎦
⎤

⎢⎣
⎡ +=⎟

⎠
⎞⎜

⎝
⎛ +   

 
z  tg2 x =  

z 2 tg2 2x =  
 

dz  z 2sec  2 dx       z  tg2  x si =⇒=  

( )  2
3

z 2 tg2  
2

2  2
3

2 x2 ⎥⎦

⎤
⎢⎣

⎡ +=⎟
⎠
⎞⎜

⎝
⎛ +  

 2
3

z 2 tg2  2  2
3

2 x2 ⎥⎦
⎤

⎢⎣
⎡ +=⎟

⎠
⎞⎜

⎝
⎛ +  

 2
3

 z 2 tg 12  2
3

2 x2 ⎥⎦
⎤

⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛ +=⎟

⎠
⎞⎜

⎝
⎛ +  

 2
3

 z 2sec2  2
3

2 x2 ⎥⎦
⎤

⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛=⎟

⎠
⎞⎜

⎝
⎛ +  

[ ]
23

z 2sec * 23 2  2
3

2 x2 ⎥⎦
⎤

⎢⎣
⎡=⎟

⎠
⎞⎜

⎝
⎛ +  

z 3sec * 22  2
3

2 x2 =⎟
⎠
⎞⎜

⎝
⎛ +  

2
x  z    tg   z  tg2   x           si =⇒=  

2 x  2

x  zsen 
+

=  
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Problema # 7 
 

 
23

9 24x

dx
∫

⎟
⎠
⎞⎜

⎝
⎛ −

 

∫∫ =

⎟
⎠
⎞⎜

⎝
⎛ −

z 3  tg27

dz  z    tgz sec 
2
3

  

9 24x

dx
23

 

dz 

z 2cos

z 2sen
cos

1

18
1 

z 2tg

dz  z sec 
18
1

∫∫ = z  

∫
z 2sen

z cos
18
1  

 

dz
zsen 

1 * 
zsen 
z cos 

18
1
∫  

 

dz  csc  z ctg
18
1 z∫  

 
Solución por cambio de variable 
u = csc z  
du = - csc z ctg z dz 
 

c u  
18
1-   du

18
1  - +=∫  

 
Reemplazando 

c  z csc 
18
1 -  c u  

18
1- +=+  

 
Reemplazando 

c  
9 - 24x

 x2
18
1  -   c  z csc 

18
1 - +

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
=+  

c  
9 - 24x

x
9
1  -   c  

9 - 24x

 x2
18
1  - +

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
=+

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
 

 

c   
9 -  24x 9

x -   
23

9 24x

dx
+=

⎟
⎠
⎞⎜

⎝
⎛ −

∫  

 
 
 

 

z sec a  x  
232a - 2x =⇒⎟

⎠
⎞⎜

⎝
⎛  

  
23

4
9 - 

4

24x   
23

9 - 2x4 ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
=⎥⎦

⎤
⎢⎣
⎡   

z sec  
2
3      x    

232

2
3 -  2x 

23
9 -  24x =⇒

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛=⎥⎦

⎤
⎢⎣
⎡  

 
z sec 

2
3 x =  

z 2sec 
4
9  2x =  

 

dz  z   tgz sec  
2
3 dx     z sec 

2
3  x si =⇒=  

23
9 - z 2sec 

4
9 4  

23
9 - 2x4 ⎥

⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛=⎟

⎠
⎞⎜

⎝
⎛  

 
23

9 - z 2sec 9  
23

9 - 2x4 ⎥⎦
⎤

⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛=⎟

⎠
⎞⎜

⎝
⎛  

( )  
23

 1 -  z 2sec  9  
23

9 - 2x4 ⎥⎦
⎤

⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛=⎟

⎠
⎞⎜

⎝
⎛  

 

( )  
23

 z 2tg  9  
23

9 - 2x4 ⎥⎦
⎤

⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛=⎟

⎠
⎞⎜

⎝
⎛  

23
z 2tg 23  23  

23
9 - 2x4 ⎥⎦

⎤
⎢⎣
⎡

⎥⎦
⎤

⎢⎣
⎡=⎟

⎠
⎞⎜

⎝
⎛  

 z 3  tg33  
23

9 - 2x4 =⎟
⎠
⎞⎜

⎝
⎛  

 z 3  tg27  
23

9 - 2x4 =⎟
⎠
⎞⎜

⎝
⎛  

   
3

2x    z sec =     
x2

3  z cos =         
x2

9 - 24x  zsen =  

924

2  z  csc
−

=
x

x  

9 - 24x  
2 x 

3 

z
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Problema # 8 
 

 
7 - 2w 2w

dw
∫  

 

( )∫=∫
z  tg7 z 2sec  7

dz  z    tgz sec 7  
7 - 2w 2w

dw  

 

dz 
z sec

1
7
1 ∫  

 

∫ dz z cos 
7
1  

c  zsen  
7
1

+  

 
Reemplazando 

 

 

c   
 w7

7 -  2w  
7 - 2w 2w

dw
+=∫  

 
 
 
 
 
  
 
 

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 

z sec a      w 2a - 2 w =⇒  
 

  7 - 2w   7 - 2w =   

z sec  7     w     7 - 2w =⇒  
 

z sec 7  w =  
z 2sec  7  2w =  

 
dz  z   tgz sec  7  dw    z sec 7   wsi =⇒=  

 

  7 - z 2sec 7   7 - 2w =  
 

  1 - z 2sec 7   7 - 2w ⎟
⎠
⎞⎜

⎝
⎛=  

 

   z 2tg 7   7 - 2w ⎟
⎠
⎞⎜

⎝
⎛=  

z   tg  7   7 - 2w =  
 
 

7
w  z sec      z sec 7   wsi =⇒=  

 

w
7  z cos =        

w
7 - 2w  zsen =    

 

c    ) 
w

7 - 2w( 
7
1  c  z)(sen  

7
1 +=+

7 - 2w  
w 

7  

z
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Problema # 9 
 

 
23

 x2 tg-  4

dx x  2sec
∫

⎟
⎠
⎞⎜

⎝
⎛

 

 

∫=∫

⎟
⎠
⎞⎜

⎝
⎛ z 3cos 8

dz   z cos 2  
23

 x2 tg-  4

dx x 2sec  

 

dz 
z 2cos

1
4
1
∫  

 

∫ dzz 2sec
4
1  

 
Tabla de integrales  
 
 
Tabla de integrales  
 
 

c   z  tg
4
1   dz  sec

4
1 2 +=∫ z  

 
Reemplazando 

c    )
 x2 tg-  4

( 
4
1   c   z) (tg 

4
1 +=+

tgx  

 

c   
 x2 tg-  4 4

    
23

 x2 tg-  4

dx x  2sec
+=

⎟
⎠
⎞⎜

⎝
⎛
∫

tgx  

 
 
  
 

 
 
 
 
 
 
 
 
 
 
 

  zsen  a  x   tg  
23

 x2 tg- 2a =⇒⎟
⎠
⎞⎜

⎝
⎛  

 

( )   
23

 x2 tg- 22    
23

 x2 tg- 4 ⎥⎦
⎤

⎢⎣
⎡=⎟

⎠
⎞⎜

⎝
⎛   

( ) θsen  2  x   tg  
23

 x2  tg- 22 =⇒⎥⎦
⎤

⎢⎣
⎡  

 
zsen  2  x tg =  

z sen  4   xtg 22 =  
 

dz  z cos  2 dx  x  2sec     zsen  2  x  tgsi =⇒=  

  z sen 4  -  4     x tg- 4
232232

⎥⎦
⎤

⎢⎣
⎡=⎟

⎠
⎞

⎜
⎝
⎛  

( )   z sen -  14     x tg- 4
232232

⎥⎦
⎤

⎢⎣
⎡

⎟
⎠
⎞

⎜
⎝
⎛=⎟

⎠
⎞

⎜
⎝
⎛  

 

( )   
23

z 2cos4    
23

 x2 tg- 4 ⎥⎦
⎤

⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛=⎟

⎠
⎞⎜

⎝
⎛  

 z 3cos * 
2322    

23
 x2 tg- 4 ⎥⎦

⎤
⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛=⎟

⎠
⎞⎜

⎝
⎛  

 

 z 3cos  32   
23

 x2 tg- 4 =⎟
⎠
⎞⎜

⎝
⎛  

 

 z cos 8    x tg- 4 3232 =⎟
⎠
⎞

⎜
⎝
⎛  

2
 xtg  zsen       zsen   2  x    tgsi =⇒=  

 x2 tg- 4

 xtg
  z tg =        

 

c     z   tg dz z 2sec +∫ =  

xtg

 x tg- 4 2  

2  

z
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Ejercicios 7.3  Pag 571 Leythold 
Problema # 10 

( )
 

18  6z - z

dz
232

∫
+

 

( )
∫∫

++
=

⎟
⎠
⎞⎜

⎝
⎛ +

239  9  6z - z

dz  
23

18  6z - 2z

dz  

( )
∫

⎥⎦
⎤

⎢⎣
⎡ +

23
923 - z

dz  

 
Reemplazando 

( )
∫∫ =

⎥⎦
⎤

⎢⎣
⎡ + θ

θθ

 3sec 27

d   2sec 3  
23

9  23- z

dz  

 

θ
θ

d 
sec

1
9
1
∫  

 

   cos
9
1
∫ θθ d  

 
Tabla de integrales  
 
 
Tabla de integrales  
 

csend +∫ =    
9
1  cos

9
1 θθθ  

 
Reemplazando 

c   
18 6z - 2z

3- z 
9
1     

9
1

+
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

+
=+ csenθ  

 

c  
18 6z- 2z 9

3-z       
23

18  6z - 2z

dz
+

⎟
⎠
⎞⎜

⎝
⎛ +

=

⎟
⎠
⎞⎜

⎝
⎛ +

∫   

 
 
 
 
 
 
 
 
 
 

 

θ   tga  z            
232a2 =⇒⎟

⎠
⎞⎜

⎝
⎛ +z  

( ) ( ) θ  tg3  3-z   2
3

23  23  2
3

9 23 =⇒⎥⎦
⎤

⎢⎣
⎡ +−=⎟

⎠
⎞⎜

⎝
⎛ +− zz   

 
θ  tg3  3 - z =  

( ) θ  tg9 3 - z 22 =  
 

θθθ d   sec  3  dz        tg3   3-z   si 2=⇒=  

( )  2
3

9   2 tg9  2
3

9  23 - z ⎥⎦
⎤

⎢⎣
⎡ +=⎥⎦

⎤
⎢⎣
⎡ + θ  

 

( )  
23

 1   2tg 9  
23

9  23 - z ⎥⎦
⎤

⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛ +=⎥⎦

⎤
⎢⎣
⎡ + θ  

 

( )[ ] ( )[ ]      sec 9  9  3 - z
232232 θ=+  

 

( ) [ ] θ 3sec 23 9  
23

9  23 - z =⎥⎦
⎤

⎢⎣
⎡ +  

 

( ) θ 3sec  729  
23

9  23 - z =⎥⎦
⎤

⎢⎣
⎡ +  

 

( ) θ 3sec  27  
23

9  23 - z =⎥⎦
⎤

⎢⎣
⎡ +  

3
3-z      tg     tg3  3- z            si =⇒= θθ  

18 6z - 2
3  sen 
+

−
=

z

zθ  

c     sen    d  cos +∫ = θθθ  

3

18 6z - 2 +z  
3- z  

ө
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4 -   w2Ln w

dw    w3Ln
∫  

 

w
dw 

4 -  w2Ln

 w3Ln  
4 -   w2Ln w

dw    w3Ln
∫=∫  

 
Reemplazando 
 

( ) 
 tg2

dz z  tgz sec 2 z 3sec 8  
w

dw 
4 -  w2Ln

 w3Ln ∫=∫ θ
 

 

θθθθθ d   2sec  *   2sec8  d  4 8 ∫=∫ cse  
 
Identidad trigonometrica 
 
 
 
 
Reemplazando 
 

θθθθθθ d  2sec * 1   2tg 8  d   2sec *  2sec8  ∫∫ ⎟
⎠
⎞⎜

⎝
⎛ +=  

∫∫ +⎟
⎠
⎞⎜

⎝
⎛ θθθθθ d   2sec8   d   2sec  2tg 8  

 
 
 
 
 
 
Reemplazando 
 

∫ ∫+=∫+∫ ⎟
⎠
⎞⎜

⎝
⎛ dxdxx 828d   2sec8   d   2sec  2tg 8 θθθθθ  

cxxdxdxx ++=∫ ∫+ 83
3
8828  

( ) ( ) cwLnwLnctgtg +
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛ −
+

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛ −
=++

2
42

8

3

2
42

3
883

3
8 θθ  

( )
cwLn

wLnwLn
cwLn

wLn
+⎟

⎠

⎞
⎜
⎝

⎛ −+
⎟
⎠

⎞
⎜
⎝

⎛ −⎟
⎠

⎞
⎜
⎝

⎛ −
=+

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛ −
+

⎟
⎠

⎞
⎜
⎝

⎛ −
424

8

42*
2

42

3
8

2
42

8

3

32

42

3
8  

 

 

θ  sec a u              2a  -  2u =⇒  

θ sec 2  Ln w   22 -  w2Ln  4 -  w2Ln =⇒=   
 

θ sec  2  Ln w =  
( ) θ 2sec  4  2Ln w =  

( ) θ 3sec  8  3Ln w =  
 

θθθθ d     tg sec  2  dw
w
1       sec 2   Ln w   si =⇒=  

 

 4 -   2sec 4  4 -   w2Ln θ=  
 

 1) -   2(sec 4  4 -   w2Ln θ=  
 

 )   2(tg 4  4 -   w2Ln θ=  
 

   tg2  4 -   w2Ln θ=  
 

2
Ln w   sec      sec 2  Ln w           si =⇒= θθ  

Ln w
2   cos =θ  

 

2
4-  w2Ln   tg =θ  

2  

Ln w
4-   w2Ln  

ө

tg2 z +  1 =  sec2 z   

Solución por cambio de variable 
x = tg θ    dz   2sec  θ=dx  
x2 = tg2 θ 
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=+⎟
⎠

⎞
⎜
⎝

⎛ −+⎟
⎠

⎞
⎜
⎝

⎛ −⎟
⎠
⎞⎜

⎝
⎛ − cwLnwLnwLn 42442*42

3
1  

 
Factorizando términos semejantes 

c  4    
3

42Ln * 4-2Ln +
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+

−
⎟
⎠

⎞
⎜
⎝

⎛ ww  

Resolviendo términos semejantes 

c
wLw

c
ww

ww +
⎥⎦
⎤

⎢⎣
⎡ +⎟

⎠

⎞
⎜
⎝

⎛ −
=+

⎥⎦
⎤

⎢⎣
⎡ +−⎟

⎠

⎞
⎜
⎝

⎛ −
=+

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ +−
⎟
⎠

⎞
⎜
⎝

⎛
3

82n*42Ln
 

3

1242Ln * 42Ln
   c    

3
12   42Ln * 4-2Ln

 
 
 

c
ww

w

Ln
+

⎥⎦
⎤

⎢⎣
⎡ +⎟

⎠

⎞
⎜
⎝

⎛ −
=∫

− 3

82Ln * 42Ln
 

42Ln w

dw   w3
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∫∫ =

⎟
⎠
⎞⎜

⎝
⎛ + z 3sec 64

dz z 2sec  4  
232 x 16

dx  

 

∫∫ = θθ d  cos
16
1      dz 

sec
1 

16
1  

 
Tabla de integrales  
 
 
Tabla de integrales  
 

c  zsen  
16
1  dz cos

16
1

+=∫ z  

 
 
Reemplazando 

c  
2 x 16

x
16
1   c  z)(sen  

16
1

+
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

+
=+  

 

c   
2 x  16 16

x  
232 x 16

dx
+

+
=

⎟
⎠
⎞⎜

⎝
⎛ +

∫  

 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 

216 x+  
x 

4

z

 

z   tga     x         
2322 =⇒⎟

⎠
⎞⎜

⎝
⎛ + xa  

( ) z  tg4   x  
232 x 24  

232 x16 =⇒⎥⎦
⎤

⎢⎣
⎡ +=⎟

⎠
⎞⎜

⎝
⎛ +   

 
z  tg4 x =  

z 2 tg16 2x =  
 

dz  z sec  4 dx       z  tg4  x si 2=⇒=  
 

 
23

z 2 tg16  16  
232 x16 ⎥⎦

⎤
⎢⎣
⎡ +=⎟

⎠
⎞⎜

⎝
⎛ +  

  z  tg 1 16   x16
232232

⎥⎦
⎤

⎢⎣
⎡

⎟
⎠
⎞

⎜
⎝
⎛ +=⎟

⎠
⎞

⎜
⎝
⎛ +  

 

 
23

 z 2sec 16  
232 x16 ⎥⎦

⎤
⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛=⎟

⎠
⎞⎜

⎝
⎛ +  

 
23

z 2sec * 
23

 24  
232 x16 ⎥⎦

⎤
⎢⎣
⎡

⎥⎦
⎤

⎢⎣
⎡=⎟

⎠
⎞⎜

⎝
⎛ +  

 

z 3sec  64     z 3sec  34   
232 x16 ==⎟

⎠
⎞⎜

⎝
⎛ +  

4
x  z    tg   z  tg4   x           si =⇒=  

2 x  16

x  zsen 
+

=  

 
232 x 16

dx
∫

⎟
⎠
⎞⎜

⎝
⎛ +

c     sen    d  cos +∫ = θθθ  
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Problema # 20 
 

 
2x-x 4

dx
∫  

 
 

se suma 4 y se resta 4 

∫

⎟
⎠
⎞⎜

⎝
⎛ + 4-44x-2x-

dx  

 
Ordenando para formar una diferencia 
de cuadrados 

∫∫

⎟
⎠
⎞

⎜
⎝
⎛ −⎥⎦

⎤
⎢⎣
⎡ +−

=

⎟
⎠
⎞⎜

⎝
⎛ + 444x-2x

dx 
4-44x-2x-

dx  

[ ]
∫

⎟
⎠
⎞⎜

⎝
⎛

 
4 - 22-x-

dx  

( )
∫

22-x -4

dx  

 
reemplazando 

( )
∫∫ =

z cos 2
dz z cos 2 

22-x -4

dx  

 

∫=∫   dz  
z cos 2
dz z cos 2  

 

c  
2

2-xsen  arc     cz   dz +⎟
⎠
⎞

⎜
⎝
⎛=+=∫  

 

c  
2

2-xsen  arc   
2x-x 4

dx
+⎟

⎠
⎞

⎜
⎝
⎛=∫  

 
 
 
 
  
 
 
 
 

 

zsen   a     x  2 x- 2a =⇒  
 

( ) ( )22-x -  22  22-x -4 =   
 

zsen  2  2-   x =⇒  
 

( ) z 2sen  4  22-x =  
 

dz  z cos  2 dx     zsen  2  2- x si =⇒=  
 

( ) z sen 4 -  4  2-x -4 22 =  

( ) )z sen  -  (1 4  2-x -4 22 =  
 

( ) )z 2(cos 4  22-x -4 =  
 

( ) z cos 2  22-x -4 =  
 

2
2-x  zsen       zsen   2  2- xsi =⇒=

 
⎟
⎠
⎞

⎜
⎝
⎛=

2
2-xsen arc  z        

 

2  

( )224 −− x  

2-x  
z 

∫∫

⎟
⎠
⎞

⎜
⎝
⎛−

=

4x-x

dx  
x-x4

dx

22
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232 x-4x  - 5

dx
∫

⎟
⎠
⎞⎜

⎝
⎛

 

∫∫

⎥⎦
⎤

⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛ +

=

⎟
⎠
⎞⎜

⎝
⎛ 23

5-4x   2x -

dx  
232 x-4x  - 5

dx  

se suma 4 y se resta 4 para formar una diferencia 
de cuadrados 

[ ]
∫∫

⎥⎦
⎤

⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛ +

=

⎥⎦
⎤

⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛ ++

23
4-5- 22x-

dx  
23

4-5-44x 2x-

dx  

 

[ ] [ ]
∫∫

⎥⎦
⎤

⎢⎣
⎡ +

=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−+−

2322x  -9

dx  
23

92
2

x

dx  

 
Reemplazando 

[ ][ ]
∫∫ =

+ θ 3cos 27

dz  z cos 3  
232x-  9

dx  

 

dz
z

∫ 2cos

1
9
1  

 

  dz z 2sec
9
1 ∫  

 
Tabla de integrales  
 
 
 
 
 

 c z tg
9
1  dz z 2sec

9
1

+=∫  

 

c  z tg
9
1  

232 x-4x  - 5

dx
+=

⎟
⎠
⎞⎜

⎝
⎛

∫  

( )
c  )

22x-9

2x(
9
1  

232 x-4x  - 5

dx
+

+

+
=

⎟
⎠
⎞⎜

⎝
⎛

∫  

 
 
 
 

 

zsen   a     x     
232x-2a =⇒⎟

⎠
⎞⎜

⎝
⎛  

( )   zsen  3  2 x 
232223 =+⇒⎥⎦

⎤
⎢⎣
⎡ +− x   

 
zsen    3    2x =+  

( ) z 2sen  9  22x =+  
 

dz  z cos  3 dx     zsen  3  2 xsi =⇒=+  
 

( )
23

z 2sen 9- 9  
23229 ⎥⎦

⎤
⎢⎣
⎡=⎥⎦

⎤
⎢⎣
⎡ +− x  

 

( )
23

z 2sen19  
23229 ⎥⎦

⎤
⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛ −=⎥⎦

⎤
⎢⎣
⎡ +− x  

 

( )
23

z 2cos9  
23229 ⎥⎦

⎤
⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛=⎥⎦

⎤
⎢⎣
⎡ +− x  

 

( ) ( )
23

z 2cos 239 
23229 ⎟

⎠
⎞⎜

⎝
⎛=⎥⎦

⎤
⎢⎣
⎡ +− x  

( ) ⎟
⎠
⎞⎜

⎝
⎛=⎥⎦

⎤
⎢⎣
⎡ +− z 3cos 27  

23229 x  

3
2x  zsen       zsen   3  2 xsi +

=⇒=+  

( )22x- 9

2x  z tg
+

+
=        

 
 

3

( )229 +− x  

2x +  
z

c     z   tg dz z 2sec +∫ =  
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4 - xx 

dx
4

∫  

 

 
4-x x

dx x  
4 - x x x

dx x

44

3

43

3

∫∫ =

⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛

 

 
Cambio de variable 
 
 
 
 
 

∫∫∫
⎟
⎠
⎞

⎜
⎝
⎛ +

=

⎟
⎠
⎞

⎜
⎝
⎛ +

=
uu

duu

u *42

  

*4u

2
duu 

  
4-x x

dx x
22244

3
 

∫
⎟
⎠
⎞

⎜
⎝
⎛ + 4u

du
2
1

2
 

 

∫
z

z
2sec 4

dz 2sec 2
2
1  

 

∫dz
4
1  

c  
2

44
  tgarc 

4
1  c  z 

4
1  dz

4
1

+
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−

=+=∫
x  

c   
2

4-4x  tgarc 
4
1  

4 - 4xx 

dx
+

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=∫  

 
 
 
 
 
 
 
 
 
 
 
 

u2 = x4 - 4         2 u du = 4x3 dx 

  u2 + 4 = x4         
dx 3 x 

2
duu 

=
 

 
z   tga u             2a2u =⇒+  

 
z   tg2 u             222u   42u =⇒+=+  

 
u = 2 tg z 
u2 = 4 tg2 z 
 

dz z 2sec 2 du      z  tg2 u    si =⇒=  
 

 4 z 2 tg4  42u +=+  

 1) z 2(tg 4  42u +=+  
 ) z 2(sec 4  42u =+  

2
4-4x  

2
u  z    tg   z  tg2 u             si ==⇒=  

4 - 4x u      4-4x2u    si =⇒=  
 

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=⎟

⎠
⎞

⎜
⎝
⎛=

2
4- 4x  tgarc  

2
u  tgarc  z  

 

2  

4-4x  
z
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9 2 x 2x

dx
∫

+
 

 

 

dz 
z 2tg

z sec
9
1 ∫  

 

 

dz 
z 2sen

cos
9
1
∫

z  

 
 
 
 
 
 
Reemplazando 

∫∫∫
−== duuz 2

9
1

2u

du
9
1  

z 2sen

dz cos
9
1    

 

( ) c+=+=∫
u 9

1- c   1-u 
1- 9

1 du  2-u
9
1   

 
Reemplazando 

( ) cz +=+=+ csc*
9
1-  c   

zsen 9
1  -   c   

u 9
1 -          

 
 

 c
x

xc
x

x
+

+
−=+

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
+

=+
92

9
192

9
1 -   c   z csc

9
1  -     

 

c  92

9
1  -   

9 2 x 2x

dx
+

+
=

+
∫

x
x  

 
 
 
 
 

 

z   tga     x          2a 2  x =⇒+  

z  tg3   x  23  2 x  9 2 x =⇒+=+   
 

z  tg3 x =  

z 2 tg9 2x =  
 

dz  z 2sec  3 dx       z  tg3  x si =⇒=  

   9 z  tg9  9  x 22 +=+  
 

   )1 z (tg  9  9  x 22 +=+  
 

   z) (sec  9  9  x 22 =+  

  z sec 3  9  x2 =+  

3
x  z    tg   z  tg3   x           si =⇒=  

 

9 2x

x  zsen 
+

=           
x

92x  z csc +
=  

u = sen z    dz  z cos  =du  
u2 = sen2 z 

dz 

z 2cos

z 2sen
cos

1

9
1
∫

z

( )
∫∫

⎟
⎠
⎞⎜

⎝
⎛

=
+ zsec3* z 2 tg9

dz z 2sec 3  
9 2 x 2x

dx

92 +x  
x

3  

z
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( )

( )∫∫ =
z cos 2 

dz z cos 2   z 2sen 4   
 2 x- 4

dx 2x  

∫=∫ dz z 2sen4  dz z 2sen 4  
 
Identidades trigonometricas  
 
 
 
 
 

dz 
2

2z cos - 14  dz z 2sen4 ∫ ∫ ⎟
⎠
⎞

⎜
⎝
⎛=  

( ) ( )[ ]∫ ∫=∫ dz 2z cos - dz 12 dz  2z cos - 1 
2
4  

 
∫∫ dz 2z cos2 -  dz2  

 

c  2zsen  
2
12 -  2z +⎟

⎠
⎞

⎜
⎝
⎛  

 
Identidades trigonometricas  
 
 
 

( ) c  z cos * zsen   -  z 2  c  2zsen  
2
12 -  2z +=+⎟

⎠
⎞

⎜
⎝
⎛  

Reemplazando 

( )
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛=+

2

2x-4  * 
2
x -  

2
xsen arc2  c z cos * zsen   -  z 2  

 

c  
4

2x-4x  -  
2
xsen  arc 2        c  

2

2x-4  * 
2
x -  

2
xsen arc2 +

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛=+

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛  

 

c  2x-4x 
4
1 -  

2
xsen  arc 2    c  

4

2x-4x  -  
2
xsen  arc 2 +⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛=+

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛  

c  2x-4x 
4
1 -  

2
xsen  arc 2    dx   

2x-4

 2x
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛=∫  

 

 

zsen   a     x  2 x- 2a =⇒  
 

  2 x- 22    2 x- 4 =   

zsen   2    x      2 x- 22 =⇒  
 

zsen  2 x =  
z 2sen  4  2x =  

 
dz  z cos  2 dx     zsen  2  x si =⇒=  

 

   z 2sen  4   -  4    2  x- 4 =  

 z 2sen -  1  4    2  x- 4 ⎟
⎠
⎞⎜

⎝
⎛=

 
 

 z 2cos  4    2  x- 4 ⎟
⎠
⎞⎜

⎝
⎛=

 

 z cos  2    2  x- 4 =  
 

2
x  zsen       zsen  2  x si =⇒=

 

⎟
⎠
⎞

⎜
⎝
⎛=

2
xsen  arc  z

   
  

2

2 x- 4  z cos      z cos 2  2 x- 4 si =⇒=
  

 

dx 
 2 x- 4

2x
∫

z 2sen  
2

2z  cos-1
=  

z cos * zsen  2  2zsen =  

2  

 2 - 4 x

x
z 
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Ejercicios 7.3  Pag 571 Leythold 
Problema # 25 
 

 
 4 - 2 x 

dx 
∫

x
 

 
 

 

 dz
2
1
∫  

 
 
Tabla de integrales  
 
 
 
 
 

∫=∫ dz 
2
1  

 4 - 2 x 

dx 

x
 

 

( ) c    z 
2
1

+  

 
 

c    
2
x sec arc 

2
1  

 4 - 2 x 

dx 
+⎟

⎠
⎞

⎜
⎝
⎛=∫

x
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

( )( )∫∫ =
z  tg2z sec 2  

dz   z  tgz sec 2  
 4 - 2 xx 

dx 

 

z sec  a     x  2a - 2  x =⇒  
 

  22 - 2 x     4 - 2 x =   
 

z sec  2    x      22 - 2 x =⇒  
 

z sec 2 x =  
z 2sec  4  2x =  

 
dz  z  tgz sec  2 dx     z sec 2   x si =⇒=  

 

    4   -  z 2sec 4    4 - 2x =  
 

    1)   -  z 2(sec 4    4 - 2x =  
 

    )  z 2(tg 4    4 - 2x =  
 

 z  tg2    4 - 2x =  
 

2
x  z sec   z sec 2 x =⇒=

 

2
x sec arc =z

 

c    z    dz +∫ =  

x 

2

 4 -  2x

z
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Ejercicios 7.3  Pag 571 Leythold 
Problema # 28 
 

 
23

4 -  2w

dw 
∫

⎟
⎠
⎞⎜

⎝
⎛

 

 
 

 
 
 
 
 

( )
∫=∫=∫ dz 

z 2sen

z cos 
4
1  dz 

z 2cos

z 2sen
z cos

1

4
1  dz 

z 2  tg

   z sec 
4
1  

 

∫=∫ dz z csc * z ctg
4
1   dz 

zsen 
1*

zsen 
z cos 

4
1   

 
Tabla de integrales  
 
 
 
 
 

cz +−=∫ csc
4
1dz z csc * z ctg

4
1  

 

c+
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
=+=∫

⎟
⎠
⎞⎜

⎝
⎛ 4- 2w

w 
4
1 -    c  z csc

4
1  -   

23
4 -  2w

dw  

 
 

c+
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
=∫

⎟
⎠
⎞⎜

⎝
⎛ 4- 2w

w 
4
1 -   

23
4 -  2w

dw  

 
 
 
 
 
 
 
 

∫
⎟
⎠
⎞⎜

⎝
⎛

=∫

⎟
⎠
⎞⎜

⎝
⎛ z 3 tg8 

dz   z  tgz sec 2  
23

4 - 2w

dw 

 

z sec  a     x     
232a-  2w =⇒⎟

⎠
⎞⎜

⎝
⎛  

 

  
2322-2w    

23
4 - 2w ⎟

⎠
⎞⎜

⎝
⎛=⎟

⎠
⎞⎜

⎝
⎛   

 

z sec  2     w     
2322-2w =⇒⎟

⎠
⎞⎜

⎝
⎛  

 
z sec 2  w =  

z 2sec  4  2w =  
 

dz  z  tgz sec  2  dw    z sec 2    wsi =⇒=  
 

  4  - z sec 4    4 - w
232232

⎟
⎠
⎞

⎜
⎝
⎛=⎟

⎠
⎞

⎜
⎝
⎛  

  1) -z(sec 4    4 - w
232232

⎟
⎠
⎞

⎜
⎝
⎛=⎟

⎠
⎞

⎜
⎝
⎛  

 

  z)(tg 4    4 - w
232232

⎟
⎠
⎞

⎜
⎝
⎛=⎟

⎠
⎞

⎜
⎝
⎛  

  z 3 tg
23

 22    
23

4 - 2w ⎟
⎠
⎞⎜

⎝
⎛=⎟

⎠
⎞⎜

⎝
⎛  

 

z 3  tg8    z 3 tg32    
23

4 - 2w ==⎟
⎠
⎞⎜

⎝
⎛  

2
w  z sec   z sec 2  w =⇒=  

2
w sec arc =z  

4- 2w

w  z csc      
w

4- 2w  zsen =⇒=  

     

∫ += c z csc -  dz  z ctg  z csc  

w 

2

 4 -  2w  

z

dz 
z 2tg

sec
4
1 ∫

z



 45
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Problema # 29 

∫∫

⎟
⎠
⎞⎜

⎝
⎛ +++

=

⎟
⎠
⎞⎜

⎝
⎛ ++

23
16-716  t8e   2te

dt te  
23

7  t8e 2te

dt te  

∫

⎥⎦
⎤

⎢⎣
⎡ −+⎟

⎠
⎞⎜

⎝
⎛ ++

23
16716t8e2te

dt te  

∫

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−+⎟

⎠
⎞⎜

⎝
⎛ +

23
167

2
4 te

dt te  

∫

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−⎟

⎠
⎞⎜

⎝
⎛ +

 
23

9
2

4te

dt te  

 
Reemplazando 

θ
θ

θ
θ

θθθ
d 

 2tg

1 sec
9
1  

 3 tg27

d     tg sec 3
 

23
9

2
4te

dt te
∫∫∫ ==

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−⎟

⎠
⎞⎜

⎝
⎛ +

 

θ
θ

θ
θ

θθ
θ

d 
 2sen

 2cos*
cos

1
9
1  d   2ctg*

cos
1

9
1 ∫∫ =  

 

θ
θθ

θθ
θ

θ d 
sen 

1*
sen 

 cos
9
1  d 

 2sen

 cos
9
1 ∫∫ =  

      csc *cot
9
1 =∫ θθθ d  

Tabla de integrales  
 
 
 
 

    

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

−⎟
⎠
⎞⎜

⎝
⎛ +

+
=+=∫

9
2

4te

4te 
9
1   -    c   csc

9
1 -      csc *cot

9
1 θθθθ d  

 
 
 
 
 
 
 
 
 

 

θ  sec 3  4  te           23- 
2

4 =⎟
⎠
⎞⎜

⎝
⎛ +⇒⎟

⎠
⎞⎜

⎝
⎛ +te

 
θ sec 3  4 te =+  

θ 2sec 9 
2

4 te =⎟
⎠
⎞⎜

⎝
⎛ +

 
θθθθ d    tg sec  3 dt  te       sec 3   4 te   si =⇒=+  

 9   2sec 9  
2
3

9  
2

4 te
23

⎥⎦
⎤

⎢⎣
⎡ −=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−⎟

⎠
⎞⎜

⎝
⎛ + θ  

 1)   2(sec 9  
2
3

9  
2

4 te
23

⎥⎦
⎤

⎢⎣
⎡ −=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−⎟

⎠
⎞⎜

⎝
⎛ + θ  

 )  2(tg 9  9  
2

4 te
2323

⎥⎦
⎤

⎢⎣
⎡=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−⎟

⎠
⎞⎜

⎝
⎛ + θ  

[ ]   3tg9  9  
2

4 te
23

23

θ=
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−⎟

⎠
⎞⎜

⎝
⎛ +  

  3 tg27 9  
2

4 te

23

θ=
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−⎟

⎠
⎞⎜

⎝
⎛ +

 

( ) θ 3sec  27  
23

9  23 - z =⎥⎦
⎤

⎢⎣
⎡ +  

3
4 te   sec       sec 3  4 te       si +

=⇒=+ θθ

4

9 - 
2

4
  sen 

+

⎟
⎠
⎞⎜

⎝
⎛ +

=
te

te
θ   

                                
9-  

2
4

4   csc

⎟
⎠
⎞⎜

⎝
⎛ +

+
=

te

teθ  
∫ += c  csc -  d   ctg   csc θθθθ  

4te +  

3

 9 -  
2

4te ⎟
⎠
⎞⎜

⎝
⎛ +

 z
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Problema # 30 
 

 

∫
⎟
⎠
⎞⎜

⎝
⎛

=∫ xe*xe 

  2xe-16*   dx 2xe-16 dxxe
xe

 

∫
⎟
⎠
⎞⎜

⎝
⎛

=∫
⎟
⎠
⎞⎜

⎝
⎛ 2xe

dx 2xe-16
  

xe*xe 

  2xe-16* 

xedxxe  

( )( )
∫=∫

⎟
⎠
⎞⎜

⎝
⎛

z 2sen 216

 cos  4z cos 4  
2xe

dx 2xe-16
 dzz

xe
 

 
( )( )

∫=∫=∫ dz z 2ctg  
z 2sen

dz z 2cos  
z 2sen 216

 cos  4z cos 4 dzz  

 
Identidades trigonometricas  
 
 
 
 
 

∫∫=∫ ⎟
⎠
⎞⎜

⎝
⎛=∫ dz -  dz z 2csc   dz 1- z 2csc  dz z 2ctg  

c z - z ctg -   dz -  dz z 2csc +=∫∫  
 
 
 
 
 

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

 

zsen   a     x  2 x- 2a =⇒  
 

  e - 4    e - 16
2x22x
⎟
⎠
⎞

⎜
⎝
⎛=   

zsen   4  e        e - 4 x2x2 =⇒⎟
⎠
⎞

⎜
⎝
⎛  

 
zsen  4  xe =  

z 2sen  16  2xe =  
 

dz  z cos  4 dx  xe    zsen  4  xe si =⇒=  
 

 sen 16 - 16    e - 16 22x z=  
 

 )sen  -(1 16    e - 16 22x z=  
 

 )2(cos 16    2xe - 16 z=  
 z cos 4    2xe - 16 =  

 

4

xe  zsen       zsen  4  xe si =⇒=
 

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
=

4

xesen  arc  z
   

  

4

2xe - 16  z cos      z cos 4  2xe - 16 si =⇒=

  
xe

2xe-16  z ctg =
 

dx 
x

2xe-16
∫

e

ex
4

 2e - 16 x

z 

1-  z 2csc  z 2cot =  

c
4

xesen  arc - 
xe

2xe - 16 -  c  z -  z ctg -  dx   
x

2xe-16
+⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
=+=∫

e

c
4

xesen  arc - 
xe

2xe - 16 -   dx   
x

2xe-16
+⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
=∫

e
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Ejercicio # 2 Pag 270 Calculo diferencial e integral SCHAUM 

 
 4 - 2 x

dx 2x
∫  

 
 

 

  dz z 3sec4 =∫  
 

Se resuelve la integral   ∫ dzz 3sec4   por partes  
∫ ∫= du v -  v*u   dvu  

 
 
 

 
 
 
 
 

 
 
 

 
 

 
 
 

Reemplazando la Identidad trigonométrica     tg2 z = sec2 z  -  1 
 
 
 
 

 
 

 
 
                           

 
 
 

Ordenando como una ecuación cualquiera  y simplificando los términos semejantes 
 
 
 

 
 

Dividiendo la ecuación por 2 
 

 

z sec  a     x  a -   x 22 =⇒  
 

  2 -  x     4 -  x 222 =   
 

z sec  2    x      2 -  x 22 =⇒  
 

z sec 2 x =  

z 2sec  4  2x =  
 

dz  z  tgz sec  2 dx     z sec 2   x si =⇒=  
 

    4   -  z sec 4    4 - x 22 =  
 

    1)   -  z (sec 4    4 - x 22 =  
 

    )  z (tg 4    4 - x 22 =  
 

 z  tg2    4 - x 2 =  

∫=∫ dz z sec *  z 2sec4   dz z 3sec4 

Se resuelve por partes 
u = sec z                       dv = sec2 z 

du = sec z  tg z  dz              dz  z 2sec  dv∫ ∫=  
                                              v = tg z  

( )[ ]dz  tgz* z sec * z tg -  z  tg* z sec4  dz z sec *  z 2sec4 ∫=∫

( )[ ] ⎥⎦
⎤

⎢⎣
⎡ ∫=∫ dz z sec * z 2tg  -   tgz* z sec4  dz  tgz* z sec * z tg -  z  tg* z sec4 

⎥⎦
⎤

⎢⎣
⎡ ∫+∫=∫ dz z sec   dz z 3sec - z  tg* z sec4 dz z 3sec4

∫+∫=∫ dz z sec4  dz z 3sec4 -  z  tg* z sec 4 dz z 3sec4

∫+=∫+∫ dz z sec4  z  tg* z sec 4   dz z 3sec4   dz z 3sec4

∫+=∫ dz z sec4 z  tg* z sec 4    dz z 3sec8

∫+=∫ dz z sec 2 z  tg* z sec 2     dz z 3sec4

⎥⎦
⎤

⎢⎣
⎡

∫ ⎟
⎠
⎞⎜

⎝
⎛=⎥⎦

⎤
⎢⎣
⎡ ∫ dz z sec * 1 - 2sec -  z  tg* z sec4  dz z sec * z 2tg  -   tgz* z sec4

⎥⎦
⎤

⎢⎣
⎡ ∫ ∫+ dz z sec  dz z 3sec -  z  tg* z sec4

( )∫
⎟
⎠
⎞⎜

⎝
⎛

=∫ z  tg2 

dz   z  tgz sec 2 z 2sec 4
  

 4 - 2 x

dx 2x
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Tabla de integrales  
 
 
 

 

 
 
 
  
 

 
 
 
 

 
 
 
 
 

 
 
 
 

 
Pero: c  4Ln  2  -  C1 +=  
 

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

c    z  tg  z secLn  2 z  tg* z sec 2     dz z 3sec4 +++=∫

c     z   tg  z secln     dz z sec ++∫ =  

c   z  tg z secLn  2  z  tg* z sec 2  
4 -  2x

dx 2x +++=∫

c   
2

4 - 2x   
2
xLn  2  

2
4 - 2x * 

2
x 2  

4 -  2x

dx 2x +++
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛=∫

c   
2

4 - x x Ln  2  
2

4 - xx    
4 -  x

dx x 
22

2

2
+

+
+

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
=∫

c   4 - x x  Ln  2   
2

4 - xx    
4 -  x

dx x 2
2

2

2
+++

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
=∫

 
z sec 2 x =  

 

2
x  z sec     z sec 2   x si =⇒=  

x
2  z cos =  

 

2
4 - 2x  z tg =  

x 

2

 4 -  2x  

z
c 2Ln  2 -  4-xxLn  2  

2
4 - xx    

4 -  x

dx x 2
2

2

2
+++

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
=∫
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Ejercicio # 3 Pag 270  
Calculo diferencial e integral SCHAUM 

 
 

 
Identidad trigonométrica 
Cos 2 z = 1 - sen2 z  

 
 
 

 
 
 
 
 

 
 
 
 

 
 
 

 
 

 
Tabla de integrales  
 
  
 
 

 
 

 
 

 
 
 

 
 
 
 
 

 
        
 
 

 

 

zsen   a     x  2 x- 2a =⇒  

2 x-  
2

2
3  

4

24x - 
4
9    24x -  9 ⎟

⎠
⎞

⎜
⎝
⎛==  

zsen  
2
3   x   2 x-  

2

2
3     24x -  9 =⇒⎟
⎠
⎞

⎜
⎝
⎛=

zsen 
2
3 x =   z 2sen

4
9  2x =  

dz z cos 
2
3 dx     zsen 

2
3    x si =⇒=  

   z 2sen 
4
94 -   9    24x  - 9 ⎟

⎠
⎞

⎜
⎝
⎛=  

 

    z sen 9 -   9    4x  - 9 22 =  
 

  z sen -  19    4x  - 9 22
⎟
⎠
⎞

⎜
⎝
⎛=  

 

  z cos9    4x  - 9 22
⎟
⎠
⎞

⎜
⎝
⎛=  

 

 z cos 3    4x  - 9 2 =  
 

  
3

2x  zsen    zsen 
2
3     x si =⇒=  

 

3

24x- 9  z cos   z cos 3   24x  - 9  si =⇒=  

24x - 9

 x2  z tg =       
x2

24x - 9  z ctg =  

2x
3 z csc =  

                     

 

2x 3 

z 

24x - 9  
 

c    zcot   -  z cscLn     dz csc +∫ =  

 
x 

dx  x4 - 9 2
∫

∫

⎟
⎠
⎞

⎜
⎝
⎛

=∫
zsen  

2
3

dz z cos 
2
3 z cos 3

  
x 

dx 24x - 9

dz 
zsen 

 z 2cos 3 
zsen  

2
3

dz z cos 
2
3 z cos 3

∫=∫

⎟
⎠
⎞

⎜
⎝
⎛

dz 
zsen 

z 2sen  -  1
 3  dz 

zsen 
 z 2cos 3 ∫∫

⎟
⎠
⎞⎜

⎝
⎛

=

∫
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
=∫

⎟
⎠
⎞⎜

⎝
⎛

dz 
zsen 
z 2sen  -  

zsen 
13  dz 

zsen 

z 2sen  -  1
 3 

[ ]dz zsen  -  z csc3∫

∫ ∫ dz zsen 3 -  dz z csc3

c  zcos- dzsen  +∫ =

( ) c z cos- 3-   zcot  -  z csc Ln   3 dz zsen 3 -  dz z csc3 +=∫ ∫

c z cos 3    zcot  -  z csc Ln   3 dz zsen 3 -  dz z csc3 ++=∫ ∫

c   z 3cos   zcot  - z cscLn  3  
x 

dx 2 x4 - 9
++=∫

c   
3

24x-9 3   
2x

24x-9 - 
2x
3Ln  3  

x 
dx 2 x4 - 9

+
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
+=∫

c   24x-9   
2x

24x-93 Ln  3  
x 

dx 2 x4 - 9
++

−
=∫
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Ejercicio # 4 Pag 270 Calculo diferencial e integral SCHAUM 

 
24x 9x 

dx
∫

+
 

( )
∫

⎟
⎠
⎞

⎜
⎝
⎛

=∫
+ z sec 3* z  tg

2
3

dz z sec 
2
3

  
4x9x 

dx
2

2
 

  dz 
z tg

sec
3
1
∫

z  

dz 

z cos
zsen 

cos
1

3
1
∫ z  

dz 
zsen 

1
3
1
∫  

 

∫ dz csc
3
1 z  

 
Tabla de integrales  
 
 
 
 
 

∫=∫
+

dz z csc
3
1  

24x 9x 

dx  

 

c   zcot  - z csc Ln  
3
1  

24x 9x 

dx
+=∫

+
 

 
Reemplazando 

c   
2x
3 - 

2x

24x9 Ln  
3
1  

24x 9x 

dx
+

+
=

+
∫  

 

c    
2x

3 -  24x9 Ln  
3
1  

24x 9x 

dx
+

+
=

+
∫  

 
 
 
 
 
 
 
 

 

z   tga     x           x  a 22 =⇒+  

  
4

24x   
4
9  24x  9 +=+  

z  tg
2
3   x  2 x  

2

2
3  24x  9 =⇒+⎟
⎠
⎞

⎜
⎝
⎛=+  

 

z  tg
2
3 x =  

z 2 tg
4
9 2x =  

 

dz  z 2sec  
2
3 dx       z  tg

2
3  x si =⇒=  

 z 2 tg
4
94  9  24x9 ⎟

⎠
⎞

⎜
⎝
⎛+=+  

 z 2 tg9  9  24x9 +=+  

  z 2 tg 19  24x9 ⎟
⎠
⎞⎜

⎝
⎛ +=+  

  z 2sec9  24x9 ⎟
⎠
⎞⎜

⎝
⎛=+  

 z sec 3  24x9 =+  
 

3
 x2  z    tg   z  tg

2
3   x           si =⇒=  

3

24x9  z sec      z sec 3  24x9      si +
=⇒=+  

2x
3  z ctg    

3
 x2  z         tgsi =⇒=  

x2

24x9 z csc +
=  

                        

 

249 x+  

3 

2x 
z 

 

c    zcot   -  z cscLn     dz csc +∫ =  
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⎜
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⎠
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⎜
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⎟
⎠
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⎟
⎠
⎞⎜
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2
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2
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∫
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2
1
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2
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z sec  a     x  a -   x 22 =⇒  
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z sec 4 x =  
z 2sec  16  2x =  
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+⎥⎦

⎤
⎢⎣
⎡

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
=∫        

 
        
 
 
 
 
 
 
 
 

 

zsen   a     x   x- a 22 =⇒  
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⎠
⎞⎜
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⎠
⎞⎜

⎝
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3
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⎟
⎠
⎞

⎜
⎝
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3
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3
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∫ dz z 3sec 5  
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Ordenando como una ecuación cualquiera  y simplificando los términos semejantes 

 
 
 

 
 

Dividiendo la ecuación por 2 
 
 
 

 
 

 

z   tga     x         a    x 22 =⇒+  
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⎠
⎞⎜

⎝
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⎤
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⎥⎦
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∫+=∫+∫ dz z sec5  z  tg* z sec 5   dz z 3sec5   dz z 3sec5
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⎠
⎞⎜

⎝
⎛=⎥⎦
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⎥⎦
⎤

⎢⎣
⎡ ∫ ∫+ dz z sec  dz z 3sec -  z  tg* z sec5
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c   z  tg z secLn  
2
5  z  tg* z sec 

2
5  dx  52 +++=∫ +x

5 2x +  x 

5  

z

c   
5

x   
5

52xLn  
2
5  

5
 * 

5
52

 
2
5 dx 52 ++

+
+⎟⎟
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⎜
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∫
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2
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⎠
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⎟
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⎜
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⎟
⎟
⎟
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⎜
⎜
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⎟
⎠
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⎜
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x
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3
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2
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z   tg5    x   25  2 x 25  2x =⇒+=+  
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Identidades trigonometricas  
 
 
 
 
 

dz 
2

2z cos - 19  dz z 2sen9 ∫ ∫ ⎟
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⎟
⎟
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⎠
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⎠
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2

2z  cos-1
=  

z cos * zsen  2  2zsen =  

3  

 2 - 9 x  

x 

z

∫∫ dz 2z cos
2
9 -  dz

2
9



 59

c  
9

2x-9x 
2
9 -  

3
xsen  arc 

2
9        c  

3

2x-9  * 
3
x

2
9 -  

3
xsen arc

2
9

+
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛=+

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛  

 

c  2x-9x 
2
1 -  

3
xsen  arc  

2
9    c  

9

2x-9x 
2
9 -  

3
xsen  arc 

2
9

+⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛=+

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛  

 

c  2x-9x 
2
1 -  

3
xsen  arc  

2
9    dx   

2x-9

 2x
+⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛=∫  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 60

Resolver 
 

 dt 2 t- 1∫  
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2
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2
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∫
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dx

xx
 

∫

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
++

3
4x

3
12

3

23x

dx
3
1  

∫
⎟
⎠
⎞

⎜
⎝
⎛ ++

3
4 2

3
12x

dx
3
1 

x
 

∫

⎥⎦
⎤

⎢⎣
⎡ +−++

3
4

9
1

9
12x

3
12x

dx
3
1  

 

∫

⎥
⎦

⎤
⎢
⎣

⎡
+−⎟

⎠
⎞

⎜
⎝
⎛ ++

3
4

9
1

9
12x

3
12x

dx
3
1  

∫

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
+−⎟

⎠
⎞

⎜
⎝
⎛ +

9
12

9
12

3
1x

dx
3
1  

∫

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
+⎟

⎠
⎞

⎜
⎝
⎛ +

9
112

3
1x

dx
3
1  

 
 
 
 
 
Reemplazando 

∫ +=∫ ==∫=∫=∫=∫

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
+⎟

⎠
⎞

⎜
⎝
⎛ +

c  
11
11   

11
11   

11*3
119*

3
1   

9
11
3
11

*
3
1      

9
11

9
11

3
1   

2sec
9

11

d 2sec
9

11

3
1

9
112

3
1x

dx
3
1 θθθθθ

θ

θθ
dddd

c  
11

13x  tgarc  
11
11   c  

11
11 

9
112

3
1x

dx
3
1 +

+
=+=∫

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
+⎟

⎠
⎞

⎜
⎝
⎛ +

θ  

 
 
 

 

θ   tga     x         2a2 =⇒⎟
⎠
⎞⎜

⎝
⎛ +x

 

 
2

9
11  

2

3
1  

9
11 

2

3
1

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+⎟

⎠
⎞

⎜
⎝
⎛ +=⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
+⎟

⎠
⎞

⎜
⎝
⎛ + xx   

θ  tg
9
11   

3
1x   =⎟
⎠
⎞

⎜
⎝
⎛ +⇒  

θ 2 tg
9

11   
2

3
1x   =⎟
⎠
⎞

⎜
⎝
⎛ +⇒

 
 

θθθ d   2sec  
9
11 dx         tg

9
11   

3
1x   si =⇒=⎟
⎠
⎞

⎜
⎝
⎛ +  

 
9

11  2tg
9
11  

9
11 

2

3
1

⎥⎦
⎤

⎢⎣
⎡ +=⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
+⎟

⎠
⎞

⎜
⎝
⎛ + θx  

 

 )1  2(tg
9

11  
9

11 
2

3
1

⎥⎦
⎤

⎢⎣
⎡ +=⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
+⎟

⎠
⎞

⎜
⎝
⎛ + θx  

 )  2(sec
9

11  
9

11 
2

3
1

⎥⎦
⎤

⎢⎣
⎡=⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
+⎟

⎠
⎞

⎜
⎝
⎛ + θx  

9
11

3
1x 

      tg    tg
9
11   

3
1x   

+
=⇒=⎟

⎠
⎞

⎜
⎝
⎛ +⇒ θθ  

 

  
11

3
1x3

 

3
11

3
1x

  

9
11

3
1x

 

9
11

3
1x 

     tg
⎟
⎠
⎞

⎜
⎝
⎛ +

=
⎟
⎠
⎞

⎜
⎝
⎛ +

=
⎟
⎠
⎞

⎜
⎝
⎛ +

=
+

=⇒ θ  

11
13x  tgarc      

11
13x      tgsi +

=⇒
+

= θθ  
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Tabla de integrales  
 
 
 
 

 
 

Reemplazando 
 

 
         

 
        
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

zsen   a     x   x- a 22 =⇒  

zsen  1      x    2 x-  1 =⇒  
 

zsen x =  
z 2sen  2x =  

 
Si  x = sen z   →  dx = cos z dz 
 

   z 2sen    -  1    2  x- 1 =  
 

 z 2cos     2  x- 1 ⎟
⎠
⎞⎜

⎝
⎛=  

 

 z cos    2  x- 1 =  
 
 

   zsen      x si =  
( )xsen  arc =z  

 

2 x- 1

x  z tg =        

c    z    dz +∫ =  

x 1

 2  x- 1  

z

 
 2 x-  1

dx
∫

∫=∫ z cos
dz z cos  

 2 x-  1

dx

∫ dz

c   z  dz +=∫

( ) c  xsen arc  c   z +=+
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2 x1

dx ∫ =
+

 

 

∫=∫=∫
+

dz  
z 2sec

dz z 2sec   
2 x 1

dx  

 
( ) c     dz +=∫ z  

 
Reemplazando 
 

( ) c      
2 x1

dx
+∫ =

+
z  

 
                        
 
 
 
 
 
 
 
 

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
z   tga     x         2 x 2a =⇒+  

 
z   tg1    x   2 x 1 =⇒+  

 
x =  tg z 
x2 = tg2 z 
 

dz z 2sec dx      z  tga    x si =⇒=  
 

  z 2  tg 1  2 x 1 +=+  
 

  z 2sec  2 x 1 ⎟
⎠
⎞⎜

⎝
⎛=+  

 
   z  tg  x           si =  

              x tgarc=z  
21 x+  

x

1 

z

c  x   tgarc    
2 x1

dx
+∫ =

+
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∫     
1 -  2x x 

dx       

 

( )∫ ∫=     
z  tgz sec
dz z  tgz sec  

1 -  2x x 

dx       

∫ += c  z  dz  
 
Tabla de integrales  
 
 
 
 
 
∫ += c  z  dz  
 
Reemplazando 

c  x sec arc  c  z  dz +=∫ +=  
 
       
        
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

x 

1

 1-2x  z

c    z    dz +∫ =  

   c    xsec arc     
1 -  2x x 

dx
+=∫

 

z sec  a     x  2a2  x =⇒−  
z sec 1  x    1-2x =⇒  

 
X2 = sec2 z 
 
Si  x = sec z   →  dx = sec z tg z dz 
 

   1 - z 2sec     1 - 2x =  
 

    z 2 tg    1 - 2x =  
 

 z   tg  1 - 2x =  
 

  
x
1  cos   z sec     x si =⇒=

 
 

xsecarc=z  
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 2 x- 4 

dx
∫  

 

( )∫=∫ z cos 2  
dz   z cos 2  

 2 x- 4 

dx  

 
c  z   +=∫ dz  

 
Tabla de integrales  
 
 
 
 
 
 
Reemplazando 
 

c 
2
xsen  arc  c  z   +=+=∫ dz  

 

c  
2
xsen  arc  

 2 x- 4 

dx
+=∫  

 
  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

zsen   a     x  2 x- 2a =⇒  
 

zsen   2     x  2 x- 4 =⇒  
 

zsen  2 x =  
z 2sen  4  2x =  

 
dz  z cos  2 dx     zsen  2  x si =⇒=  

 

   z 2sen 4   -  4    2  x- 4 =  
 

 z 2sen -  1  4    2  x- 4 ⎟
⎠
⎞⎜

⎝
⎛=

 
 

 z 2cos 4    2  x- 4 ⎟
⎠
⎞⎜

⎝
⎛=

 
 

 z cos  2   2  x- 4 =  
 

2
x  zsen       zsen   2  x si =⇒=

 
 

2
xsen  arc  z =

 

 2 x- 4  

x
2  

z 

c    z    dz +∫ =  
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2 x9

dx ∫ =
+

 

 

∫=∫=∫
+

dz
3
1  

z 2sec 9

dz z 2sec 3   
2 x 9

dx  

 

( ) c   
3
1  dz

3
1

+=∫ z  

 
Reemplazando 
 

( ) c   
3
1   

2 x1

dx
+∫ =

+
z  

 
                        
 
 
 
 
 
 
 
 

 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
z   tga     x         2 x 2a =⇒+  

 
z   tg3    x 2x23   2 x 9 =⇒+=+  

 
x =  3 tg z 
x2 = 9 tg2 z 
 

dz z 2sec 3 dx      z  tg3    x si =⇒=  
 

  z 2 tg9   9  2 x 9 +=+  
 

  z) 2   tg (1 9  2 x 9 +=+  
  z 2sec 9 2 x 9 ⎟
⎠
⎞⎜

⎝
⎛=+

 
 

  
3
x  z   tg z  tg3   x           si =⇒=

 

             3
x  tgarc=z

 

29 x+  
x

3 

z

c   
3
x  tgarc 

3
1    

2 x9

dx
+∫ =

+  
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 216x - 25 

dx
∫  

( )∫∫ =
z cos 5 

dz   z cos 
4
5

  
 216x - 25

dx  

 

∫ dz
4
1  

 
Tabla de integrales  
 
 
 
 

c  
5

4xsen  arc  c   z    
4
1 +=+=∫ dz  

 
 

c  
5

4xsen  arc 
4
1   

 216x - 25 

dx
+=∫  

 
 
  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

zsen   a     x  2 x- 2a =⇒  
 

( ) zsen   5  4x    24x - 25  216x - 25 =⇒=  
 

zsen  5 4x =  
( ) z 2sen 25  24x =  
 

dz  z cos  5 dx  4    zsen  5 4x  si =⇒=  
dz z cos 

4
5dx =

 
 

( )    z 2sen 25   -  25    24x  - 25 =  
 

( )  z 2sen -  1  25    24x  - 25 ⎟
⎠
⎞⎜

⎝
⎛=  

 

( )  z 2cos 25    24x  - 25 ⎟
⎠
⎞⎜

⎝
⎛=

 
 z cos  5    216x  - 25 =  

 

5
4x  zsen       zsen  5 4x    si =⇒=

 

      5
4xsen  arc  z =

 
 
 

 216x - 25  

4x 
5  

z 

c    z    dz +∫ =  
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9 2 x4

dx ∫ =
+

 

 

∫=∫=∫
+

dz
18
3  

z 2sec 9

dz z 2sec 
2
3 

  
9 2 x4

dx  

 
 

 
 
Reemplazando 
 

( ) c   
6
1   

92x4

dx
+=

+
∫ z  

 
                        
 
 
 
 
 
 
 
 

 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
z   tga     x         2 x 2a =⇒+  

 

( ) z   tg3 2x    2322x   9 2 x4 =⇒+=+  
 
2x =  3 tg z 
(2x)2 = 9 tg2 z 
 

dz z 2sec 3 dx  2     z  tg3 2x    si =⇒=  
 

dz z 2sec 
2
3 dx =  

 

( )   9  z 2 tg9 9 22x +=+  
 

( )   1)  z 2(tg 9     9 22x +=+  
 
( )   z) 2(sec 9     9 22x =+  
 

  
3

2x  z   tg z  tg3 2x             si =⇒=  

             
3

2x  tgarc=z  

9 24 +x  
2x 

3 

z

( ) c   
6
1  dz

6
1

+=∫ z

c   
3

2x  tgarc 
6
1    

924x

dx
+∫ =

+
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∫     
9 -  24x x 

dx       

 

∫ ∫
⎟
⎠
⎞

⎜
⎝
⎛

=     
z  tg3 * z sec

2
3

dz z  tgz sec
2
3

  
9 -  24x x 

dx       

∫ += c  z
3
1  dz

3
1  

 
Tabla de integrales  
 
 
 
 
 

∫ += c  z
3
1  dz

3
1  

 
Reemplazando 

c  
3

2x sec arc
3
1  c  z

3
1  dz

3
1

+=∫ +=  

 
      
        
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2x 

3

 9-24x  
z

c    z    dz +∫ =  

   c   
3

2x sec arc
3
1     

9 -  24x x 

dx
+=∫

 

 

z sec  a     x  2a2  x =⇒−  
 

( ) z sec 3 2x     23 - 22x   9-24x =⇒=  
 
(2X)2 = 9 sec2 z 
 
Si  2x = 3sec z   →  2 dx = 3sec z tg z dz 

z sec 
2
3 x =  

dz z  tgz sec 
2
3 dx =  

 

   9 - z 2sec 9     9 - 24x =  
 

   1)- z 29(sec     9 - 24x =  
 

 z 2 tg9    9 - 24x =  

 z   tg3    9 - 24x =  
 

  
3

2x  sec   z sec 
2
3     x si =⇒=  

 

3
2x sec arc =z  
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 6 x- 1

dx 2x
∫  

 

( )∫∫ =
z cos  

dz z cos 
3
1

   
 6 x- 1

dx 2x  

 
 

∫ dz
3
1  

 
 
Reemplazando 

c  3sen x arc 
3
1  c   z

3
1    

3
1 +=+=∫ dz  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

zsen   a     x   x- a 22 =⇒  

zsen  1  3 x   
23x - 21    6 x- 1 =⇒⎟
⎠
⎞⎜

⎝
⎛=

  
 

zsen    3x =  
 
 

dz  z cos  dx  2 x3    zsen    3 xsi =⇒=  
 

dz z cos 
3
1 dx  2x =

 
 

( ) ( )  zsen    -  1    x  - 1 223 =  
 

 z 2sen  -  1    
23x  - 1 =⎟
⎠
⎞⎜

⎝
⎛  

 

 z 2cos    
23x  - 1 =⎟
⎠
⎞⎜

⎝
⎛  

z cos    
23x  - 1 =⎟
⎠
⎞⎜

⎝
⎛  

 
   zsen   3 xsi =  
3sen x arc  z =    

     
 
 

1 

 6 - 1 x  

X3

z 
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3 4x

dxx  ∫ =
+

 

 

∫=∫=∫
+

dz
6
3  

z 2sec 3

dz z 2sec 
2
3 

  
34 x

dxx  

 

( ) c   
6
3  dz

6
3

+=∫ z  

 
Reemplazando 
 

( ) c   
6
3   

34 x

dxx 
+=

+
∫ z  

 
                        
 
 
 
 
 
 
 
 

 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

 
z   tga     x         2 x 2a =⇒+  

 

( ) z   tg3  2   x23
22x   34 x =⇒+⎟
⎠
⎞⎜

⎝
⎛=+  

z   tg3  2x =  
 

dz z 2sec 3 dx   x 2     z  tg3  2   xsi =⇒=  

dz z 2sec 
2
3 dx   x =  

 

( ) [ ] 3 2z  tg3 23
22x   34 x +=+⎟
⎠
⎞⎜

⎝
⎛=+  

 
3 z 2 tg3   34 x +=+  

)1 z 2(tg 3   34 x +=+  
 

 z 2sec  3   34 x =+  
 

  
3

2x  z   tg z  tg3  2  x          si =⇒=  

3

2x  tgarc=z  

 

 
3*3
3*2x  tgarc ==z  

 
3

2  x 3  tgarc ==z  

3  

X2

43 x+  

z

c   
3

2  x3  tgarc 
6
3    

34 x

dxx 
+⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
=

+
∫  
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∫ = 
1 -  4x x 

dx       
 
Se multiplica por 2x  

( )
( )

∫ ∫∫ ==     
1-4x 22x

dx2x   
1-4x  x 2x

dx 2x 
1 -  4x x 

dx       

 

( )∫ ∫=     
z  tgz sec
dz z  tgz sec

2
1  

1 -  4x 2 x

dx x 2
2
1       

∫ += c  z
2
1  dz

2
1  

 
Tabla de integrales  
 
 
 
 
 
Reemplazando 

c  2 xsec arc
2
1  c  z

2
1  dz

2
1

+=+=∫  

 
       
        
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

X2

1

 1-4x  
z

c    z    dz +∫ =  

   c   2 xsec arc
2
1     

1 -  4x x 

dx
+=∫

 

 

z sec  a     x  2a2  x =⇒−  

z sec 12  x  1-  
22x    1-4x =⇒⎟
⎠
⎞⎜

⎝
⎛  

 
X2 = sec z 
 
Si  x2 = sec z   →  2 x dx = sec z tg z dz 
 

( )    1 -  2z sec     1 - 
22x =⎟
⎠
⎞⎜

⎝
⎛  

 

    z 2 tg    1 - 
22x =⎟
⎠
⎞⎜

⎝
⎛  

 

 z   tg  1 - 4x =  
 

  
2x

1  cos   z sec   2   xsi =⇒=  

 
2 xsec arc =z  
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( )
 

 22x - 4 

dx
∫

+
 

 

( ) ( )∫∫ =
+ z cos 2  

dz   z cos 2  
 22x - 4 

dx  

 
c  z   +=∫ dz  

 
Tabla de integrales  
 
 
 
 
 
 
Reemplazando 
 

c 
2

2xsen  arc  c  z   +
+

=+=∫ dz  

 

( )
c  

2
2xsen  arc  

 22x - 4 

dx
+

+
=

+
∫  

 
  
 
 
 

 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

zsen   a     x  2 x- 2a =⇒  
 

( ) ( ) zsen   2   2   x  22x - 22   22x - 4 =+⇒+=+  
 

zsen  2 2x =+  
( ) z 2sen  4  22x =+  
 

dz  z cos  2 dx     zsen  2 2 x si =⇒=+  
 

( )    z 2sen 4   -  4    22x  - 4 =+  
 

( )    z) 2sen  -  (1 4    22x  - 4 =+  
 

( )  z 2cos 4    22x  - 4 ⎟
⎠
⎞⎜

⎝
⎛=+  

( )  z cos  2   22x  - 4 =+  

2
2x  zsen       zsen   2 2      x si +

=⇒=+  

 

2
2xsen  arc  z +

=
 

       
 
 

( )  22x - 4 +  

X+2
2  

z 

c    z    dz +∫ =  
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x-e xe

dx ∫ =
+

 
 
Se multiplica por ex 

   
1  2xe

dx xe  
02xe

dx xe 
x-e  xe *xe

dx xe
  

x-e xe

dx ∫ ∫∫∫
+

=
+

=
⎟
⎠
⎞⎜

⎝
⎛ +⎟

⎠
⎞⎜

⎝
⎛

⎟
⎠
⎞⎜

⎝
⎛

=
+ e

 

 

∫∫∫ ==

+⎟
⎠
⎞⎜

⎝
⎛

dz  
z 2sec 

dz z 2sec   
1 

2
dx xe

xe
 

 
 

 
Reemplazando 
 

  cz   +=
−+

∫ xexe

dx  

 
 
                        
 
 
 
 
 
 
 
 

 
 
 
 
 
 

 
 
 
 
 
 
 
 

 
z   tga     x         2 x 2a =⇒+  

 

 z  tg1  xe       1  
2xe =⇒+⎟
⎠
⎞⎜

⎝
⎛  

 
ex =  tg z 
 
(ex)2 = tg2 z 
 

dz z 2sec dx  xe     z  tg xe   si =⇒=  
 

( )  1  2z tg    1  
2xe +=+⎟
⎠
⎞⎜

⎝
⎛  

 

 1  z 2  tg 1  
2xe +=+⎟
⎠
⎞⎜

⎝
⎛  

 

  z 2sec   1  
2xe =+⎟
⎠
⎞⎜

⎝
⎛  

 
 z  tg xe            si =  

             xe  tgarc=z  
1 2 +xe  

ex

1 

z

( ) c     dz +=∫ z

c   xe  tgarc    
x-e

dx
+=

+
∫ xe
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 x24sec 9

dx x   x  tgsec ∫ =
+

 

 

∫∫∫ ==
+

dz
18
3  

z 2sec 9

dz z 2sec 
2
3 

  
 x2sec 4  9

dx  

 
 

( ) c   
6
1   

6
1

+=∫ zdz  

 

      ( ) c 
3

 xsec 2 tgarc 
6
1 c   

6
1

+⎟
⎠
⎞

⎜
⎝
⎛=+z                   

 
 
 
 
 
 
 
 

 
 
 
 
 
 

 
  
 
 
 
 
 
 
 
 
 
 
 
 

 
z   tga     x         2 x 2a =⇒+  

 
( ) ( ) z   tg3  x sec 2   2sec223  x  2sec 49 =⇒+=+ x  

 
2 secx =  3 tg z 
(2sec x)2 = 9 tg2 z 
 

dz z 2sec 3 dx  x   x tgsec 2     z  tg3  x sec 2   si =⇒=  
 

dz z 2sec 
2
3 dx  x   x tgsec =

 
 

( )   z 2 tg99  2 xsec 29 +=+  
 

( )  ) z 2 tg(1 9  2 xsec 29 +=+  
 

( )  ) z 2(sec 9  2 xsec 29 =+  
 

  
3
secx  2  z   tg z  tg3 secx   2            si =⇒=

 

             3
secx  2  tgarc=z

 

9 2sec4 +x  
2  secx 

3 

z
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( )   

 2 x- 1

dx 3x
∫

+  

 
( ) ( )

( ) ( )dz 3x
z cos  

dz z cos 3x   
 2 x- 1

dx 3x
∫∫∫ +=

+
=

+  

 
( ) c 3z z cos- dz 3 dz zsen     dz 3 zsen ++=+=+ ∫ ∫∫  

 
 
Ordenando 
 
3z-cos z +c 
 
 
Reemplazando 
 
( ) c 2x-1- 3sen x arc 3  cz cos-  3z    

2x-1

dz 3 +=+=
+

∫ dzx  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

zsen   a     x  2 x- 2a =⇒  
 

zsen  1  x    2 x- 1 =⇒   
 

zsen  x =  
z 2sen   2x =  

 
 

dz  z cos  dx      zsen    x si =⇒=  
 
 

( )  2zsen    -  1    2 x- 1 =  
 

 z 2sen  -  1    2  x- 1 =  
 

 z 2cos    2  x- 1 =  
z cos    2  x- 1 =  

 
   zsen   x si =  

3sen x arc  z =    
     

   2x-1  z cos =  

1 

 2 - 1 x  

X
z 
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( )        

9 2x

dx  7-2x ∫ =
+

 

 
( ) ( ) ( )∫∫∫ ==

+
dz 7-2x

9
3  

z 2sec 9

dz z 23sec * 7-2x   
9 2x

dx 7-2x  

 

( ) ∫ ∫∫ = dz 7
3
1 -  dzx 2

3
1  dz 7-2x

3
1  

 
Reemplazando el valor de x 

∫∫ ∫∫∫ ∫ == dz
3
7 - dz z tg2  dz

3
7 -  dz z  tg3

3
2  dz 7

3
1 -  dzx 2

3
1  

 

  dz
3
7 - dz z tg2 =∫∫  

 
Tabla de integrales  
 
 
 
  
 

cz +−=∫∫ 3
7 z secLn 2  dz

3
7 - dz z tg2  

 
Reemplazando 
 

cxarctgxLncz +⎟
⎠
⎞

⎜
⎝
⎛−

+
=+−

33
7

3
92

2
3
7 z secLn 2  

( )
cxarctgxLncxarctg +−

+
=+−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

33
7

9
92

33
7

23

2
92x

Ln  
2
2  

cxarctg ++
33

7 -  9 Ln  -  92 xLn     

 
pero: 19 CcLn =+−  
 
Reemplazando 

133
7 -   92 xLn Cxarctg ++  

 
 

 
z   tga     x         2 x 2a =⇒+  

 
( ) z   tg3    x 232x   9 2x =⇒+=+  

 
x =  3 tg z 
(x)2 = 9 tg2 z 
 

dz z 2sec 3 dx       z  tg3    x si =⇒=  
 
( )   9  z 2 tg9 9 2x +=+  
 
( )   1)  z 2(tg 9     9 2x +=+  
 
( )   z) 2(sec 9     9 2x =+  
 

9
92x  z sec    

9
92x  z 2sec +

=⇒
+

=  

 

3
92x  z sec +

=  

 

  
3
x  z   tg z  tg3   x           si =⇒=  

             
3
x  tgarc=z  

c z secLn  dz z tg +=∫  c    z    dz +∫ =  

9 2 +x  
x 

3 

z
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30 10 2y

dy ∫ =
++ y

 
 
Se completa el cuadrado, se adiciona 25 y se le resta 25 

( )
     

25302510y  2y

dy  
25- 30 25y  52 2y

dy  
30 10 2y

dy ∫ ∫∫
−+⎟

⎠
⎞⎜

⎝
⎛ ++

=
+++

=
++ y

 

( )
   

525y

dy  
52510y2y

dy ∫ ∫
++

=
+⎟

⎠
⎞⎜

⎝
⎛ ++

 

( )
∫∫∫ ==

++
dz

5
5  

z 2sec 5

dz z 2sec 5   
5 25y

dy  

 
Tabla de integrales 
 
 
 
 
 

cz 
5
5  dz

5
5 +=∫  

 
Reemplazando 
 

c  
5

55y   5  tgarc 
5
5  cz 

5
5

+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ +
=+  

 

    c 
5

55y    5  tgarc 
5
5  

30 10 y

dy 
2∫ +⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛ +
=

++ y
 

                        
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
z  tga y        2a 2y =⇒+  

 

( ) ( ) ( ) z   tg5  5y   2525y   5 25y =+⇒++=++  
 

z   tg5  5y =+  
z 2  tg5  25)(y =+  

dz z 2sec 5 dy       z  tg5  5y   si =⇒=+  
 
 
( )   5  z 2 tg5 5 25y +=++  
 
( )   1)  z 2(tg 5     5 25y +=++  
 
( )   z) 2(sec 5     5 25y =++  
 

  
5
5y  z   tg   z  tg5  5y           si +

=⇒=+
 

           

   

( )
5 *  5
5y  5  tgarc  

5
5y  tgarc +
=

+
=z

 
 

( )
5

55 y  5  tgarc  
5

5y  5  tgarc +
=

+
=z

 

( ) 5 25 ++y  Y+5 

5  

z 

c    z    dz +∫ =  
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 2 x-8x 20

dx 
∫

+
 

 
Se ordena   

( )
∫ ∫

⎟
⎠
⎞⎜

⎝
⎛−

=

⎟
⎠
⎞⎜

⎝
⎛

=∫
+ 20-  x4 2-2x   

dx  
20-8x-2x  - 

dx   
 2 x-8x 20

dx  

 
se completa el cuadrado, sumando 16 y restando 16 
 

 
16201682   - 

dx  
16  - 20 - 168x-2x- 

dx 
∫

⎥⎦
⎤

⎢⎣
⎡ −−⎟

⎠
⎞⎜

⎝
⎛ +−

=∫
⎟
⎠
⎞⎜

⎝
⎛ + xx

 

 

( )
∫∫

⎥⎦
⎤

⎢⎣
⎡

=

⎥⎦
⎤

⎢⎣
⎡ −⎟

⎠
⎞⎜

⎝
⎛ +−  36-  24-x   - 

dx  
361682    -

dx

xx
 

 
Se ordena y luego se reemplaza 

( )
∫∫∫ == dz  

z cos 6
dz z cos 6 

 24-x  - 36 

dx  

 
Tabla de integrales 
 
 
 
 
 
se reemplaza 
 

 
 
   
 

 
 
 
 
 
 
 
 
 
 
 

 

zsen   a     x  2 x- 2a =⇒  
 

( ) zsen  6  4-  x   24-x - 26 =⇒   
 

zsen  6   4-x =  
z 2sen 36   24)-(x =  

 
 

dz  z cos 6  dx      zsen  6   4- xsi =⇒=  
 

( ) ( ) z sen 36   -  36    4-x36 22 =−  

( )  z 2sen -1 36    24-x36 ⎟
⎠
⎞⎜

⎝
⎛=−

 
 

( )  z 2cos 36    24-x36 ⎟
⎠
⎞⎜

⎝
⎛=−

 
( )  z cos 6    24-x36 =−  

 

  
6

4-x  zsen    zsen  6 4- x si =⇒=  

⎟
⎠
⎞

⎜
⎝
⎛=

6
4-xsen  arc  z

   
     

   2x-1  z cos =  
 

6

( )  24-x - 36  

X- 4z 

 c    z    dz +=∫  

c  
6

4-xsen  arc   
 2 x-8x 20

dx 
+⎟

⎠
⎞

⎜
⎝
⎛=

+
∫

c 
6

4-xsen  arc   c    z    dz +⎟
⎠
⎞

⎜
⎝
⎛=+∫ =
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52x 22x

dx
=∫

++
 

 
Se multiplica por 2 y se divide por 2 para intentar completar el cuadrado 

( )
( ) ( ) ( ) ( )( )( )( )

∫∫∫∫

⎥⎦
⎤

⎢⎣
⎡ ++

=

⎥⎦
⎤

⎢⎣
⎡ ++

=

⎥⎦
⎤

⎢⎣
⎡ ++

=
++ 10x122 22x

dx 2 
102x224x

dx  2  
52x22x2

dx 2  
52x 22x

dx  

 
se completa el cuadrado, sumando 1 y restando 1 

( ) ( ) ( ) ( )
∫∫∫∫

⎥⎦
⎤

⎢⎣
⎡ ++

=

⎥⎦
⎤

⎢⎣
⎡ +⎟

⎠
⎞⎜

⎝
⎛ ++

=

⎥⎦
⎤

⎢⎣
⎡ −+⎟

⎠
⎞⎜

⎝
⎛ ++

=

⎥⎦
⎤

⎢⎣
⎡ +++ 9 212x 

dx 2  
914x22x

dx 2  
1101422

dx 2  
1-1014x 22x

dx  2

xx
 

 

( )
  

23 212x

dx 2
=∫

++
 

 
reemplazando 

 

 
 
Tabla de integrales  
 
 
 
  

cz +=∫ 3
1  dz

3
1  

 
Reemplazando 

ccz +⎟
⎠
⎞

⎜
⎝
⎛ +

=+
3

12x  tgarc
3
1    

3
1  

 
    
 
                       
 
 
 
 
 
 
 
 
 
 
 

 
z   tga     x         2 x 2a =⇒+  

 
( ) z   tg3  12x     23 212x =+⇒++  
 
2x+1 =  3 tg z   →  2x = 3 tg x  - 1 
 
(2x+1)2 = 9 tg2 z 
 

dz z 2sec 3 dx  2      z  tg3  12x   si =⇒=+  
 
( )   9  z 2 tg9    9 212x +=++  
 
( )   1)  z 2(tg 9     9 212x +=++  
 
( )   z) 2(sec 9     9 212x =++  
 

( )   
9

10212x  z 2sec ++
=

 
 

  
3

12x  z   tg z  tg3 12x            si +
=⇒=+

 

             3
12x  tgarc +

=z
 

c    z    dz +∫ =  

52x 22 ++x  
2x+1 

z

3 

( )
∫=∫=∫

++
dz

3
1 

 z 2sec 9

 dz z 2sec 3  23 212x

dx 2
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se completa el cuadrado, sumando 4 y restando 4 

( ) ( ) ( )
∫∫∫

+⎟
⎠
⎞⎜

⎝
⎛ +

+
=

++

+
=

+

+

4-8 44x-2x

dx 1x  
4-844x-2x

dx  1x   
84x- 2x

dx 1x  

( ) ( )
( ) ( ) ( )

∫∫∫∫
+

+
+

=
+

+
=

+⎟
⎠
⎞⎜

⎝
⎛ +

+

422-x

dx 1 
4 22-x

dxx   
4 22-x

dx 1x  
4 44x-2x

dx 1x  

 

( ) ( )
 

422-x

dx 1 
4 22-x

dxx 
=

+
+

+
∫∫  

 
( )

 
z 2sec 4

dz z 2sec 2  
z 2sec 4

 dz z 2sec 22 z  tg2
=+

⎟
⎠
⎞⎜

⎝
⎛+

∫∫  

 
( )( )  

 4
dz  2  

 4
 dz  22 z  tg2

=+
+

∫∫  

( ) ∫∫∫∫∫ ++=+ dz
2
1  dz 2

2
1 z  tg2

2
1  dz

2
1 dz 22

2
1 tgz  

 

∫∫ ∫∫∫∫ ++=++ dz
2
1 dz dz z tg  dz

2
1  dz 

2
2 z  tg

2
2  

 

=+ ∫∫  dz
2
3 dz z tg  

 
Tabla de integrales  
 
 
 
  
 

cz ++=+ ∫∫ 2
3   z sec Ln   dz

2
3  dz z tg  

 
Reemplazando 
 

cxarctgxcz +⎟
⎠
⎞

⎜
⎝
⎛ −

+
+

=++
2

2
2
3  

4
84x- 2

Ln    
2
3 z sec Ln   

 
z   tga     x         2 x 2a =⇒+  

 
( ) z   tg2  2-   x  22 22-x =⇒+  
 
x-2 =  2 tg z   → x = 2 tg x  + 2 
(x- 2)2 = 4 tg2 z 
 

dz z 2sec 2 dx       z  tg2  2-   xsi =⇒=  
 
( )   4  z 2 tg4 4 22-x +=+  
 
( )   1)  z 2(tg 4     4 22-x +=+  
 
( )   z) 2(sec 4     4 22-x =+  
 

( )
4

84x-2x    
4

422-x  z 2sec +
=

+
=

 
 

4
84x - 2x  z sec +

=
 

 

  
2

2-x  z   tg z  tg2 2-  x           si =⇒=
 

             2
2-x  tgarc=z

 

c z secLn  dz z tg +=∫  c    z    dz +∫ =  

( )        
84x- 2x

dx  1x ∫ =
+

+



 83

( )
cxxcxtg +

−
+

+
=+

−
+

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

  
2

2  tgarc 
2
3 

4
 84x- 2

Ln 
2
1  

2
2 arc 

2
3 

22

2
84x- 2x

Ln  
2
1  

cxx +
−

++−
2

2 tgarc 
2
3   4 Ln  -  842 xLn 

2
1     

 
pero: 1 4 n CcL =+−  
 
Reemplazando 
 

1  
2

2 tgrc
2
3     84x- 2 xLn 

2
1 Cxa +

−
++  

 
 
                        
 
 
 
 
 

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

84x- 2 +x  
x-2 

2 

z
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 2 x-12x -28

dx 
∫  

 
Se ordena   

( )
∫ ∫

⎟
⎠
⎞⎜

⎝
⎛ +−

=

⎟
⎠
⎞⎜

⎝
⎛ +

=∫
28-  x6 22x   

dx  
28-12x2x  - 

dx   
 2 x-12x - 28

dx  

 
se completa el cuadrado, sumando 36 y restando 36 
 

 
362836122   - 

dx  
36  - 28 - 3612x2x- 

dx 
∫

⎥⎦
⎤

⎢⎣
⎡ −−⎟

⎠
⎞⎜

⎝
⎛ ++

=∫
⎟
⎠
⎞⎜

⎝
⎛ ++ xx

 

 

( )
∫∫

⎥⎦
⎤

⎢⎣
⎡ +

=

⎥⎦
⎤

⎢⎣
⎡ −⎟

⎠
⎞⎜

⎝
⎛ ++  64-  26x   - 

dx  
6436122    -

dx

xx
 

 
Se ordena y luego se reemplaza 

( )
∫

+  26x  - 64 

dx  

 
 

 
Tabla de integrales 
 
 
 
 
se reemplaza 

c 
8

6xsen  arc   c    z    dz +⎟
⎠
⎞

⎜
⎝
⎛ +

=+=∫
 

 
   

c  
8

6xsen  arc   
 2 x-x 1228

dx 
+⎟

⎠
⎞

⎜
⎝
⎛ +

=∫
−

 

 
 
 
 
 
 
 
 
 

 

zsen   a     x  2 x- 2a =⇒  
( ) zsen  8  6  x   26x - 28 =+⇒+   

 
zsen  8   6x =+  

z 2sen 64   26)(x =+  
 
 

dz  z cos 8  dx      zsen  8   6 xsi =⇒=+  
 

( )  z 2sen 64   -  64    26x64 ⎟
⎠
⎞⎜

⎝
⎛=+−

 
 

( )  z 2sen -1 64    26x64 ⎟
⎠
⎞⎜

⎝
⎛=+−

 
 

( )  z 2cos 64    26x64 ⎟
⎠
⎞⎜

⎝
⎛=+−

 
( )  z cos 8    26x64 =+−  

 

  
8

6x zsen    zsen  8 6 x si +
⇒=+

 

⎟
⎠
⎞

⎜
⎝
⎛ +

=
8

6xsen  arc  z
   

8

( )  26x - 64 +

 

X+6

z

 c    z    dz +=∫  

( )
∫∫∫ ==

+
dz  

z cos 8
dz z cos 8 

 26x  - 64 

dx
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( )   
 2 x-4x -5

dx 3x
∫

+  

 
Se ordena   

( ) ( ) ( )

( )
∫ ∫

⎟
⎠
⎞⎜

⎝
⎛ +−

+
=

⎟
⎠
⎞⎜

⎝
⎛ +

+
=∫

+

5- x2 22x   

dx  3x  
5-x42x  - 

dx  3x   
 2 x-4x - 5

dx  3x  

 
se completa el cuadrado, sumando 4 y restando 4 
 

( ) ( )  
45442   - 

dx  3x  
4  - 5 - 4x42x- 

dx  3x 
∫

⎥⎦
⎤

⎢⎣
⎡ −−⎟

⎠
⎞⎜

⎝
⎛ ++

+
=∫

⎟
⎠
⎞⎜

⎝
⎛ ++

+

xx
 

 
( ) ( )

( )
∫

⎥⎦
⎤

⎢⎣
⎡ +

+
=∫

⎥⎦
⎤

⎢⎣
⎡ −⎟

⎠
⎞⎜

⎝
⎛ ++

+

 9-  22x   - 

dx   3x  
9442    -

dx  3x

xx
 

 
Se ordena y luego se reemplaza 

( )
( )

∫
+

+

 22x  - 9 

dx 3x
 

 
 

 
( ) ∫ ∫∫ +=+ dz 3   dzx   dz 3x  

 
Se reemplaza 2- zsen  3 x =  

( )∫ ∫∫ ∫ +=+ dz3    dz  2- zsen  3  dz 3   dzx  
 
( ) ∫ ∫ ∫∫ ∫ +=+ dz3    dz 2 - zsen  3  dz3    dz  2- zsen  3  

 
∫ ∫ ∫+ dz3    dz2 - zsen  3  

 
Reduciendo terminos semejantes 
 
∫ ∫+ dz  zsen  3  

 
Tabla de integrales 
 
 
 
 
se reemplaza 

 

zsen   a     x  2 x- 2a =⇒  

( ) zsen  3  2  x   22x - 23 =+⇒+   
 

zsen  3   2x =+  
z 2sen 9   2)2(x =+  

 
2- zsen  3  x  zsen  3   2x =⇒=+  

 
dz  z cos 3  dx      zsen  3   2 xsi =⇒=+  

 

( )  z 2sen 9   -  9    22x9 ⎟
⎠
⎞⎜

⎝
⎛=+−

 
 

( )  z 2sen -1 9    22x9 ⎟
⎠
⎞⎜

⎝
⎛=+−

 
 

( )  z 2cos 9    22x9 ⎟
⎠
⎞⎜

⎝
⎛=+−

 
( )  z cos 3    22x9 =+−  

 
  

3
2x  zsen    zsen  3 2 x si +

=⇒=+  

⎟
⎠
⎞

⎜
⎝
⎛ +

=
3

2xsen  arc  z
   

     

( )
  

3

22x -9
   z cos

+
=  

 

 c    z    dz +=∫  
 c    z cos -    dz zsen  +=∫  

( )
( )

( ) ( )∫∫∫ +=
+

=
+

+ dz 3x  
z cos 3 

dz z cos 3  3x 
 22x  - 9 

dx  3x

3 X+2
z 

( )229 +− x  
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( )
c 

3
2xsen  arc     

3

22x-9
3  -   c    z   z cos 3 -    dz   dz zsen 3 +⎟

⎠
⎞

⎜
⎝
⎛ +

+
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛ +
=++=+ ∫∫

 

Simplificando 
 

( ) c  
3

2xsen arc    22x-9 -  +⎟
⎠
⎞

⎜
⎝
⎛ +

++  

 
   

( ) ( ) c  
8

6xsen  arc 22x -9  -   
 2 x-x 45

dx  3x 
+⎟

⎠
⎞

⎜
⎝
⎛ +

++=∫
−

+  
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( )   
812x- 29x

dx 32x
=∫

+

+  

 
se completa el cuadrado, sumando 4 y restando 4 para intentar completar el cuadrado 
 

( ) ( )
( ) ( )( )

( )
( )

( )
( )

∫

⎥⎦
⎤

⎢⎣
⎡ −+⎟

⎠
⎞⎜

⎝
⎛ +−

+
∫ =

⎥⎦
⎤

⎢⎣
⎡ −++−

+
=∫

⎥⎦
⎤

⎢⎣
⎡ +−

+
=∫

+

+

484x122x3

dx 32x 
484x1223x

dx  32x  
8x23223x

dx 32x  
812x- 29x

dx 32x  

 
( )

( )
( )

( )
( )
( )

=∫

⎥⎦
⎤

⎢⎣
⎡ +⎟

⎠
⎞⎜

⎝
⎛

+
=∫

⎥⎦
⎤

⎢⎣
⎡ +⎟

⎠
⎞⎜

⎝
⎛ +−

+
=∫

⎥⎦
⎤

⎢⎣
⎡ +⎟

⎠
⎞⎜

⎝
⎛ +

+  
422-3x

dx 32x  
441223

dx 32x  
4-8 412x- 23x

dx  32x

xx
 

 
( )
( )

  
4 22-3x

dx 32x
=∫

+

+  

 
reemplazando 

( )
( )

( )
 

 z 24sec

 dz z 2sec 
3
2 32X

  
4 22-3x

dx 32X
=∫

⎟
⎠
⎞

⎜
⎝
⎛+

=∫
+

+  

 

( )
( ) ( )∫∫∫ +=+=

⎟
⎠
⎞

⎜
⎝
⎛+

dz 32
6
1  dz 32

12
2 

4

 dz  
3
2 32X

 xx  

 

( ) ∫∫ +∫ =∫ +=∫ + z
2
1  dzx 

3
1   dz 3

6
1  dzx 2

6
1 dz 32

6
1 dx  

Pero : 
3

2 x  tg2 x +
=  

reemplazando 

∫+∫ ⎟
⎠
⎞

⎜
⎝
⎛ +

=∫∫ + dz
2
1  dz 

3
2 x  tg2

3
1  z

2
1  dzx 

3
1 d  

 
  dz

2
1  dz 

3
2  

3
 x  tg2

3
1

∫∫ +⎟
⎠

⎞
⎜
⎝

⎛ +  

∫+∫+∫ dz 
2
1  dz

3
2

3
1   dz x  tg

3
2

3
1  

 

∫+∫+∫ dz 
2
1  dz

9
2   dz x  tg

9
2  

 
Sumando términos semejantes 
 
 

 
z   tga     x         2 x 2a =⇒+  

 
( ) z   tg2  2-3x     22 22-3x =⇒+  
 

3x- 2 =  2 tg z   →  3x = 2 tg x  +2 → 3
2 x  tg2 x +

=
 

 
(3x -2)2 = 4 tg2 z 
 

dz z 2sec 2 dx  3      z  tg2  2-3x    si =⇒=  
dz z 2sec 

3
2 dx =

 
 
( )   4  z 2 tg4    4 22-3x +=+  
 
( )   1)  z 2(tg 4     4 22-3x +=+  
 
( )   z) 2(sec 4     4 22-3x =+  
 

( ) ( )
2

422-3x
  z sec      

4
422-3x  z 2sec

+
=⇒

+
=

 
 

  
2

2-3x  z   tg z  tg2 2-3x            si =⇒=
 

            2
2-3x  tgarc=z
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 dz
18
13   dz x  tg

9
2

∫+∫  

 
Tabla de integrales  
 
 
 
  

cz ++
18
13   z sec Ln 

9
2  

 
Reemplazando 

c+⎟
⎠
⎞

⎜
⎝
⎛+

2
2-3x  tgarc

18
13     z sec Ln  

9
2  

 
 

 
 

c+⎟
⎠
⎞

⎜
⎝
⎛+

+    
2

2-3x  tgarc  
18
13    

2
812x-29x Ln  

9
2  

( ) c+⎟
⎠
⎞

⎜
⎝
⎛+

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

   
2

2-3x  tgarc  
18
13    

2(2)

2
812x- 29x

 Ln  
9 2

2  

 

  cxx
+⎟

⎠
⎞

⎜
⎝
⎛+

+−    
2

2-3x  tgarc  
18
13    

4
81229 Ln  

9 
1   

 

c+⎟
⎠
⎞

⎜
⎝
⎛++    

2
2-3x  tgarc  

18
13  4 Ln  

9
1  -   812x-29x Ln  

9 
1  

                       

Pero: 1C      4 Ln  
9
1  - =+ c  

 
REEMPLAZANDO 
 

1C   
2

2-3x  tgarc  
18
13    812x-29x Ln  

9 
1

+⎟
⎠
⎞

⎜
⎝
⎛++  

 
 
 
 
 

c    z    dz +∫ =  c z secLn  dz z tg +=∫  812x- 29 +x  
3x-2 

z

2 

2
812x-29x  z sec           

812x-29x

2  z cos  :pero +
=⇒

+
=
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# 72 Pág. 248 Calculo diferencial e integral SCHAUM 
 
( )   

  x-4x 
dx 2x
2∫

+  

 
Se factoriza el signo y se ordena   

( )
( )

   
 4x-x-

dx  2x 
2

=
+

∫  

 
se completa el cuadrado, sumando 4 y restando 4 
 

( ) ( )  
4442   - 

dx  2x  
4  -  4x42x- 

dx  2x 
∫∫

⎥⎦
⎤

⎢⎣
⎡ −⎟

⎠
⎞⎜

⎝
⎛ +−

+
=

⎟
⎠
⎞⎜

⎝
⎛ +−

+

xx
 

 
( )
( )[ ]∫
+

 4-  2-x   - 

dx   2x 
2

 

 
Se ordena, se reemplaza y se simplifica 

( )
( )∫
+

 2-x  - 4 

dx 2x
2

 

 
( )

( )
( )( ) ( )dz 2  

z cos 2
dz cos22x  

 22-x  - 4 

dx 2x
∫∫∫ +=

+
=

+ xz  

 
( ) ∫ ∫∫ +=+ dz 2   dzx   dz 2x  

 
Se reemplaza 2 zsen  2 x +=  
 

( )∫ ∫∫ ∫ ++=+ dz2    dz  2 zsen  2  dz 2   dzx  
 

∫ ∫ ∫++ dz2    dz 2  dz zsen  2  
 
Reduciendo términos semejantes 

∫ ∫+ dz4  dz zsen  2  
 
Tabla de integrales 
 
 
 
 
 
se reemplaza 

c 
2

2-xsen  arc 4     
2

 x-4x 2  -   c    4z   z cos 2 -    dz4   dz zsen 2 
2

+⎟
⎠
⎞

⎜
⎝
⎛+

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
=++=+ ∫∫

 

 

zsen   a     x  2 x- 2a =⇒  
( ) zsen  2  2-  x   2-x - 2 22 =⇒   

 
zsen  2   2-x =  

z sen 4   )2-(x 22 =  
 

2 zsen  2  x  zsen  2   2-x +=⇒=  
 

dz  z cos 2  dx      zsen  2   2- xsi =⇒=  
 

( ) ( ) z sen 4   -  4    2-x4 22 =−  
 

( ) ( ) z sen -1 4    2-x4 22 =−  
 

( ) ( ) z cos 4    2x4 22 =−−  

( )  z cos 2    2-x4 2 =−  
 

  
2

2-x  zsen    zsen  2 2- x si =⇒=  

⎟
⎠
⎞

⎜
⎝
⎛=

2
2-xsen  arc  z    

     

  
2

x-4x   z cos
2

=  

 c    z    dz +=∫  
 c    z cos -    dz zsen  +=∫  

2
X-2

z

24 xx −  
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Simplificando 

c 
2

2-xsen  arc 4     2x-4x  -   c    4z   z cos 2 - +⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛=++  

 
   

( ) c  
2

2-xsen  arc 4 24  -   
 2 x-x 4

dx  2x 
+⎟

⎠
⎞

⎜
⎝
⎛+−=

+
∫ xx  
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1-2x

dx
∫  

∫∫∫ ==
− z tg

dz z sec  
z 2 tg

dz)  z   tgz (sec     
12

dx

x
 

 

dz  cos 
z cos

1  dz z ctg 
z cos

1 dz 
z tg

1 z sec ∫ ∫∫ ==
senz

z  

 
Simplificando 

∫∫ = dz z csc  dz  
zsen 

1  

 
Tabla de integrales  
 
 
 
 

c   z ctg - z cscLn    dz z csc +=∫  
 
Reemplazando 

  c  
1-2x

1  
1-2x

xLn     dz z csc +−∫ =  

 

  c  
1-2x

1-xLn     dz z csc +∫ =  

 

( ) ( )( ) c 
12

11-xLn  
2
1   c  

2
12

21-xLn  
2
1   dz z csc +

−

−
=+

⎟
⎠

⎞
⎜
⎝

⎛
−

∫ =
x

x

x

 

 
( )( )
( )( ) c 

11
11-xLn  

2
1   dz z csc +

+−
−

∫ =
xx
x  

 
( )
( ) c 

1
1Ln  

2
1   dz z csc +

+
−

∫ =
x
x  

 
 
 
 
 
 
 

 
z sec a  x  2a- 2x =⇒  
z sec 1   x     1-2x =⇒   

 
zsec x =  

X2 = sec2 z 
 

dz  z   tgz sec dx      z sec      x si =⇒=  
1- z 2sec   1-2x =  

 
 z 2   tg 1-2x =  

 
 zsec   x =  

 

x
1  z cos    x    z sec  si =⇒=

      

1-2x

x    z csc       1 - 2x  zsen =⇒=
x

 
 

1-2x

1   z ctg      1-2x  z tg =⇒=

 

1 - 2x  
x

1 

z 

c     z ctg- z cscLn    dz z csc +=∫  
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2y 16  -25 

dy      ∫ =  

   
z 2cos 25

dz z cos 
4
5

   
216y-25 

dy      ∫ ∫=  
 
Simplificando 

∫=∫ dz z sec
20
1  dz 

 z cos
1

100
5       

 
Tabla de integrales  
 
 
 
 
Reemplazando 
 

c  z  tg z secLn  
20
1  dz z sec

20
1

++=∫  

 

c  
216y-25

4y  
216y-25

5Ln  
20
1  dz z sec

20
1

++=∫  

 

c   
216y-25

4y5Ln  
20
1  dz z sec

20
1

+
+

=∫  

 

( )
( ) ( )( )

c 
216y25

454y5Ln  
40
1  c   

2
21625

24y5Ln  
220

1  dz z sec
20
1

+
−

++
=+

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

+
=∫

y

y

 

 
( )( )
( )( ) c 

4y-5
4y5Ln 

40
1   c  

45y45
454y5Ln  

40
1  +

+
=+

+−
++

y
y  

 

c 
4y-5
4y5Ln 

40
1 

216y-25

dy
+

+
=∫  

  
 
 
 
 
 

 
zsen  a y        2y-2a =⇒  

( ) zsen  5 4y    24y-25  2y 16-25 =⇒=  

( ) dz z 2sen 25  24y =  
 
Si  4y = 5 sen z   →  4 dy = 5 cos z dz 
 

dz z cos 
4
5 dy =  

 
( )   z 2sen 25 -25   24y -25 =  

( )  ) z 2sen  -(1 25   24y-25 =  

( )  ) z 2(cos 25   24y-25 =  
 

 
5

4y   zsen      zsen  5  4y    si =⇒=  

 

216y-25

5  z sec     
5

216y-25
  z cos   si =⇒=  

        
216y-25

y4   z   tg =  

 

4y 5 

 216y-25  

z 

c     z   tg  z secln     dz z sec ++∫ =  
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8 6 2x

dx ∫ =
++ x

 
 
Se completa el cuadrado, se adiciona 9 y se le resta 9 

( )
     

989 6 2x

dx  
9- 8 9 x 32 2x

dx  
8x 6 2x

dx ∫ ∫
−+⎟

⎠
⎞⎜

⎝
⎛ ++

=∫
+++

=
++ x

 

( )
   

123x

dx  
1962x

dx ∫ ∫
−+

=
−⎟

⎠
⎞⎜

⎝
⎛ ++ x

 

( )
dz  

 z tg
1 z sec dz 

z tg
z sec  

z 2tg

dz   z   tgz sec   
1- 23x

dx
∫=∫=∫=∫

+
 

 

∫ ∫==∫=∫ dz  z csc   dz  
zsen 

1   dz  
zsen 

cos
z cos

1 dz  z ctg
 z  cos

1  z  

 
 
Tabla de integrales 
 
 
 
 
 
Reemplazando 
 
∫ += cz ctg - z cscLn   dz  z csc  

c
xx

xLn +
++++

+

86x2x

1 - 
862

3  

 

( ) c

xx

xLnc
xx

xLnc
xx

xLn +

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++

+
=+

++

+
=+

++

−+
2

862

22
2
1

862
2 

862
13                 

 

( )( ) ( )( )
( )( ) c

x
xLn

xx
xxLnc

xx

xxLn +
+
+

=
++
++

=+

⎟
⎠
⎞⎜

⎝
⎛ ++

++
4
2

2
1

42
22

2
1

2
862

22
2
1  

 

c
x
xLn

xx

dx
+

+
+

=∫
++ 4

2
2
1

862
 

 
 
 

86x2x ++  
X+3 

1 

z 

 
z sec a  x  2a- 2x =⇒  

( ) z sec 1  3  x    1-23x =+⇒+   
 

z sec  3x =+  
(X+3)2 = sec2 z 
 

dz  z   tgz sec dx      z sec   3    xsi =⇒=+  

( ) 1- z 2sec   1-23x =+  
 
( )  z 2  tg 1-23x =+  
 

  z sec   3   x =+  
 

3x
1  z cos      3 x z sec  si
+

=⇒+=       

86x2x

3x    z csc       
3

86x 2x  zsen 
++

+
=⇒

+
++

=
x

 
 

86x2x

1   z ctg      8x62x  z tg
++

=⇒++=  

 

c     z ctg- z cscLn    dz z csc +=∫  
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 2x-4x

dx
=∫  

 
Se factoriza el signo y se completa el cuadrado, sumando 4 y restando 4. 
 

( )
∫

⎥⎦
⎤

⎢⎣
⎡ −⎟

⎠
⎞⎜

⎝
⎛ +−−

∫ =

⎥⎦
⎤

⎢⎣
⎡ −+−−

=∫

⎥⎦
⎤

⎢⎣
⎡ −−

=∫
44x42

dx  
44x42

dx    
x222

dx    
 2 x-4x

dx 

xxx
 

 

( ) ( )
=∫

⎥⎦
⎤

⎢⎣
⎡ −−

=∫

⎥⎦
⎤

⎢⎣
⎡ −−

 
224

dx    
4- 22

dx  

xx
 

 

( )
=∫

⎥⎦
⎤

⎢⎣
⎡ −−

 
224

dx 

x
 

 
reemplazando 

( )
∫=∫=∫=∫

⎥⎦
⎤

⎢⎣
⎡ −−

dz z sec
2
1  dz 

z cos
1

2
1  

z 2cos 4

dz cos2  
224

dx z

x
 

 
Tabla de integrales  
 
 
 
 
 

c++=∫ z  tg z secLn  
2
1  dz z sec

2
1  

reemplazando 

c++=∫
2x-4x

2-x  
2x-4x

2Ln  
2
1  dz z sec

2
1  

c++
=∫  

2x-4x

2-x2Ln  
2
1  dz z sec

2
1  

( ) cc +=+

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=+

2x-4x

2xLn  
4
1  c

2
2x-4x

2xLn 
22

1   
2x-4x

xLn  
2
1  

( )
( )( ) c 

x-4
xLn  

4
1  

x-4x
xx Ln  

4
1 +=+ c     

 

c 
x-4

xLn  
4
1  

 2x-4x

dx
+=∫  

 

 
zsen  a      x   2x-2a =⇒  

 
( ) ( )  zsen  2  2- x   22-x - 22  22-x - 4 =⇒=  

 
Si  x- 2 = 2 sen z   →  dx = 2 cos z dz 
 
(x- 2)2 = 4 sen2 z    
 

( )   z 2sen 4 -4   22-x -4 =  

( )  ) z 2sen  -(1 4   22-x-4 =  

( )  ) z 2(cos 4   22-x-4 =  
 

 
2

2-x   zsen      zsen  2  2-   x si =⇒=  

 

2x-4x

2  z sec     
2

2x-4x  z cos   si =⇒=  

        
2x-4x

2-x   z   tg =  

 

c     z   tg  z secln     dz z sec ++∫ =  

x-2 

z

2 

2x-4x  
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23

 2 x-  4

dx 
∫

⎟
⎠
⎞⎜

⎝
⎛

 

 

∫=∫

⎟
⎠
⎞⎜

⎝
⎛ z 3cos 8

dz   z cos 2  
23

 2 x-  4

dx  

 

dz 
z 2cos

1
4
1
∫  

 

∫= dzz 2sec
4
1  

 
Tabla de integrales  
 
 
Tabla de integrales  
 
 

c   z  tg
4
1   dz  sec

4
1 2 +=∫ z  

 
Reemplazando 

c    )
 2 x-  4

x( 
4
1   c   z) (tg 

4
1 +=+  

 

c  
2x-4 4

x  
23

 2 x-  4

dx 
+=∫

⎟
⎠
⎞⎜

⎝
⎛

 

 
 
  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

  zsen  a    x   
23

 2 x- 2a =⇒⎟
⎠
⎞⎜

⎝
⎛  

 

( )   
23

 2 x- 22    
23

 2 x- 4 ⎥⎦
⎤

⎢⎣
⎡=⎟

⎠
⎞⎜

⎝
⎛

  
( ) zsen   2     x   

23
 2  x- 22 =⇒⎥⎦
⎤

⎢⎣
⎡

 
 

zsen    2 x =  
z 2sen  4   2x =  

 
dz  z cos  2 dx      zsen  2  x si =⇒=  

  
23

z 2sen 4  -  4    
23

 2 x- 4 ⎥⎦
⎤

⎢⎣
⎡=⎟

⎠
⎞⎜

⎝
⎛

 

( )   
23

z 2sen -  14    
23

 2 x- 4 ⎥⎦
⎤

⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛=⎟

⎠
⎞⎜

⎝
⎛

 
 

( )   
23

z 2cos4    
23

 2 x- 4 ⎥⎦
⎤

⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛=⎟

⎠
⎞⎜

⎝
⎛

 

( )[ ]  z 3cos * 234    
23

 2 x- 4 =⎟
⎠
⎞⎜

⎝
⎛

 
 

 z 3cos  64   
23

 2 x- 4 =⎟
⎠
⎞⎜

⎝
⎛

 
 

 z 3cos 8   
23

 2 x- 4 =⎟
⎠
⎞⎜

⎝
⎛

 

2
x  zsen       zsen   2     x si =⇒=

 

 2 x- 4

x  z tg =

       

c     z   tg dz z 2sec +∫ =  

x  

 2 x- 4  

2  

z
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dx 
x 

2x-25
∫  

 

( )
∫=∫   zsen   5

   dz z cos 5 z cos 5    
x 

dx 2x-25  

 

 dz 
zsen  

z 2cos 5 ∫  

 
Identidad trigonometrica 
 
 
 
 

dz 
zsen 
z 2sen5 -  dz

zsen 
15  

zsen 

dz z 2sen-1
5   

zsen  
dz  z 2cos 5 ∫ ∫ ∫=

⎟
⎠
⎞⎜

⎝
⎛

=∫  

 
∫ ∫ dz  zsen 5  -  dz z csc5  

 
Tabla de integrales  
 
 
 
 
 
 

( ) c z cos- 5 - z ctg - z cscLn  5   dz  zsen 5  -  dz z csc5 +=∫ ∫  
c z cos 5  z ctg - z cscLn  5 ++  

 
Reemplazando 

( ) c 
5

2x-255  
x

2x-25  -  
x
5Ln  5 ++  

c 225    
x

2x-25-5Ln  5 +−+ x  

 

c 225    
x

2x-25-5Ln  5   
x

dx  2x-25
+−+=∫ x  

 
 
 
 
 

 

zsen   a     x   x- a 22 =⇒  
 

zsen  5       x     2x- 25 =⇒  
z 2sen  25  2x =  

 
dz  z cos  5 dx     zsen  5  x si =⇒=  

 

   z 2sen 25   -  25    2  x- 25 =  
 

 z 2sen -  1  25    2  x- 25 ⎟
⎠
⎞⎜

⎝
⎛=

 
 

 z 2cos 25    2  x- 25 ⎟
⎠
⎞⎜

⎝
⎛=

 
 z cos  5    2  x- 25 =  

 

5
x  zsen       zsen   5  x si =⇒=

 
 

x
5  z csc =

 

2 x- 25

x  z tg =

       
 

x

2x25  z ctg −
=

 
 

5

2x25  z cos −
=

 

cos2 z = 1 - sen2 z  

 2 x- 25  

xz 

5 

c     z ctg- z cscLn    dz z csc +=∫  
∫ += c z cos -  dz zsen  
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dx  4x 2
∫ +  
 

dzz∫∫∫ =⎟
⎠
⎞

⎜
⎝
⎛=+  sec  4 dz  z sec  2 z sec  2 dx   4 x 3222  

 
=∫    dz  z sec  4 3  

 
Se resuelve la integral   ∫ dzz  sec  4 3   por partes  
∫ ∫= du v -  v*u   dvu  

 
 

 
 
 
 
 
 
 
∫ ∫= du v -  v*u   dvu  
 

 
 

 
 
 

 
Reemplazando la Identidad trigonométrica 
     tg2 z = sec2 z  -  1 

 
 
 
 
 
 

 
 
                           
 

 
 

 
Ordenando como una ecuación cualquiera  y simplificando los términos semejantes 

 
 

 
 
 

Dividiendo la ecuación por 2 
 

∫∫ = dz   z sec *  z sec  4     dz z sec 4 23

Se resuelve por partes 
u = sec z                       dv = sec2 z 

du = sec z  tg z  dz              dz  z 2sec  dv∫ ∫=  
v = tg z

( )[ ]dz  tgz* z sec * z tg -  z  tg* z sec4    dz z sec *  z sec 4 2
∫∫ =

⎥⎦
⎤

⎢⎣
⎡

∫ dz z sec * z tg  -   tgz* z sec  4  2

⎥⎦
⎤

⎢⎣
⎡ += ∫∫∫ dz  z sec      dz  z sec -   z  tg* z sec 4      dz  z sec 4 33

∫∫∫ += dz z sec 4     dz  z sec 4 -    z  tg* z sec  4    dz z sec 4 33

∫∫∫ +=+ dz z sec4   z  tg* z sec  4      dz  z sec  4   dz  z sec  4 33

∫∫ += dz z sec 4   z  tg* z sec  4    dz  z sec  8 3

∫∫ += dz  z sec  2   z  tg* z sec  2     dz  z sec  4 3

⎥⎦
⎤

⎢⎣
⎡

⎟
⎠
⎞

⎜
⎝
⎛
∫ dz  z sec * 1 - sec  -   z   tg* z sec  4 2

⎥⎦
⎤

⎢⎣
⎡ +∫ ∫ dz z sec    dz  z sec -    z  tg* z sec  4 3

 

z   tga     x          2 x2a =⇒+  
 

z   tg2    x        2 x       4 x 222 =⇒+=+  
 

z   tg2  x =  
z   tg4   x 22 =  

 
dz  z sec 2   dx      z  tg2     x si 2=⇒=  

 

  4  z  tg4     4  x 22 +=+  
 

  ) 1 z (tg 4    4x 22 +=+  
 

    z sec 4   4x 22
⎟
⎠
⎞

⎜
⎝
⎛=+

 
  z sec  2      4x 2 =+  
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Tabla de integrales  
 
 
 

 

 
 
 

 
 
 
 

 
 
 
 
 
 
 
 
 
 

Propiedad de los logaritmos 
 
 
 
 

c    2 Ln 2  -   C1 +=  
 
 
 
 
 

 
 
 
 
 
 
 
 

 
 
 
 
 

c    z  tg  z secLn  2   z   tg* z sec  2     dz  z sec 4 3 +++=∫

c     z   tg  z secln     dz z sec ++∫ =  

c    z   tg  z sec Ln  2     z  tg* z sec  2    dx  4 2 +++=+∫ x

c     
2
x   

2
4xLn  2      

2
 * 

2
4 2  dx 4 

222 ++
+

+⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
+

=+∫
xxx

 
z   tg2 x =  

 

2
x  z    tg    z  tg2   x si =⇒=

 

22 xa

2  z cos
+

=

 
 
 

  z sec  2     4x2 =+  
 

2
 4x  sec

2 +
=z

 
 
       
 

c     
2

 x   4xLn   2     
4

4x   2  dx 4 
222 +

++
+

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
+

=+∫
xx

c       
2

 x   4xLn  2     4x x   
2
1  dx 4 

222 +
++

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+=+∫ x

c  2 Ln 2  -  x     xaLn  2      4x x   
2
1 dx 4 2222 ++++⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+=+∫ x

4 2 +x

2  

x 
z

1222 C    x     4xLn  2    4x
2
x dx 4 +++++=+∫ x
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=∫ dx   4-2x  
 

( ) dz∫=∫=∫  z 2  tgz sec 4 dz  z  tgz sec 2  z   tg2 dx   4-2x  
 

=∫  dz z sec  z 2 tg 4  
 
Identidades trigonometricas  
 
 
 
 
 

∫ ⎟
⎠
⎞⎜

⎝
⎛ −=∫ dzzz  sec12sec4     dz z sec  z 2 tg 4  

∫∫ dz sec 4  - dz z sec z 2sec 4 z  
 
 
 Integral inicial 
 
Se resuelve la integral   ∫ dzz 3sec4   por partes  
∫ ∫= du v -  v*u   dvu  

 
 
 

 
 
 
 
 
 
∫ ∫= du v -  v*u   dvu  
 

 
 

 
 
 

 
Reemplazando la Identidad trigonométrica  
 

 
 
 
 
 
 

∫=∫ dz z sec *  z 2sec4   dz z 3sec 4 

Se resuelve por partes 
u = sec z                       dv = sec2 z 

du = sec z  tg z  dz              dz  z 2sec  dv∫ ∫=  
v = tg z

( )[ ]dz  tgz* z sec * z tg -  z  tg* z sec 4   dz z sec *  z 2sec4 ∫=∫

⎥⎦
⎤

⎢⎣
⎡ ∫ dz z sec * z 2tg  -   tgz* z sec4 

⎥⎦
⎤

⎢⎣
⎡

∫ ⎟
⎠
⎞⎜

⎝
⎛ dz z sec * 1 - 2sec -  z  tg* z sec 4 

⎥⎦
⎤

⎢⎣
⎡ ∫ ∫+ dz z sec  dz z 3sec -  z  tg* z sec 4

 

z  sec a     x          2a-2 x =⇒  
z sec  2      x           22-2x =⇒  

 
z sec 2 x =  

 
z 2sec  4  2x =  

 
dz z  tgz sec 2 dx      z sec 2    x si =⇒=  

 

    4  - 2sec 4      22-2x z=  
 

  1)- z 2(sec 4    22 -2x =  
 

    z 2tg 4   4-2x ⎟
⎠
⎞⎜

⎝
⎛=

 
 

  z   tg2      4-2x =  
 
 
              

1 -  z 2sec  z 2tg =  

1 -  z 2sec  z 2tg =

  dz sec 4  - dz  z 3sec 4 =∫∫ z
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Ordenando como una ecuación cualquiera  y simplificando los términos semejantes 
 
 
 

 
 

Dividiendo la ecuación por 2 
 
 
 

Tabla de integrales  
 
 
 
  

Regresando a la integral inicial después de resolver ∫ dzz 3sec4   
por partes. 
 
 
 

( ) ( )∫ ∫+=∫∫ dz z sec 4- dz z c2  z  tg*sec 2  dz z sec 4  - dz  z 3sec4 sez  
 

∫ ∫+ dzzsez  sec4- dz z c 2  z  tg*sec 2  
 
Se reducen términos semejantes 
 

∫ dz  z sec2 -  z  tg*sec 2 z  
 
aplicando la tabla de integrales 
 

c   z  tg z sec Ln  2 - z  tg*sec 2 ++z  
 
Reemplazando 

c   z  tg z sec Ln  2   -  z  tg*sec 2    dz 4-2x ++=∫ z  
 

c   
2

4-x  
2
x Ln  2  -  

2
4-x *

2
2    dz 4-x 

222 ++
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛=∫

x  

 

c   
2

4-x x  Ln  2  -  
4

4-xx  2    dz 4-x 
222 +

+

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=∫  

⎥⎦
⎤

⎢⎣
⎡ ∫+∫=∫ dz z sec   dz z 3sec - z  tg* z sec 4 dz z 3sec 4

∫+∫=∫ dz z sec4  dz z 3sec4 -  z  tg* z sec 4 dz z 3sec4

∫+=∫+∫ dz z sec4  z  tg* z sec 4   dz z 3sec4   dz z 3sec4

∫+=∫ dz z sec4 z  tg* z sec 4    dz z 3sec 8

∫+=∫ dz z sec 2 z  tg* z sec 2     dz z 3sec 4

c     z   tg  z secln     dz z sec ++∫ =  
 

z sec 2 x =  
 

2
x  z sec      z sec 2   x si =⇒=

 

x
2  z cos =

 
 

  z   tg2      4-2x =  
 

2
42

  z tg −
=

x
 

 

42 −x

2  

x 

z

  dz sec 4  - dz  z 3sec 4 =∫∫ z

c     z   tg  z secln     dz z sec ++∫ =  
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c   
2

4-2x x  Ln  2  -  4-2x x
2
1    dz 4-2x +

+
=∫  

 
Propiedad de los logaritmos 
 

c   2 Ln  2   4-2x xLn  2  -  4-2x
2

    dz 4-2x +++=∫
x  

 
Pero: 
 

c    2 Ln 2     1C +=  
 
 
 
 
 

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1C        4-2xLn  2 -   4-2x
2

 dx 42x ++=∫ − xx
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 x4

dx x
252

2
∫

⎟
⎠
⎞

⎜
⎝
⎛ −

 

( )
dz 

 z cos

 z sen
32
8  

 z cos 32

dz  z cos 2 z sen 4
  

 x4

dx x
4

2

5

2

25
2

2
∫∫∫ =

⎟
⎠
⎞

⎜
⎝
⎛

=

⎟
⎠
⎞

⎜
⎝
⎛ −

 

 dz 
z 2cos

1  
z 2cos

z 2sen 
4
1
∫  

 

=∫ dz z 2sec  z 2tg
4
1  

 
Solución por cambio de variable 
u = tg z     du = sec2 z dz 
 

( )∫=∫ du 2
4
1dz z 2sec  z 2tg

4
1 u  

 
Tabla de integrales  
 
 
 
 
 
 

( ) c  
3

3

4
1 du 2

4
1

+=∫
uu  

 
Reemplazando 
u = tg z     u3 = tg3 z      

c  z 3tg
12
1  c  3u 

12
1  c  

3

3

4
1 +⎟

⎠
⎞⎜

⎝
⎛=+=+

u  

 

( ) ( ) c  
3

24

3x
12
1   c  

3

2x-412
1  c  3z tg

12
1 +

⎟
⎠

⎞
⎜
⎝

⎛
−

=+
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
=+

xx

x  

c  
2324 12

3
      

252x-4

dx 2x +

⎟
⎠
⎞⎜

⎝
⎛ −

=∫

⎟
⎠
⎞⎜

⎝
⎛ xx

x  

 
 
 

2 x- 4  

x
2  

z

 

zsen   a     x  
252x-2a =⇒⎟

⎠
⎞⎜

⎝
⎛

 
 

zsen  2       x     
252x-22 =⇒⎟

⎠
⎞⎜

⎝
⎛

 
z 2sen  4  2x =  

 
dz  z cos  2 dx     zsen  2  x si =⇒=  

 

 
25

z 2sen 4  -4   
252x-4 ⎟

⎠
⎞⎜

⎝
⎛=⎟

⎠
⎞⎜

⎝
⎛

 

 
25

z 2sen -14   
252x-4 ⎥⎦

⎤
⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛=⎟

⎠
⎞⎜

⎝
⎛

 
 

 
25

z 2cos 22   
252x-4 ⎥⎦

⎤
⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛=⎟

⎠
⎞⎜

⎝
⎛

 

 z 5cos  52   
252x-4 =⎟

⎠
⎞⎜

⎝
⎛

 

 z 5cos  32   
252x-4 =⎟

⎠
⎞⎜

⎝
⎛

 

2
x  zsen       zsen   2   x si =⇒=

 

2
xsen arcz =

 
 

2 x- 4

x  z tg =

       
 

-1n   c 
1n

1nu du  nu ≠⇒∫ +
+

+
=
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 2 x- 9 2x

dx
∫  

 

( )
∫=∫

z cos 3  z sen 9

dz   z cos 3  
  x- 9 x

dx
222

 

 

dz 
z sen

1
9
1 

2∫  

 

dz  csc
9
1 2∫ z  

 
Tabla de integrales  
 
 
 
 
 
 

c   z ctg 
9
1 -  dz  csc

9
1 2 +=∫ z  

 
Reemplazando 

c    )
x
 x- 9( 

9
1 -  c   z) (ctg 

9
1 - 

2
+=+  

 

c   
 x9
 x-  9  -   

  x- 9 x

dx 2

22
+=∫  

 
 
  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

zsen   a     x   x- a 22 =⇒  
zsen   3     x   x- 3 22 =⇒  

 
zsen  3 x =  

z sen  9  x 22 =  
 

dz  z cos  3 dx     zsen  3  x si =⇒=  
 

   z sen 9   -  9      x- 9 22 =  
 

( ) z sen -  1  9      x- 9 22 =  
 

( ) z cos  9      x- 9 22 =  
 z cos  3      x- 9 2 =  

 

3
x  zsen       zsen  3  x si =⇒=

 

2 x- 9

x  z tg =

      x
x9  z ctg

2−
=

 
 
 

c    z ctg -  dz  2csc +=∫ z  

3

  x- 9 2
 

x 

z
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 16 -  x

dx x
2

2
∫  

 
 

 
  dz z sec16 3 =∫  

 
Se resuelve la integral   ∫ dzz sec16 3   por partes  
∫ ∫= du v -  v*u   dvu  

 
 

 
 
 
 
 
 
 
 

 
 

 
 
 

 
Reemplazando la Identidad trigonométrica     tg2 z = sec2 z  -  1 

 
 
 

 
 
 

 
 
                           

 
 

 
Ordenando como una ecuación cualquiera  y simplificando los términos semejantes 

 
 

 
 
 

Dividiendo la ecuación por 2 
 
 

 

z sec  a     x  a -   x 22 =⇒  
 

  4 -  x     16 -  x 222 =   
 

z sec  4    x      4 -  x 22 =⇒  
 

z sec 4 x =  
z sec  16  x 22 =  

 
dz  z  tgz sec  4 dx     z sec 4   x si =⇒=  

 

    16   -  z sec 16    16 - x 22 =  
 

    1)   -  z (sec 16    16 - x 22 =  
 

    )  z (tg 16    16 - x 22 =  
 

 z  tg4    16 - x 2 =  
 

∫=∫ dz z sec *  z sec16   dz z sec16 23

Se resuelve por partes 
u = sec z                       dv = sec2 z 

du = sec z  tg z  dz              dz  z 2sec  dv∫ ∫=  
                                              v = tg z  

( )[ ]dz  tgz* z sec * z tg -  z  tg* z sec 16  dz z sec *  z sec16 2 ∫=∫

( )[ ] [ ]∫=∫ dz z sec * z tg  -   tgz* z sec 16    dz  tgz* z sec * z tg -  z  tg* z sec 16 2

[ ]∫+∫=∫ dz z sec   dz z sec - z  tg* z sec16     dz z sec16 33

∫+∫=∫ dz z sec16   dz z sec16 -  z  tg* z sec 16     dz z sec16 33

∫+=∫+∫ dz z sec16  z  tg* z sec 16     dz z sec16   dz z sec16 33

∫+=∫ dz z sec 16 z  tg* z sec 16    dz z sec32 3

∫+=∫ dz z sec 8   z  tg* z sec 8     dz z sec16 3

[ ] ( )[ ]∫=∫ dz z sec * 1 - sec -  z  tg* z sec  16        dz z sec * z tg  -   tgz* z sec 16 22

[ ]∫ ∫+ dz z sec  dz z sec -  z  tg* z sec 16 3

( )
( )∫=∫ z  tg4 

dz   z  tgz sec 4 z sec 16  
 16 -  x

dx x 2

2

2
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Tabla de integrales  
 
 
 

 

 
 
 
   
 

 
 
 
 

 
 
 
 
 

 
 
 
 
 

Pero: c  4Ln 8-  C1 +=  
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

c    z  tg  z secLn  8 z  tg* z sec 8     dz z sec16 3 +++=∫

c     z   tg  z secln     dz z sec ++∫ =  

c   z  tg z secLn  8    z  tg* z sec 8  
16 -  x

dx x 
2

2
+++=∫

c   
4

16 - x   
4
xLn  8  

4
16 - x * 

4
x 8  

16 -  x

dx x 
22

2

2
+++

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛=∫

c   
4

16 - x x Ln  8    
16

16 - xx  8  
16 -  x

dx x 
22

2

2
+

+
+

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
=∫

1
2

2

2

2
c   16 - x x  Ln  8   

2
16 - xx    

16 -  x

dx x +++
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
=∫

 
z sec 4 x =  

 

4
x  z sec     z sec 4   x si =⇒=

 

x
4  z cos =

 
 

4
16 - x  z tg

2
=

 

x 

4

 16 -  x2
 

z

c 4Ln  8 -  16-xxLn  8    
2

16 - xx    
16 -  x

dx x 2
2

2

2
+++

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
=∫
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dx    x-a x       223
∫  

 

( )( )∫∫ ⎟
⎠
⎞

⎜
⎝
⎛= dz z cos a z cos a z sen a dx    x-a x       33223  

 

∫∫ ⎟
⎠
⎞

⎜
⎝
⎛= dz  z cos   zsen   z sen a    dz  z cos z sen a 225235  

 
Reemplazando la Identidad trigonométrica 
      
 
 
 
 

∫∫ ⎟
⎠
⎞

⎜
⎝
⎛ −=⎟

⎠
⎞

⎜
⎝
⎛ zsenzdzza 22225 coscos1dz  z cos   zsen   z cos -  1 a  

 
Solución por cambio de variable 
u = cos z     du = - sen z dz 
 

∫∫∫ +=⎟
⎠
⎞

⎜
⎝
⎛ −− duuaduduuua 4525225  ua-  dz 1  

 
Tabla de integrales  
 
 
  
 
 
 

     c  
5
u a   

3
a  -

5535
++

u  
 
Reemplazando  
u = cos z     u3 = cos3 z   u5 = cos5 z   

   
5

z  cos a
    

3

cosa
  -   c  

5
u a   

3
a  -

55355535 ⎟
⎠
⎞

⎜
⎝
⎛

+
⎟
⎠
⎞

⎜
⎝
⎛

=++
z

u  

( ) ( ) c
a

xa

a

z
+

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

+
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

=+
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
+

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=+

5

5
22

5

3

3
22

5
5

225
3

2255535

5
a   

x-a

3
a -   c  

a
x-a 

5
a   

a
x-a  

3
a-    

5
z  cos a    

3
cosa  -  

 
c  x-a 

5
1    

3
a -   dx    x-a x

252223222223 +⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛ −=∫ xa      

 
  

 

zsen   a     x   x- a 22 =⇒  
 

z sen a    x      z sen a  x 333222 =⇒=  
 
Si  x = asen z   →  dx = a cos z dz 
 

   z sen a  - a      x- a 22222 =  
 

 z sen -1a       x- a 2222
⎟
⎠
⎞

⎜
⎝
⎛=

 
 

 z cosa       x- a 2222
⎟
⎠
⎞

⎜
⎝
⎛=

 
 

 z cos a      x- a 22 =  
 

 
a
x   zsen      zsen  a     x si =⇒=

 
 

a

22 x-a  z  cos =
       

 
Sen2 z  = 1 – cos2 z 

-1n   c 
1n

u du  u
1nn ≠⇒+

+
=∫

+

 

 22 xa −  

a x
z


