Cálculo de  las funciones elementales con precisión grande.




       Aladar Peter Santha

En este trabajo se dan por conocidos los desarrollos da las funciones elementales en series Taylor [1]  y los métodos  para operar con  números  enteros grandes [4] y decimales largos [5]. Por otra parte, los programas informáticos serán escritos en el lenguaje Visual-Basic.

En el caso de la función exponencial de base e, tenemos:

[image: image1.emf]





 

0

!

) (

k

k

x

k

x

x Exp e

   

[image: image2.emf] 

R x 



(1)

De  las equivalencias
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, y del  desarrollo (1) resulta que
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Luego, para las funciones logarítmicas, tenemos:
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Evidentemente,  (4) se obtiene de (3)  poniendo 
[image: image12.emf]y x   1

 e  (5) es consecuencia de las equivalencias siguientes:
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Por otra parte, si 
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 , y así
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Poniendo  en la igualdad (6) 
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Si en la formula (7) se pone 
[image: image21.emf]1  n

, se obtiene la siguiente  serie para calcular  
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:
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La codificación para el cálculo es la siguiente:
Public Function NumLn2(ByVal px As Long) As String

    
Dim i As String, i2 As String, j As String, x(2) As String

    
 Dim u As String, v As String, w As String, k As Integer, n As Integer

     
Dim s As String, precision As String, pr As String, p As String

    
p = px + 10: precision = "0.": n = 7

    
 For k = 1 To p

         

 precision = precision + "0"

    
Next k

   
 precision = precision + "1"

   
 s = "1": i = "0"

    
Do

          

x(1) = i: x(2) = "1": i = Sumar(x(), n)

          

x(1) = i: x(2) = “2”:  i2 = Multiplicar(x(), n)

         

x(1) = i2: x(2) = "1": j = Sumar(x(), n)

          

x(1) = "9": x(2) = i: u = Potencias(x(), n)

         

x(1) = j: x(2) = u: v = Multiplicar(x(), n)

         

x(1) = "1": x(2) = v: w = DividirDec(x(), p, n)

          

x(1) = s: x(2) = w: s = SumarDec(x(), n)

          

x(1) = w: x(2) = precision: pr = RestarDec(x(), n)

         

If Left$(pr, 1) = "-" Then Exit Do

    
Loop

    
x(1) = s: x(2) = "2": s = MultiplicarDec(x(), n)

   
 x(1) = s: x(2) = "3": s = DividirDec(x(), p, n)

   
 For k = 1 To Len(s)

         

 If Right$(Left$(s, k), 1) = "." Then

             


 s = Left$(s, k + px)

             

 
Exit For

          

End If

    
Next k

   
 NumLn2 = s
End Function

Aplicando el programa anterior para  
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, se obtiene  el valor de 
[image: image25.emf]2 Ln

con 160 cifras después del punto decimal:

Ln2 = 0.6931471805599453094172321214581765680755001343602552541206800094933

           936219696947156058633269964186875420014810205706857336855202357581305

          570326707516350759619307…

Si en la formula (7) se pone 
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, se obtiene que
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, es decir que
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Conociendo ya el valor de 
[image: image29.emf]2 Ln

con suficientes decimales, esta fórmula permite escribir el programa siguiente para el cálculo de  
[image: image30.emf]3 Ln

:

Public Function NumLn3(ByVal px As Long) As String

   
Dim i As String, i2 As String, j As String, x(2) As String, n As Integer

    
Dim u As String, v As String, w As String, k As Integer, Nuln2 As String

    
Dim s As String, precision As String, pr As String, p As String

   
Nuln2 = "0.69314718055994530941723212145817656807550013436025525412068000"

   
Nuln2 = Nuln2 + "9493393621969694715605863326996418687542001481020570685733"

Nuln2 = Nuln2 + "6855202357581305570326707516350759619307”

   
 n = 7 : p = px + 10: precision = "0."

   
 For k = 1 To p

        

precision = precision + "0"

    
Next k

   
 precision = precision + "1"

   
 s = "1": i = "0"

   
 Do

    

x(1) = i: x(2) = "1": i = Sumar(x(), n)

       

x(1) = i: x(2) = "2": i2 = Multiplicar(x(), n)

        

x(1) = i2: x(2) = "1": j = Sumar(x(), n)

       

x(1) = "25": x(2) = i: u = Potencias(x(), n)

       

x(1) = j: x(2) = u: v = Multiplicar(x(), n)

       
 
x(1) = "1": x(2) = v: w = DividirDec(x(), p, n)

       

x(1) = s: x(2) = w: s = SumarDec(x(), n)

       
 
x(1) = w: x(2) = precision: pr = RestarDec(x(), n)

       

If Left$(pr, 1) = "-" Then Exit Do

   
 Loop

   
 x(1) = s: x(2) = "2": s = MultiplicarDec(x(), n)

   
 x(1) = s: x(2) = "5": s = DividirDec(x(), p, n)

   
 x(1) = s: x(2) = Left$(Nuln2, px): s = SumarDec(x(), n)

    
For k = 1 To Len(s)

       
 
If Right$(Left$(s, k), 1) = "." Then

           


s = Left$(s, k + px)

            


Exit For

        

End If

    
Next k

    
NumLn3 = s

End Function

Utilizando el programa anterior se obtiene que:

Ln3 = 1.0986122886681096913952452369225257046474905578227494517346943336

               3749429321860896687361575481373208878797002906595786574236800422

59305198210528018707672774106031…

Luego, de las propiedades de los logaritmos, resulta que
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Si en la formula (7) se pone 
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, se obtiene que
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, es decir que 
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La codificación para calcular
[image: image38.emf]5 Ln

 es la siguiente:

Public Function NumLn5(ByVal px As Long) As String

   
Dim i As String, i2 As String, j As String, x(2) As String, n As Integer

   
Dim u As String, v As String, w As String, k As Integer, Nuln2 as String

    
Dim s As String, precision As String, pr As String, p As String

   
Nuln2 = "0.69314718055994530941723212145817656807550013436025525412068000"

   
Nuln2 = Nuln2 + "9493393621969694715605863326996418687542001481020570685733"


Nuln2 = Nuln2 + "6855202357581305570326707516350759619307”

   
 p = px + 10 : n = 7 : precision = "0."

   
 For k = 1 To p

       

 precision = precision + "0"

    
Next k

   
 precision = precision + "1"

   
s = "1": i = "0"

   
 Do

        

x(1) = i: x(2) = "1": i = Sumar(x(), n)

       

x(1) = i: x(2) = “2”: i2 = Multiplicar(x(), n)

       

x(1) = i2: x(2) = "1": j = Sumar(x(), n)

        

x(1) = "81": x(2) = i: u = Potencias(x(), n)

       

x(1) = j: x(2) = u: v = Multiplicar(x(), n)

       

x(1) = "1": x(2) = v: w = DividirDec(x(), p, n)

       

x(1) = s: x(2) = w: s = SumarDec(x(), n)

        

x(1) = w: x(2) = precision: pr = RestarDec(x(), n)

       

If Left$(pr, 1) = "-" Then Exit Do

    
 Loop

   
 x(1) = s: x(2) = "2": s = MultiplicarDec(x(), n)

    
 x(1) = s: x(2) = "9": s = DividirDec(x(), p, n)

   
 x(1) = "2": x(2) = Left$(Nuln2, p): w = MultiplicarDec(x(), n)

   
 x(1) = s: x(2) = w: s = SumarDec(x(), n)

   
 For k = 1 To Len(s)

       

 If Right$(Left$(s, k), 1) = "." Then

           


 s = Left$(s, k + px)

           


 Exit For

        

End If

   
 Next k

   
 NumLn5 = s

End Function
Ejecutando la función NumLn5, se obtiene que:

Ln5 = 1.60943791243410037460075933322618763952560135426851772191264789147417


89877076577646301338780931796107999663030217155628997240052293246761

996336166174637057275521…

Luego, teniendo en cuenta que 
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, para el cálculo de  
[image: image40.emf]10 Ln

 se puede escribir el programa siguiente:
Public Function NumLn10(ByVal p As Long) As String

Dim x(2) As String, u As String, n As Integer

n = 7

    
x(1) = NumLn2(p)

    
x(2) = NumLn5(p)

    
u = SumarDec(x(), n)

    
NumLn10 = u

End Function
Aplicando el programa anterior y comparando los resultados obtenidos para  
[image: image41.emf]160  p

se obtiene el resultado siguiente, con 160 cifras  después del punto decimal:  
Ln10 = 2.30258509299404568401799145468436420760110148862877297603332790096757

      260967735248023599720508959829834196778404228624863340952546508280675666

      62873690987816894828…

Para calcular el logaritmo neperiano de cualquier número 
[image: image42.emf]0  x

 con la fórmula (4),  hay que observar que el número
[image: image43.emf]x

 puede ser escrito siempre en la forma siguiente: 
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Por ejemplo, 
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, y así
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En general
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Así, puesto que el valor de
[image: image52.emf]2 Ln

 ya ésta conocido, para hallar el logaritmo neperiano de un número positivo cualquiera hay que saber calcular únicamente los logaritmos neperianos situados en el intervalo 
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,  existirá siempre 
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 Así,  en la fórmula (10) tendríamos 
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, donde el cálculo de 
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 es rápido. 

Puesto que a 
[image: image61.emf]5 Ln

 también está calculado con mucha exactitud,  cuando 
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, se puede hallar también un valor de 
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 tal que 
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. Así, en la fórmula (10) el cálculo de 
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 se podría efectuar  también de la forma siguiente: 
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Por ejemplo,
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Evidentemente, es mejor elegir la primera manera de los dos cálculos anteriores. Sin embargo de entre los dos cálculos siguientes:
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, es mejor elegir el segundo.

Puesto que en este trabajo se cálculo también a
[image: image72.emf]10 Ln

 con precisión grande, presentamos una opción más para calcular a
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 cuando
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 . En este caso también se puede hallar
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 es la siguiente:
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Si en los cálculos deseamos p cifras después del punto decimal,  los valores 
[image: image80.emf]v Ln

  se calcularán  partir de la serie (4) y será aquella suma parcial 
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 La serie 
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 es una serie alternada, cuyos términos  son estrictamente decrecientes, y según  el teorema de Leibniz el resto 
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 de la serie cumplirá la condición 
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. Sin embargo,  en el  caso general, para obtener p cifras exactas  después del punto decimal  hay que sumar los términos hasta que se cumpla la condición 
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,  puede tomar los valores 
[image: image88.emf] , 20 , 10 , 5 , 0

, en función de la rapidez de la convergencia  de la serie y, finalmente, en el resultado se retendrán p cifras después del punto decimal. Teniendo en cuenta lo expuesto anteriormente, el cálculo de los logaritmos neperianos  puede efectuarse según el programa siguiente:  

Public Function LnP(ByVal tx As String, ByVal px As Long) As String

       Dim k As Integer, m As Integer, m0(3) As Integer, xv As Integer, sw(3) As Integer

       Dim nd As String, xt As String, u As String, v As String, w As String, vt(3) As String

       Dim i As String, j As String, y As String, q As String, s As String, tt As String

       Dim pr As String, t As String, x(2) As String, z As String, p As String, dif As String

       Dim Nln2 As String, Nln3 As String, Nln5 As String, Nln10 As String, n As Integer

       Nln2 = "0.6931471805599453094172321214581765680755001343602552541206800094"

       Nln2 = Nln2 + "93393621969694715605863326996418687542001481020570685733"

       Nln2 = Nln2 + "6855202357581305570326707516350759619307"

       Nln3 = "1.09861228866810969139524523692252570464749055782274945173469433363749"

       Nln3 = Nln3 + "4293218608966873615754813732088787970029065957865742"

       Nln3 = Nln3 + "3680042259305198210528018707672774106031"

       Nln5 = "1.60943791243410037460075933322618763952560135426851772191264789147417"

       Nln5 = Nln5 + "8987707657764630133878093179610799966303021715562899"

       Nln5 = Nln5 + "7240052293246761996336166174637057275521" 

       Nln10 = "2.3025850929940456840179914546843642076011014886287729760333279009"

       Nln10 = Nln10 + "67572609677352480235997205089598298341967784042286248633"

       Nln10 = Nln10 + "4095254650828067566662873690987816894828"

       If Left$(tx, 1) = "-" Or tx = "0" Then

        
MsgBox "¡Error! Los números negativos  o el cero no tienen logaritmo."

        
Exit Function

       End If

       If tx = "1" Then

        
LnP = "0"

        
Exit Function

       End If

       If tx = "2" Then

        
LnP= Left$(Nln2, px + 2)

        
Exit Function

       End If

       t = tx: p = px + 20 : n = 7

       i = "0": precision = "0."

       For k = 1 To p

        
precision = precision + "0"

       Next k

       precision = precision + "1"

       'Reducción al intervalo [1,2]

       x(1) = t: x(2) = "1"

       w = RestarDec(x(), n)

       If Left$(w, 1) <> "-" Then

        
x(1) = "2": x(2) = t

        
u = RestarDec(x(), n)

        
If Left$(u, 1) = "-" Then

            

Do

               

 t = DividirPor2Dec(t, n)

                

x(1) = i: x(2) = "1"

               

 i = Sumar(x(), n)

                

x(1) = t: x(2) = "2"

               

u = RestarDec(x(), n)

                

If Left$(u, 1) = "-" Then

                    


nd = i

                    


Exit Do

                

End If

            

Loop

        
End If

       Else

        
x(1) = t: x(2) = "1"

        
u = RestarDec(x(), n)

        
If Left(u, 1) = "-" Then

            

Do

                

x(1) = t: x(2) = "2"

                

t = MultiplicarDec(x(), n)

                

x(1) = i: x(2) = "1"

                

i = Sumar(x(), n)

                

x(1) = "1": x(2) = t

                

u = RestarDec(x(), n)

                

If Left$(u, 1) = "-" Then

                    


nd = "-" + i

                    


Exit Do

                

End If

            

Loop

        
End If

       End If

       If nd <> "" Then

        
x(1) = Left$(Nln2, p): x(2) = nd

        
u = MultiplicarDec(x(), n)

        
u = Left$(u, p)

       Else

        
u = "0"

       End If

       If t = "1" Then

         
LnP = u

        
Exit Function

       Else

        
s = u

       End If

      'Acercar el valor del argumento a 1

       m0(1) = 0: tt = t: vt(1) = tt

       Do

        
x(1) = "1.35": x(2) = t

        
u = RestarDec(x(), n)

        
If Left$(u, 1) = "-" Then

            

x(1) = t: x(2) = "0.75"

            

t = MultiplicarDec(x(), n)

            

m0(1) = m0(1) + 1

            

If sw(1) <> 1 Then sw(1) = 1

            

vt(1) = t

        
Else

            

Exit Do

        
End If

       Loop

       m0(2) = 0: t = tt: vt(2) = tt

       Do

        
x(1) = "1.25": x(2) = t

        
u = RestarDec(x(), n)

        
If Left$(u, 1) = "-" Then

            

x(1) = t: x(2) = "0.8"

            

t = MultiplicarDec(x(), n)

            

m0(2) = m0(2) + 1

            

If sw(2) <> 2 Then sw(2) = 2

            

vt(2) = t

        
Else

            

Exit Do

        
End If

       Loop

       m0(3) = 0: t = tt: vt(3) = tt

       Do

        
x(1) = "1.12": x(2) = t

        
u = RestarDec(x(), n)

        
If Left$(u, 1) = "-" Then

            

x(1) = t: x(2) = "0.9"

            

t = MultiplicarDec(x(), n)

            

m0(3) = m0(3) + 1

            

If sw(3) <> 3 Then sw(3) = 3

            

vt(3) = t

        
Else

            

Exit Do

        
End If

       Loop

       'Elección del mejor método en el acercamiento del argumento a 1.

       x(1) = vt(2): x(2) = vt(1)

       dif = RestarDec(x(), n)

       If Left$(dif, 1) = "-" Then

           
xt = vt(1): vt(1) = vt(2): vt(2) = xt

        
xv = m0(1): m0(1) = m0(2): m0(2) = xv

        
xv = sw(1): sw(1) = sw(2): sw(2) = xv

       End If

       x(1) = vt(3): x(2) = vt(1)

       dif = RestarDec(x(), n)

       If Left$(dif, 1) = "-" Then

        
xt = vt(1): vt(1) = vt(3): vt(3) = xt

        
xv = m0(1): m0(1) = m0(3): m0(3) = xv

        
xv = sw(1): sw(1) = sw(3): sw(3) = xv

       End If

       x(1) = vt(3): x(2) = vt(2)

       dif = RestarDec(x(), n)

       If Left$(dif, 1) = "-" Then

        
xt = vt(2): vt(2) = vt(3): vt(3) = xt

        
xv = m0(1): m0(2) = m0(3): m0(3) = xv

        
xv = sw(1): sw(2) = sw(3): sw(3) = xv

       End If

       m = m0(1)

       t = vt(1)

       If sw(1) <> 0 Then

        
If sw(1) = 1 Then

            

x(1) = Left$(Nln2, p): x(2) = "2"

            

u = MultiplicarDec(x(), n)

            

x(1) = Left$(Nln3, p): x(2) = u

            

u = RestarDec(x(), n)

            

x(1) = u: x(2) = m

           

 u = MultiplicarDec(x(), n)

            

x(1) = s: x(2) = u

            

s = RestarDec(x(), n)




        

End If

        
If sw(1) = 2 Then

            

x(1) = Left$(Nln2, p): x(2) = "2"

            

u = MultiplicarDec(x(), n)

            

x(1) = u: x(2) = Left$(Nln5, p)

            

u = RestarDec(x(), n)

            

x(1) = u: x(2) = m

            

u = MultiplicarDec(x(), n)

            

x(1) = s: x(2) = u

            

s = RestarDec(x(), n)

        
End If

           
If sw(1) = 3 Then

            

x(1) = Left$(Nln3, p): x(2) = "2"

            

u = MultiplicarDec(x(), n)

            

x(1) = u: x(2) = Left$(Nln10, p)

            

u = RestarDec(x(), n)

           

 x(1) = u: x(2) = m

            

u = MultiplicarDec(x(), n)

           

x(1) = s: x(2) = u

            

s = RestarDec(x(), n)

        
End If

       End If

       'Cálculos con la serie Taylor

       x(1) = t: x(2) = "1"

       v = RestarDec(x(), n)

       x(1) = s: x(2) = v

       s = SumarDec(x(), n)

       j = "1"

       Do

        
x(1) = j: x(2) = "1"

        
j = Sumar(x(), n)

        
x(1) = "1": x(2) = j

        
u = DividirDec(x(), p, n)

        
x(1) = v: x(2) = j

        
w = PotenciasDec(x(), n)

        
x(1) = u: x(2) = w

        
z = MultiplicarDec(x(), n)

        
q = Right$(j, 1)

        
x(1) = s: x(2) = z

        
If q = "0" Or q = "2" Or q = "4" Or q = "6" Or q = "8" Then

            

s = RestarDec(x(), n)

        
Else

            

s = SumarDec(x(), n)

        
End If

        
If Left$(z, 1) = "-" Then z = Mid$(z, 2)

        

x(1) = z: x(2) = precision

        

pr = RestarDec(x(), n)

        

If Left$(pr, 1) = "-" Then Exit Do

       Loop

       For k = 1 To Len(s)

        
If Right$(Left$(s, k), 1) = "." Then

            

s = Left$(s, k + px)

            

Exit For

        
End If

       Next k

       LnP = s

End Function
Calculando con el programa anterior los logaritmos (10) con 60 decimales después del punto decimal, se obtienen los resultados siguientes:


[image: image89.emf] 157 Ln

5.056245805348308057424445236403475248742243630863650355928185…

[image: image90.emf] 15 Ln

2.708050201102210065996004570148713344173091912091267173647342…

[image: image91.emf] 0057 . 0 Ln

-5.167289104141632584667693149927077588519536135393213633860657…

Para calcular un  logaritmo en la base 
[image: image92.emf]a

 
[image: image93.emf]) ( e a 

  se utiliza la relación (5) y el programa que realiza los cálculos es la siguiente:

Public Function LogaP(t As String, a As String, p As Long)

    
Dim x(2) As String, y(2) As String, s As String, n As Integer

    
Dim Nln2 As String, Nln3 As String, Nln10 As String

    
Nln2 = "0.69314718055994530941723212145817656807550013436025525412068000949339"

    
Nln2 = Nln2 + "3621969694715605863326996418687542001481020570685733"

    
Nln2 = Nln2 + "6855202357581305570326707516350759619307"

    
Nln3 = "1.098612288668109691395245236922525704647490557822749451734694333637494293"

    
Nln3 = Nln3 + "218608966873615754813732088787970029065957865742"

    
Nln3 = Nln3 + "3680042259305198210528018707672774106024"

    
Nln10 = "2.3025850929940456840179914546843642076011014886287729760333279009"

    
Nln10 = Nln10 + "67572609677352480235997205089598298341967784042286248633"

    
Nln10 = Nln10 + "4095254650828067566662873690987816894828"

    
n = 7

    
If Left$(t, 1) = "-" Or t = "0" Then

        

MsgBox "¡Error! Los números negativos  o el cero no tienen logaritmo."

        

Exit Function

    
End If

    
x(1) = LnP(t, p)

    
If a = "10" Then

        

x(2) = Left$(Nln10, p + 2)

        

LogaP = DividirDec(x(), p, n)

        

Exit Function

    
End If

    
If a = "2" Then

        

x(2) = Left$(Nln2, p + 2)

        

LogaP = DividirDec(x(), p, n)

        

Exit Function

    
End If

    
If a = "3" Then

        

x(2) = Left$(Nln3, p + 2)

        

LogaP = DividirDec(x(), p, n)

        

Exit Function

    
End If

    
If a = "4" Then

        

y(1) = Left$(Nln2, p + 2): y(2) = "2"

        

x(2) = MultiplicarDec(y(), n)

        

LogaP = DividirDec(x(), p, n)

        

Exit Function

    
End If

    
If a = "5" Then

        

y(1) = Left$(Nln10, p + 2): y(2) = Left$(Nln2, p + 2)

        

x(2) = RestarDec(y(), n)

        

LogaP = DividirDec(x(), p, n)

        

Exit Function

    
End If

     
If a = "6" Then

        

y(1) = Left$(Nln3, p + 2): y(2) = Left$(Nln3, p + 2)

        

x(2) = SumarDec(y(), n)

        

LogaP = DividirDec(x(), p, n)

        

Exit Function

    
End If

    
If a = "8" Then

        

y(1) = Left$(Nln2, p + 2): y(2) = "3"

       

 x(2) = MultiplicarDec(y(), n)

        

LogaP = DividirDec(x(), p, n)

        

Exit Function

    
End If

    
If a = "9" Then

       

 y(1) = Left$(Nln3, p + 2): y(2) = "2"

        

x(2) = MultiplicarDec(y(), n)

        

LogaP = DividirDec(x(), p, n)

        

Exit Function

    
End If

    
If a = "16" Then

        

y(1) = Left$(Nln2, p + 2): y(2) = "4"

        

x(2) = MultiplicarDec(y(), n)

        

LogaP = DividirDec(x(), p, n)

        

Exit Function

    
End If

    
If a = "0.5" Then

        

x(2) = "-" + Left$(Nln2, p + 2)

        

LogaP = DividirDec(x(), p, n)

        

Exit Function

    
End If

    
If a = "0.25" Then

        

y(1) = Left$(Nln2, p + 2): y(2) = "2"

        

x(2) = "-" + MultiplicarDec(y(), n)

        

LogaP = DividirDec(x(), p, n)

        

Exit Function

    
End If

    
If a = "0.125" Then

        

y(1) = Left$(Nln2, p + 2): y(2) = "3"

        

x(2) = "-" + MultiplicarDec(y(), n)

        

LogaP = DividirDec(x(), p, n)

        

Exit Function

    
End If

  
If a = "0.0625" Then

        

y(1) = Left$(Nln2, p + 2): y(2) = "4"

        

x(2) = "-" + MultiplicarDec(y(), n)

        

LogaP = DividirDec(x(), p, n)

        

Exit Function

    
End If

    
x(2) = LnP(a, p)

    
LogaP = DividirDec(x(), p, n)

End Function
Si 
[image: image94.emf]10  a

, según el programa anterior se obtiene que:


[image: image95.emf] 5 . 34
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1.537819095073274120949066120781811832129450017064683511795043…

Si 
[image: image96.emf]10  a

el cálculo 
[image: image97.emf]x Log

a

 durará más puesto que, en el caso general, el programa tiene que calcular dos logaritmos: 
[image: image98.emf]x Ln

 y 
[image: image99.emf]a Ln

. 

La serie (1) está a la base del cálculo de 
[image: image100.emf]) ( x Exp e

x



. Esta serie converge rápidamente, pero si x es un número natural, es preferible hallar el número e con gran precisión y calcular 
[image: image101.emf]x

e

como una potencia de un decimal. Más aún, si por ejemplo 
[image: image102.emf]451 . 23  x

, entonces 

[image: image103.emf]451 . 0 23 451 . 23

e e e  


, donde 
[image: image104.emf]23

e

se calcula como una potencia y el resultado se multiplica por lo que se obtiene calculando
[image: image105.emf]451 . 0

e

 utilizando la serie (1). Si 
[image: image106.emf]734 . 33   x

, entonces 

[image: image107.emf]734 . 33

734 . 33

1
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, el denominador se calcula como en el caso del exponente positivo,  luego se efectúa la división de 1 entre el valor del denominador calculado.
El número e es la suma de la serie que se obtiene poniendo 
[image: image108.emf]1  x

 en la serie (1):
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Si 
[image: image110.emf]160  p

, el siguiente programa calcula la suma parcial donde el último término sumado es inferior que 
[image: image111.emf]170
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

  y retiene la parte entera y  a las 160 cifras después del punto decimal:
Public Function NumeroE(ByVal px As Long) As String

    Dim i As String, x(2) As String, pr As String, p As String

    Dim u As String, w As String, k As Integer, n As Integer

    Dim s As String, precision As String

    p = px + 10 : n = 7 : precision = "0."

    For k = 1 To p

        
precision = precision + "0"

    Next k

    precision = precision + "1"

    s = "1": i = "0"

    Do

        
x(1) = i: x(2) = "1": i = Sumar(x(), n)

        
u = Factorial(i, n)

       
x(1) = "1": x(2) = u: w = DividirDec(x(), p, n)

        
x(1) = s: x(2) = w: s = SumarDec(x(), n)

        
x(1) = w: x(2) = precision: pr = RestarDec(x(), n)

       
If Left$(pr, 1) = "-" Then Exit Do

    Loop

    For k = 1 To Len(s)

        
If Right$(Left$(s, k), 1) = "." Then

            

s = Left$(s, k + px)

            

Exit For

        
End If

    Next k

    NumeroE = s

End Function
Según el programa anterior,
e = 2.71828182845904523536028747135266249775724709369995957496696762772407

       66303535475945713821785251664274274663919320030599218174135966290435

      729003342952605956307381…
El programa siguiente  calcula los valores de la función 
[image: image112.emf]x

e x 

:

Public Function ExpP(ByVal tx As String, ByVal px As Long) As String

       Dim u As String, v As String, w As String, s As String, s1 As String, j As Integer

       Dim x(2) As String, i As String, precision As String, sg As String, pr As String

       Dim ne As Integer, continuar As Integer, p As Long, nume As String

       Dim t0 As String, t As String, simbolo As String, pe As String, n As integer

       ' px es el número de los decimales deseados en el resultado.

       nume = "2.7182818284590452353602874713526624977572470936999595749669676277"

       nume = nume + "24076630353547594571382178525166427427466391932003059921"

       nume = nume + "8174135966290435729003342952605956307381”       

       n = 7: t0 = tx: p = px + 20

       If t0 = "0" Then

        
ExpP = "1": Exit Function

       End If

       If Left$(t0, 1) = "-" Then

        
sg = "-": t0 = Mid$(t0, 2)

       End If

       For j = 1 To Len(t0)

        
simbolo = Right$(Left$(t0, j), 1)

        
If simbolo = "." Then

            

pe = Left$(t0, j - 1): t = "0" + Mid$(t0, j): sw = 1

        
End If

       Next j

       If sw = 0 Then

        
x(1) = Left$(nume, p): x(2) = t0: s = PotenciasDec(x(), n)

       Else

        
x(1) = Left$(nume, p): x(2) = pe

        
s1 = PotenciasDec(x(), n)

        
precision = "0."

        
For j = 1 To p

            

precision = precision + "0"

        
Next j

        
precision = precision + "1"

        
i = "0":  s = "0"

        
Do

            x(1) = t: x(2) = i: u = PotenciasDec(x(), n)

            v = Factorial(i, n)

            x(1) = u: x(2) = v: w = DividirDec(x(), p, n)

            x(1) = s: x(2) = w: s = SumarDec(x(), n)

            x(1) = w: x(2) = precision: pr = RestarDec(x(), n)

            If Left$(pr, 1) = "-" Then Exit Do

            x(1) = i: x(2) = 1:  i = Sumar(x(), n)

        
Loop

        
x(1) = s1: x(2) = s: s = MultiplicarDec(x(), n)

       End If

       If sg = "-" Then

        
x(1) = 1: x(2) = s: s = DividirDec(x(), p, n)

       End If

       For j = 1 To Len(s)

        
If Right$(Left$(s, j), 1) = "." Then

            

s = Left$(s, j + px)

            

Exit For

        
End If

       Next j

       ExpP = s

End Function

Teniendo en cuenta la relación (2), el cálculo de los valores de la función 
[image: image113.emf]) 0 (   a a x

x

 se puede hacer según el programa siguiente:

Public Function ExpaP(ByVal t As String, a As String, ByVal p As Long)

       Dim u As String, v As String, x(2) As String, n As Integer

       n = 7 

       If t = "0" Then

        
ExpaP = "1": Exit Function

       End If

       x(1) = LnP(a, p): x(2) = t: v = MultiplicarDec(x(), n)

       ExpaP = ExpP(v, p)

End Function
Si se necesita trabajar con más de 160 cifras después del punto decimal hay que calcular de nuevo los valores de 
[image: image114.emf]2 Ln

, 
[image: image115.emf]10 Ln

 y el número e con más decimales y modificar los programas donde intervienen estos valores.

Para las funciones trigonométricas tenemos las fórmulas conocidas:
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(11)

[image: image117.emf] 
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Las series (11) y (12) son convergentes para cualquier 
[image: image118.emf]R x 

.Teniendo en cuenta que las  funciones 
[image: image119.emf]Sen

 y 
[image: image120.emf]Cos

son  periódicas de periodo 
[image: image121.emf] 2

, se puede hallar un valor 
[image: image122.emf]   2 , 0

0
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 (quitando de
[image: image123.emf]x

múltiplos del periodo)   tal que 
[image: image124.emf]0

x Sin x Sin 

  y  
[image: image125.emf]0

x Cos x Cos 

 y luego calcular las aproximaciones decimales para 
[image: image126.emf]0

x Sin

 y 
[image: image127.emf]0

x Cos

, a partir de las fórmulas (11) y (12).  Para esto hay que conocer el valor de 
[image: image128.emf]

con mucha exactitud y los cálculos se harían con decimales bastante largos y así el proceso de cálculo sería más lento. Tiene la ventaja que se podrían  calcular también expresiones de la forma 
[image: image129.emf]) 765 . 15167 ( Sen

 ó 
[image: image130.emf]) 871 . 345 ( Cos

. A continuación se exponen estos programas también.
El cálculo del número π se puede efectuar con mucha exactitud (por ejemplo) según la fórmula de Euler:
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Efectuando el programa siguiente para 
[image: image132.emf]160  px

,
Public Function NumPi(ByVal px As Long) As String

       Dim i As String, k As String, j As String, x(2) As String

       Dim u As String, v As String, w As String, i0 As Integer, n As Integer

       Dim s As String, precision As String, pr As String, p As Long

       'Método de Euler

       n = 7 : p = px + 20

       precision = "0."

       For i0 = 1 To p

        
precision = precision + "0"

       Next i0

       precision = precision + "1"

       s = "1": i = "0"

       Do

        
x(1) = i: x(2) = "1": i = Sumar(x(), n)

        
x(1) = i: x(2) = 2: k = Multiplicar(x(), n)   'k = 2i

        
x(1) = k: x(2) = "1": j = Sumar(x(), n)        'j=2i+1

        
u = Factorial(i, n): v = FactorialImpar(j, n)

        
x(1) = u: x(2) = v: w = DividirDec(x(), p, n)

        
x(1) = s: x(2) = w: s = SumarDec(x(), n)

        
x(1) = w: x(2) = precision: pr = RestarDec(x(), n)

        
If Left$(pr, 1) = "-" Then Exit Do

       Loop

       x(1) = s: x(2) = "2": s = MultiplicarDec(x(), n)

       s = Left$(s, px + 2)

       NumPi = s
End Function
, se obtiene el valor siguiente de π:

π = 3.14159265358979323846264338327950288419716939937510582097494459230781

         64062862089986280348253421170679821480865132823066470938446095505822

         317253594081284811174502…
Teniendo en cuenta lo dicho anteriormente, para el cálculo con precisión grande de las funciones  seno,  coseno y  tangente de un ángulo se pueden utilizar los programas siguientes:

Public Function SinP(ByVal tx As String, ByVal px As Long) As String

       Dim k As Integer, sw As Integer, p As Long, i As String, n As Integer

       Dim pa As String, x(2) As String, s As String, precision As String

       Dim pr As String, u As String, v As String, w As String, t As String

       Dim Pi As String, dif As String, Pir As String, Pir2 As String

       n = 7 : p = px + 20

       ' px es el número de los decimales exactos deseados en el resultado.

       Pi = "3.14159265358979323846264338327950288419716939937510582097494459230781640"

       Pi = Pi + "6286208998628034825342117067982148086513282306647"

       Pi = Pi + "093844609550582231725359408128481117450284"

       If t = "0" Then

       
 SinP = "0"

        
Exit Function

       End If

       t = tx: Pir = Left$(Pi, p)

       x(1) = Pi: x(2) = "2"

       Pir2 = Left$(MultiplicarDec(x(), n), p)

       ' La función es impar

       If Left$(t, 1) = "-" Then

        
t = Mid$(t, 2): sw = 1

       End If

       x(1) = "35": x(2) = t: u = RestarDec(x(), n)

       If Left$(u, 1) = "-" Then

        
'Reducción a [0,Pir2], suprimiendo mútiplos de 2Pi

        
Do

            

x(1) = t: x(2) = Pir2: dif = RestarDec(x(), n)

            

If Left$(dif, 1) = "-" Then

                

Exit Do

            

Else

                

t = Left$(dif, px+10)

            

End If

       
 Loop

       End If

       ' Calculos con la serie Taylor

       p = px + 10

       precision = "0."

       For k = 1 To p

       
 precision = precision + "0"

       Next k

       precision = precision + "1"

       If t = "0" Then

       
 SinP = "0"

          
Exit Function

       End If

       i = "1": j = "0": s = t

       Do

        
x(1) = i: x(2) = "2":  i = Sumar(x(), n)

        
x(1) = j: x(2) = "1": j = Sumar(x(), n)

        
x(1) = t: x(2) = i: u = PotenciasDec(x(), n)

        
pa = Right$(j, 1)

        
If pa = "1" Or pa = "3" Or pa = "5" Or pa = "7" Or pa = "9" Then

            

If Left$(u, 1) = "-" Then u = Mid$(u, 2) Else u = "-" + u

        
End If

        
v = Factorial(i, n)

        
x(1) = u: x(2) = v: w = DividirDec(x(), p + 10, n)

        
x(1) = s: x(2) = w: s = SumarDec(x(), n)

        
If Left$(w, 1) = "-" Then w = Mid$(w, 2)

       
 x(1) = w: x(2) = precision: pr = RestarDec(x(), n)

        
If Left$(pr, 1) = "-" Then Exit Do

       Loop

       If sw = 0 Then

        
SinP = Left$(s, px + 2)

       Else

       
If Left$(s, 1) = "-" Then s = Mid$(s, 2) Else s = "-" + s

       
SinP = Left$(s, px + 3)

       End If

End Function
Public Function CosP(ByVal tx As String, ByVal px As Long) As String

       Dim k As Integer, p As Long, i As String, x(2) As String

       Dim s As String, precision As String, pr As String, t As String

       Dim u As String, v As String, w As String, pa As String

       Dim Pi As String, Pir2 As String, dif As String, n AS Integer

       ' px es el número de los decimales exactos deseados en el resultado.

       Pi = "3.14159265358979323846264338327950288419716939937510582097494459230781640"

       Pi = Pi + "6286208998628034825342117067982148086513282306647"

       Pi = Pi + "093844609550582231725359408128481117450284"

       If tx = "0" Then

       
CosP = "1"

        
Exit Function

       End If

       t = tx: p = px + 20 : n = 7

       x(1) = Pi: x(2) = "2": Pir2 = Left$(MultiplicarDec(x(), n), p)

       ' La función es par

       If Left$(t, 1) = "-" Then

        
t = Mid$(t, 2)

       End If

       x(1) = "35": x(2) = t:  u = RestarDec(x(), n)

       If Left$(u, 1) = "-" Then

        
'Reducción a [0,Pir2], suprimiendo mútiplos de 2Pi

        
Do

            

x(1) = t: x(2) = Pir2: dif = RestarDec(x(), n)

            

If Left$(dif, 1) = "-" Then

                

Exit Do

            

Else

                

t = Left$(dif, px+10)

            

End If

       
 Loop

       End If

       p = px + 10

       'Cálculos con la serie Taylor.

       precision = "0."

       For k = 1 To p

        
precision = precision + "0"

       Next k

       precision = precision + "1"

       If t = "0" Then

        
CosP = "1"

        
Exit Function

       End If

       i = "0": j = "1": s = "1"

       Do

        
x(1) = i: x(2) = "2":  i = Sumar(x(), n)

        
x(1) = j: x(2) = "1": j = Sumar(x(), n)

        
x(1) = t: x(2) = i: u = PotenciasDec(x(), n)

        
pa = Right$(j, 1)

        
If pa = "0" Or pa = "2" Or pa = "4" Or pa = "6" Or pa = "8" Then

           

 If Left$(u, 1) = "-" Then u = Mid$(u, 2) Else u = "-" + u

        
End If

        
v = Factorial(i, n)

        
x(1) = u: x(2) = v: w = DividirDec(x(), p + 10, n)

        
x(1) = s: x(2) = w: s = SumarDec(x(), n)

        
If Left$(w, 1) = "-" Then w = Mid$(w, 2)

        
x(1) = w: x(2) = precision: pr = RestarDec(x(), n)

        
If Left$(pr, 1) = "-" Then Exit Do

       Loop

       If Left$(s, 1) = "-" Then

        
CosP = Left$(s, px + 3)

       Else

        
CosP = Left$(s, px + 2)

       End If

End Function
Puesto que las series (11) y (12) convergen de manera rápida, la función tangente se  calculará  como el cociente entre
[image: image133.emf]x Sin

 y
[image: image134.emf]x Cos

, tal como se expone en el programa siguiente:
Public Function TanP(ByVal t As String, ByVal p As Long) As String

       Dim u As String, v As String, x(2) As String, n As Integer

       n = 7

       If t = "0" Then

        
TanP = "0"

        
Exit Function

       End If

       u = SinP(t, p): v = CosP(t, p)

       If v = "0" Then

        
MsgBox "¡La función tangente no existe!"

        
Exit Function

       End If

       x(1) = u: x(2) = v: w = DividirDec(x(), p, n)

       TanP = w

End Function
Para ilustrar el funcionamiento de los programas anteriores se han calculado los valores siguientes:


[image: image135.emf] 

 765 . 15167 SinP


      =  0.155040519314040317426370259004418400464089399508663530738108…

[image: image136.emf] 

 . 871 . 345 CosP


     = 0.956566881572219579086451185997078565240281039292585384482572…

Para hallar los valores de las funciones trigonométricas inversas  arcsen, arccos, arctan, hay que  acordarse de los desarrollos y relaciones siguientes:
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Luego, si 
[image: image141.emf]0 1 , 1     y x y y x

  entonces
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Si en la relación (14) se pone 
[image: image143.emf]2 / 3  y

 y  
[image: image144.emf]1 0   x

, entonces
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La justificación de la relación (13) es la siguiente: Si 
[image: image146.emf]x x arcsen x h arccos ) (  

, entonces 
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Así,  la función 
[image: image148.emf]h

es constante sobre el intervalo 
[image: image149.emf] 
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 y puesto que 
[image: image150.emf]2 / ) 0 (   h

, resulta la igualdad (13). La relación (13) es importante puesto que permite deducir el desarrollo de la función 
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 conociendo   el  de la función 
[image: image152.emf]arcsen

:
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La serie (14) converge lentamente cuando 
[image: image154.emf] 

1 , 5 . 0  x

  y en estos casos se recomienda que el cálculo de
[image: image155.emf]arcsenx

se haga a partir de las fórmulas (16). En efecto, si 
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Tenemos la tabla de variación siguiente:

	x
	0.5
	
	1
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La tabla muestra que la función g transforma el intervalo 
[image: image161.emf] 

1 , 5 . 0

 en el intervalo 
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Y esto justifica la utilización de la fórmula (16) para calcular 
[image: image163.emf]arcsenx

cuando
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1 , 5 . 0  x

.

Para calcular los valores de la función 
[image: image165.emf]arctan

 se utilizarán los desarrollos siguientes:
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Teniendo en cuenta que la función
[image: image168.emf]arctan

 es par su cálculo se puede reducir   siempre a la aplicación de las fórmulas (18) y (19) en el caso 
[image: image169.emf]0  x

.  Si 
[image: image170.emf] 

7 . 1 , 6 . 0  x

, la convergencia es lenta y para remediar esta situación hay que considerar la relación conocida:
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Si en la relación (20) se pone 
[image: image172.emf]1  y

 resulta que

[image: image173.emf]) 1 (

1

1

arctan

4

arctan  





  x

x

x

x






(21)

Considerando la función 
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  y su tabla de variación es la siguiente: 

	x
	0.7
	
	1.3
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	-0.0176…
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Así para los valores de 
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3 . 1 , 7 . 0  x

, 
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  puede ser calculado a partir de la fórmula (21). Lo expuesto anteriormente sobre las funciones trigonométricas recíprocas permite escribir las siguientes funciones para su cálculo: 

Public Function ASinP(ByVal t0 As String, ByVal px As Long) As String

       Dim i As String, k As String, j As Integer, sw As Integer, sw0 As Integer, n AS Integer

       Dim u As String, v As String, v1 As String, z As String, ct As String

       Dim x(2) As String, s As String, pr As String, precision As String

       Dim w As String, res As String, t As String, p As Long

       Dim VPi As String, MedioPi As String, TercioPi As String

       n=7

       VPi = "3.14159265358979323846264338327950288419716939937510582097494459230781640"

       VPi = VPi + "6286208998628034825342117067982148086513282306647"

       VPi = VPi + "093844609550582231725359408128481117450284"

       MedioPi = Left$(DividirPor2Dec(VPi, n), px)

       If t0 = "1" Then

        
ASinP = Left$(MedioPi, px)

        
Exit Function

       End If

       If t0 = "-1" Then

        
ASinP = "-" + Left$(MedioPi, px)

        
Exit Function

       End If

       x(1) = VPi: x(2) = "3": TercioPi = DividirDec(x(), px, n)

       p = px + 20:  precision = "0."

       For j = 1 To p + 5

        
precision = precision + "0"

       Next j

       precision = precision + "1"

       'La función es impar

       If Left$(t0, 1) = "-" Then t = Mid$(t0, 2): sw0 = 1 Else t = t0

       x(1) = "0.5": x(2) = t: dif = RestarDec(x(), n)

       If Left$(dif, 1) = "-" Then

        
sw = 1

        
x(1) = t: x(2) = t

        
x(2) = MultiplicarDec(x(), n)

        
x(1) = "1"

        
x(1) = RestarDec(x(), n)

        
x(2) = "3"

        
x(1) = MultiplicarDec(x(), n)

        
x(2) = "2"

        
u = RaizIndiceNDecPos(x(), px, n)

        
x(1) = t: x(2) = u: u = RestarDec(x(), n)

        
t = DividirPor2Dec(u, n)

        
t = Left$(t, px)

       End If

       i = "-1": k = "0": u = "1": v = "1": w = t: s = t

       x(1) = t: x(2) = t

       ct = MultiplicarDec(x(), n)

       Do

        
x(1) = i: x(2) = "2"

        
i = SumarDec(x(), n)

        
x(1) = k

       
 k = SumarDec(x(), n)

       
 x(1) = u: x(2) = i: u = MultiplicarDec(x(), n)

        
x(1) = v: x(2) = k: v = MultiplicarDec(x(), n)

        
x(1) = k: x(2) = "1": v1 = SumarDec(x(), n)

        
x(1) = v: x(2) = v1: v1 = MultiplicarDec(x(), n)

        
x(1) = u: x(2) = v1: z = DividirDec(x(), p + 5, n)

        
z = Left$(z, p): x(1) = w: x(2) = ct

        
w = MultiplicarDec(x(), n)

        
x(1) = z: x(2) = w: z = MultiplicarDec(x(), n)

        
x(1) = s: x(2) = z: s = SumarDec(x(), n)

        
If Left$(z, 1) = "-" Then z = Mid$(z, 2)

        
x(1) = z: x(2) = precision: pr = RestarDec(x(), n)

        
If Left$(pr, 1) = "-" Then Exit Do

       Loop

       If sw = 1 Then

        
x(1) = TercioPi: x(2) = s

       
 s = SumarDec(x(), n)

        
res = Left$(s, px)

       Else

        
res = s

       End If

       For j = 1 To Len(res)

        
If Right$(Left$(res, j), 1) = "." Then

           

 res = Left$(res, j + px)

           
 
Exit For

        
End If

       Next j

       If sw0 = 0 Then

        
ASinP = res

       Else

        
If Left$(res, 1) = "-" Then res = Mid$(res, 2) Else res = "-" + res

        
ASinP = res

       End If

End Function

Public Function ACosP(ByVal t As String, ByVal p As Long) As String

       Dim x(2) As String, npi As String, mitadpi As String, u As String, n As Integer

       npi = "3.14159265358979323846264338327950288419716939937510582097494459230781640"

       npi = npi + "62862089986280348253421170679821480865132823066470938446095505822"

       npi = npi + "31725359408128481117450284" '162 cifras después del punto decimal

       npi = Left$(npi, p + 5) : n =7

       mitadpi = DividirPor2Dec(npi, n)

       u = ASinAPS(t, p)

       x(1) = mitadpi: x(2) = u: u = RestarDec(x(), n)

       If Left$(u, 1) = "-" Then

        
ACosP = Left$(u, p + 3)

       Else

        
ACosP = Left$(u, p + 2)

       End If

End Function

Public Function ATanP(ByVal t As String, ByVal px As Long) As String

       Dim x(2) As String, test As String, precision As String, sw As Integer, sw0 As Integer

       Dim i As String, k As String, u As String, v As String, j As Long, CuartoDePi As String

       Dim s As String, w As String, pr As String, Pi As String, dif As String, sum As String

       Dim d1 As String, d2 As String, sw1 As Integer, p As Long, n As Integer

       'Este programa no sirve para calcular el valor del número Pi.

       Pi = "3.14159265358979323846264338327950288419716939937510582097494459230781640"

       Pi = Pi + "6286208998628034825342117067982148086513282306647"

       Pi = Pi + "093844609550582231725359408128481117450284"

       n = 7

       Pi = Left$(Pi, px + 2)

       x(1) = Pi: x(2) = "4"

       CuartoDePi = DividirDec(x(), p, n)

       If t = "1" Then

        
ATanP = Left$(CuartoDePi, p + 2)

        
Exit Function

       End If

       If t = "-1" Then

        
ATanP = "-" + Left$(CuartoDePi, p + 2)

        
Exit Function

       End If

       precision = "0."

       p = px + 20

       For j = 1 To p

        
precision = precision + "0"

       Next j

       precision = precision + "1"

       If Left$(t, 1) = "-" Then t = Mid$(t, 2): sw0 = 1

       x(1) = "0.7": x(2) = t: d1 = RestarDec(x(), n)

       x(1) = "1.3": x(2) = t: d2 = RestarDec(x(), n)

       If Left$(d1, 1) = "-" And Left$(d2, 1) <> "-" Then

        
sw = 1

        
x(1) = t: x(2) = "1": dif = RestarDec(x(), t)

        
x(1) = t: x(2) = "1": sum = SumarDec(x(), n)

        
x(1) = dif: x(2) = sum: t = DividirDec(x(), p, n)

        
If Left$(t, 1) = "-" Then t = Mid$(t, 2): sw1 = 1

       End If

       x(1) = t: x(2) = "1"

       test = RestarDec(x(), n)

       If Left$(test, 1) = "-" Then

        
'El valor de t es menor que 0.7

       
 i = "0": s = t

        
Do

            

x(1) = i: x(2) = "1": i = Sumar(x(), n)

            

x(1) = "2": x(2) = i: k = Multiplicar(x(), n)

            

x(1) = k: x(2) = "1": k = Sumar(x(), n)

            

x(1) = t: x(2) = k: u = PotenciasDec(x(), n)

            

x(1) = u: x(2) = k: v = DividirDec(x(), p + 4, n)

            

x(1) = s: x(2) = v: w = Right$(i, 1)

            

If w = "0" Or w = "2" Or w = "4" Or w = "6" Or w = "8" Then

                

s = SumarDec(x(), n)

            

Else

                

s = RestarDec(x(), n)

            

End If

            

If Left$(v, 1) = "-" Then v = Mid$(v, 2)

           

 x(1) = v: x(2) = precision: pr = RestarDec(x(), n)

            

If Left$(pr, 1) = "-" Then Exit Do

        
Loop

       Else

        
'El valor de t es mayor que 1.3

        
If t = "1" Then

            

x(1) = Pi: x(2) = "4": ATanP = DividirDec(x(), p, n)

            

Exit Function

        
Else

             

s = DividirPor2Dec(Pi, n)

            

x(1) = "1": x(2) = t: u = DividirDec(x(), p, n)

            

x(1) = s: x(2) = u: s = RestarDec(x(), n)

            

i = "0"

            

Do

                

x(1) = i: x(2) = "1": i = Sumar(x(), n)

                

x(1) = "2": x(2) = i: k = Multiplicar(x(), n)

                

x(1) = k: x(2) = "1": k = Sumar(x(), n)    ' k = 2i+1

                

x(1) = t: x(2) = k: u = PotenciasDec(x(), n)

                

x(1) = k: x(2) = u: v = MultiplicarDec(x(), n)

                

x(1) = "1": x(2) = v: v = DividirDec(x(), p, n)

                

x(1) = s:  x(2) = v: w = Right$(i, 1)

                

If w = "1" Or w = "3" Or w = "5" Or w = "7" Or w = "9" Then

                    


s = SumarDec(x(), n)

                

Else

                    


s = RestarDec(x(), n)

                

End If

                

If Left$(v, 1) = "-" Then v = Mid$(dtc, 2)

                

x(1) = v: x(2) = precision: pr = RestarDec(x(), n)

                

If Left$(pr, 1) = "-" Then Exit Do

            

Loop

        
End If

       End If

       If sw = 1 Then

           
If sw1 = 1 Then s = "-" + s

        

x(2) = s: x(1) = CuartoDePi: s = SumarDec(x(), n)

        
End If

       If sw0 = 0 Then

     
ATanP = Left$(s, px + 2)

       Else

        
If Left$(s, 1) = "-" Then

            

ATanP = Left$(Mid$(s, 2), px + 2)

        
Else

            

ATanP = "-" + Left$(s, px + 3)

        
End If

      End If

End Function
A continuación consideremos las funciones trigonométricas  hiperbólicas:
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Se observa que las funciones 
[image: image185.emf]Sh

 y
[image: image186.emf]Th

son impares y que 
[image: image187.emf]Ch

es par.

Las fórmulas (22) – (24) se justifican de la manera siguiente:
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Así, 
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En el caso de la función 
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 la función reciproca no existe. Sin embargo existe   la función reciproca  de las restricciones de esta función sobre los intervalos  
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, de donde resulta que  
[image: image195.emf]



1

2

   z x Ln x

  puesto que

[image: image196.emf]



0

1

1

1

2

2



 

   

z z

Ln z z Ln x


Finalmente si 
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Los valores de las funciones 
[image: image199.emf]x Sh

 y 
[image: image200.emf]x Ch

se pueden calcular a partir de los desarrollos:
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, que convergen de manera rápida. Luego 
[image: image202.emf]x Th

 es el cociente entre 
[image: image203.emf]x Sh

 y 
[image: image204.emf]x Ch

.

Public Function ShP(ByVal t As String, ByVal p As Long) As String

       Dim i As String, u As String, v As String, w As String

       Dim x(2) As String, k As Integer, pr As String

       Dim s As String, precision As String, n As Integer

       ' p es el número de los decimales exactos deseados en el resultado.

       n = 7: precision = "0."

       For k = 1 To p + 5

        
precision = precision + "0"

       Next k

       precision = precision + "1"

       If t = "0" Then

        
ShP = "0"

        
Exit Function

       End If

       i = "1": s = t

       Do

        
x(1) = i: x(2) = "2": i = Sumar(x(), n)

        
x(1) = t: x(2) = i: u = PotenciasDec(x(), n)

       
 v = Factorial(i, n)

        
x(1) = u: x(2) = v: w = DividirDec(x(), p + 5, n)

        
x(1) = s: x(2) = w: s = SumarDec(x(), n)

       
 If Left$(w, 1) = "-" Then w = Mid$(w, 2)

       
 x(1) = w: x(2) = precision: pr = RestarDec(x(), n)

        
If Left$(pr, 1) = "-" Then Exit Do

       Loop

       For k = 1 To Len(s)

        
If Right$(Left$(s, k), 1) = "." Then

            

s = Left$(s, k + p)

            

Exit For

        
End If

       Next k

       ShP = s

End Function

Public Function ChP(ByVal t As String, ByVal p As Long) As String

       Dim i As String, k As Integer, u As String, v As String

       Dim s As String, precision As String, pr As String

       Dim x(2) As String, w As String, n As Integer

       ' p es el número de los decimales exactos deseados en el resultado.

       n = 7 : precision = "0."

       For k = 1 To p + 5

        
precision = precision + "0"

       Next k

       precision = precision + "1"

       If t = "0" Then

        
ChP = "1"

        
Exit Function

       End If

       i = "0":  s = "1"

       Do

        
x(1) = i: x(2) = "2": i = Sumar(x(), n)

        
x(1) = t: x(2) = i: u = PotenciasDec(x(), n)

        
v = Factorial(i, n)

        
x(1) = u: x(2) = v: w = DividirDec(x(), p + 5, n)

        
x(1) = s: x(2) = w: s = SumarDec(x(), n)

        
If Left$(w, 1) = "-" Then w = Mid$(w, 2)

        
x(1) = w: x(2) = precision: pr = RestarDec(x(), n)

        
If Left$(pr, 1) = "-" Then Exit Do

       Loop

       For k = 1 To Len(s)

        
If Right$(Left$(s, k), 1) = "." Then

            

s = Left$(s, k + p)

            

Exit For

        
End If

       Next k

       ChP = s

End Function

Public Function ThP(ByVal t As String, ByVal p As Long) As String

       Dim u As String, v As String, x(2) As String, n As Integer

       n = 7

       u = ShP(t, p): v = ChP(t, p)

       If u = "0" Then

        
ThP = "0"

        
Exit Function

       End If

       x(1) = u: x(2) = v: w = DividirDec(x(), p, n)

       ThP = w

End Function
El cálculo de los valores de las funciones recíprocas de las funciones trigonométricas hiperbólicas  se podría realizar a partir de los desarrollos siguientes:   
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Puesto que las funciones 
[image: image209.emf]ArSh

 y 
[image: image210.emf]ArTh

son impares, el cálculo de los valores  de estas funciones siempre se puede reducir al caso cuando el argumento es positivo. Luego, se sabe que para x cerca de 1, las series (26)-(29) convergen lentamente y así  en estas situaciones hay que buscar métodos alternativos. 

En el caso de la función 
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hay que considerar las fórmulas siguientes:
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Luego tenemos también
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Para utilizar la fórmula (30), hay que aproximar con mucha exactitud a
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Esto se puede realizar con la fórmula (7’)  puesto que 
[image: image217.emf] 
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 se puede calcular con mucha precisión. El programa que efectúa ese cálculo es la siguiente:

Public Function ArSh1P(ByVal px As Long) As String

       Dim i As String, i2 As String, j As String, x(2) As String

       Dim u As String, v As String, w As String, k As Integer, r2 As String, r3 As String

       Dim s As String, precision As String, pr As String, Nuln2 As String, n As Integer

       Nuln2 = "0.69314718055994530941723212145817656807550013436025525412068000"

       Nuln2 = Nuln2 + "9493393621969694715605863326996418687542001481020570685733"

       n = 7

       x(1) = "2": x(2) = "2": r2 = RaizIndiceNDecPos(x(), px, n)

       x(1) = r2: x(2) = "2": r2 = Left$(MultiplicarDec(x(), n), 122)

       x(1) = r2: x(2) = "1": r2 = SumarDec(x(), n)

       x(1) = r2: x(2) = r2: r3 = Left$(MultiplicarDec(x(), n), 122)

       precision = "0."

       For k = 1 To px

        
precision = precision + "0"

       Next k

       precision = precision + "1"

       s = "1": i = "0"

       Do

       
 x(1) = i: x(2) = "1":  i = Sumar(x(), n)

        
x(1) = i: x(2) = "2": i2 = Multiplicar(x(), n)

        
x(1) = i2: x(2) = "1":  j = Sumar(x(), n)

        
x(1) = r3: x(2) = i: u = PotenciasDec(x(), n)

        
u = Left$(u, px + 2)

        
x(1) = j: x(2) = u: v = MultiplicarDec(x(), n)

        
x(1) = "1": x(2) = v: w = DividirDec(x(), px, n)

        
x(1) = s: x(2) = w: s = SumarDec(x(), n)

        
x(1) = w: x(2) = precision: pr = RestarDec(x(), n)

           
If Left$(pr, 1) = "-" Then Exit Do

       Loop

       x(1) = s: x(2) = "2": s = MultiplicarDec(x(), n)

       x(1) = s: x(2) = r2: s = DividirDec(x(), px, n)

       x(1) = "0.5": x(2) = Nuln2

       x(1) = MultiplicarDec(x(), n): x(2) = s

       s = SumarDec(x(), n)

       For k = 1 To Len(s)

        
If Right$(Left$(s, k), 1) = "." Then

            

s = Left$(s, k + px)

            

Exit For

        
End If

       Next k

       ArSh1P = s

End Function
Al ejecutar el programa ArSh1, poniendo 
[image: image218.emf]164  px

 se obtiene el resultado siguiente:

ArSh(1) = 0.8813735870195430252326093249797923090281603282616354107532956086

       5337718422202608783370689191025604285673981619210649218888932140

       1619989676131634669774462684…

Las series (26) y (27) convergen lentamente  cuando 
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 y 
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, respectivamente. Para remediar esta situación hay que  estudiar la función
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, que aparece en la fórmula (30). Tenemos:
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no se anula y puesto que   
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 resulta que la función es estrictamente creciente en su dominio de definición. La tabla de variación de la función 
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 es la siguiente:
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	-0.317…
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Por tanto, según la fórmula (30), el cálculo de 
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 en los puntos 
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 se reduce a calcular los valores de la misma función en el intervalo   
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, donde las series (26) y (27) convergen de manera más rápida. Por otra parte, la función 
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 es impar, puesto que, cualquiera que sea 
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Teniendo en cuenta lo expuesto anteriormente, el cálculo de los valores de la función
[image: image237.emf] 
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 se  realizará de la manera siguiente: Si 
[image: image238.emf]0  x

 se tendrá en cuenta la relación (33), si 
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 y 
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 los cálculos se llevarán  a cabo mediante las series (26) y (27) y, si 
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 se aplicará la fórmula (30). Por ejemplo,
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El programa que calcula los valores de 
[image: image247.emf]ArSh

 es la siguiente:

Public Function AShP(t0 As String, p As Long) As String

       Dim i As String, j As String, k As String, k1 As Integer, sw1 As Integer, sw2 As Integer, sw3 As Integer

       Dim u As String, v As String, w As String, precision As String, sg1 As String, sg2 As String

       Dim pr As String, s As String, x(2) As String, z As String, q As String, dif As String

       Dim t1 As Single, t2 As Single, t3 As Single, t As String, ArSh1 As String, n As Integer

       ' Definida en (-infinito, +infinito) 

       ArSh1 = "0.881373587019543025232609324979792309028160328261635410753295608653377184"

       ArSh1 = ArSh1 + "222026087833706891910256042856739816192106492188"

       ArSh1 = ArSh1 + "88932140161998967613163466977446268427" ' 162 cifras después del punto decimal

       If t0 = "0" Then

        
AShP = "0"

        
Exit Function

       End If

       If t0 = "1" Then

         
AShP = Left$(ArSh1, p + 2)

        
Exit Function

       End If

       If t0 = "-1" Then

        
AShP = "-" + Left$(ArSh1, p + 2)

        
Exit Function

       End If

       n = 7 : t = t0

       If Left$(t, 1) = "-" Then

        
sw1 = 1: t = Mid$(t, 2)

       End If

       x(1) = "0.6": x(2) = t: dif = RestarDec(x(), n): sg1 = Left$(dif, 1)

       x(1) = t: x(2) = "2": dif = RestarDec(x(), n): sg2 = Left$(dif, 1)

       If sg1 = "-" And sg2 = "-" Then

        
x(1) = "2": x(2) = "2": u = RaizIndiceNDecPos(x(), p, n)

        
x(1) = t: x(2) = u: u = MultiplicarDec(x(), n)

        
x(1) = t: x(2) = t: v = MultiplicarDec(x(), n)

        
x(1) = v: x(2) = "1": v = SumarDec(x(), n)

        
x(1) = v: x(2) = "2": v = RaizIndiceNDecPos(x(), p, n)

        
x(1) = u: x(2) = v: t = RestarDec(x(), n)

        
x(1) = t: x(2) = "1"

        
If Left$(RestarDec(x(), n), 1) = "-" Then sw2 = 1 Else sw3 = 1

       End If

       precision = "0."

       
For k1 = 1 To p

        
precision = precision + "0"

       Next k1

       precision = precision + "1"

       x(1) = t: x(2) = "1": u = RestarDec(x(), n)

       If Left$(u, 1) = "-" Then

        
u = "": i = "1": s = t

       
 Do

            

x(1) = i: x(2) = "2": j = Multiplicar(x(), n) 'j = 2i

            

x(1) = j: x(2) = "1": k = Sumar(x(), n) 'k = 2i+1

            

u = Factorial(j, n): v = Factorial(i, n)

            

x(1) = v: x(2) = v: v = Multiplicar(x(), n)

            

x(1) = v: x(2) = k: v = Multiplicar(x(), n)

            

x(1) = "2": x(2) = j

            

x(1) = PotenciasDec(x(), n): x(2) = v

           

 v = Multiplicar(x(), n)

            

x(1) = u: x(2) = v: z = DividirDec(x(), p, n)

            

x(1) = t: x(2) = k: w = PotenciasDec(x(), n)

            

x(1) = z: x(2) = w: z = MultiplicarDec(x(), n)

            

q = Right$(i, 1)

            

x(1) = s: x(2) = z

            

If q = "0" Or q = "2" Or q = "4" Or q = "6" Or q = "8" Then

                

s = SumarDec(x(), n)

            

Else

                

s = RestarDec(x(), n)

            

End If

            

If Left$(z, 1) = "-" Then z = Mid$(z, 2)

            

x(1) = z: x(2) = precision: pr = RestarDec(x(), n)

            

If Left$(pr, 1) = "-" Then Exit Do

            

x(1) = i: x(2) = "1": i = Sumar(x(), n)

        
Loop

       Else

        
i = "1"

        
x(1) = t: x(2) = "2": u = MultiplicarDec(x(), n)

        
s = LnP(u, p)

        
Do

            

x(1) = i: x(2) = "2": j = Multiplicar(x(), n) 'j=2i

            

u = Factorial(j, n): v = Factorial(i, n)

            

x(1) = v: x(2) = v: v = Multiplicar(x(), n)

            

x(1) = v: x(2) = j: v = Multiplicar(x(), n)

            

x(1) = "2": x(2) = j

            

x(1) = PotenciasDec(x(),  n): x(2) = v

            

v = Multiplicar(x(), n)

            

x(1) = u: x(2) = v: z = DividirDec(x(), p, n)

            

x(1) = t: x(2) = j: w = PotenciasDec(x(), n)

            

x(1) = "1": x(2) = w: w = DividirDec(x(), p, n)

            

x(1) = z: x(2) = w: z = MultiplicarDec(x(), n)

            

q = Right$(i, 1)

            

x(1) = s: x(2) = z

            

If q = "0" Or q = "2" Or q = "4" Or q = "6" Or q = "8" Then

                

s = RestarDec(x(), n)

            

Else

                

s = SumarDec(x(), n)

           

 End If

            

If Left$(z, 1) = "-" Then z = Mid$(z, 2)

            

x(1) = z: x(2) = precision: pr = RestarDec(x(), n)

           

 If Left$(pr, 1) = "-" Then Exit Do

            

x(1) = i: x(2) = "1": i = Sumar(x(), n)

        
Loop

       End If

       If sw1 = 0 And sw2 = 0 And sw3 = 0 Then

        
AShP = Left$(s, p)

        
Exit Function

       End If

       If sw1 = 1 And sw2 = 0 And sw3 = 0 Then

        
AShP = "-" + Left$(s, p)

        
Exit Function

       End If

       If sw1 = 0 And sw2 = 1 Then

        
x(1) = Left$(ArSh1, p + 2): x(2) = Left$(s, p + 2)

        
AShP = Left$(SumarDec(x(), n), p)

        
Exit Function

       End If

       If sw1 = 1 And sw2 = 1 Then

        
x(1) = "-" + Left$(ArSh1, p + 2): x(2) = Left$(s, p + 2)

        
AShP = Left$(RestarDec(x(), n), p)

        
Exit Function

       End If

       If sw1 = 0 And sw3 = 1 Then

        
x(1) = Left$(ArSh1, p + 2): x(2) = Left$(s, p + 2)

        
AShP = Left$(SumarDec(x(), n), p)

         
Exit Function

       End If

       If sw1 = 1 And sw3 = 1 Then

        
x(1) = "-" + Left$(ArSh1, p + 2): x(2) = Left$(s, p + 2)

        
AShP = Left$(RestarDec(x(), n), p)

          
Exit Function

       End If

End Function

A parir de la fórmula  (22), se puede dar una versión más sencilla del cálculo de la función  
[image: image248.emf]ArSh

, sin embargo en algunos casos es más lenta:
Public Function AShP1(t As String, p As Long) As String

   
 ' La función esta definida de -infinito a +infinito

    
Dim u As String, x(2) As String, sw As Integer, n As Integer


n = 7

    
If t = "0" Then

        

AShP1 = "0"

        

Exit Function

    
End If

    
If Left(t, 1) = "-" Then t = Mid$(t, 2): sw = 1

   
 x(1) = t: x(2) = t

    
u = MultiplicarDec(x(), n)

    
x(1) = u: x(2) = "1"

    
u = SumarDec(x(), n)

    
x(1) = u: x(2) = "2"

    
u = RaizIndiceNDecPos(x(), p, n)

    
x(1) = t: x(2) = u

   
 u = SumarDec(x(), n)

    
u = LnP(u, p)

    
If  sw = 0 Then AShP1 = u  Else  AShP1 = "-" + u

End Function
Teniendo en cuenta que la convergencia de la serie (28) para 
[image: image249.emf]x

 cerca de 1 es lenta, para el cálculo de los valores de la función
[image: image250.emf]cos Ar

se procederá de la manera siguiente:

Si 
[image: image251.emf]06 . 1 0   x

se utilizará la fórmula (31), si 
[image: image252.emf]6 . 1 06 . 1   x

 la fórmula (23) y finalmente, si 
[image: image253.emf]6 . 1  x

 se empleará la serie Taylor (28).

Public Function AChP(t As String, p As Long) As String

       Dim i As String, j As String, k As Long, precision As String

       Dim pr As String, s As String, x(2) As String, z As String

       Dim u As String, v As String, w As String, n As Integer

       Dim t1 As Single, t2 As Single, t3 As Single

       n = 7: x(1) = t: x(2) = "1": u = Restar(x(), n)

       If Left$(u, 1) = "-" Then

        
MsgBox "AChP esta definida para en [1,+infinito)"

        
Exit Function

       End If

       If t = "1" Then

         
AChP = "0"

        
Exit Function

       End If

       x(1) = t: x(2) = "1.06": u = RestarDec(x(), n)

       If Left$(u, 1) = "-" Then

        
x(1) = t: x(2) = t: v = MultiplicarDec(x(), n)

        
x(1) = v: x(2) = "1": v = RestarDec(x(), n)

        
x(1) = v: x(2) = "2": u = RaizIndiceNDecPos(x(), p + 4, n)

        
AChP = Left$(AShP(u, p + 4), p + 2)

        
Exit Function

       Else

        
x(1) = t: x(2) = "1.6": u = RestarDec(x(), n)

        
If Left$(u, 1) = "-" Then

            

x(1) = t: x(2) = t

            

x(1) = MultiplicarDec(x(), n)

            

x(2) = "1"

           

 u = RestarDec(x(), n)

            

x(1) = u: x(2) = "2": u = RaizIndiceNDecPos(x(), p + 4, n)

            

x(1) = t: x(2) = u: u = SumarDec(x(), n)

            

u = LnP(u, p)

            

AChP = Left$(u, p + 2)

            

Exit Function

       
 End If

       End If

       precision = "0."

       For k = 1 To p + 20

        
precision = precision + "0"

       Next k

       precision = precision + "1"

       i = "1"

       x(1) = t: x(2) = "2": u = MultiplicarDec(x(), n)

       s = LnP(u, p)

       Do

        
x(1) = i: x(2) = "2": j = Multiplicar(x(), n) 'j=2i

        
u = Factorial(j, n): v = Factorial(i, n)

        
x(1) = v: x(2) = v: v = Multiplicar(x(), n)

        
x(1) = v: x(2) = j: v = Multiplicar(x(), n)

        
x(1) = "2": x(2) = j

        
x(1) = Potencias(x(), n): x(2) = v

        
v = Multiplicar(x(), n)

        
x(1) = u: x(2) = v: z = DividirDec(x(), p + 20, n)

        
x(1) = t: x(2) = j: w = PotenciasDec(x(), n)

        
x(1) = "1": x(2) = w: w = DividirDec(x(), p + 20, n)

        
x(1) = z: x(2) = w: z = MultiplicarDec(x(), n)

        
x(1) = s: x(2) = z: s = RestarDec(x(), n)

        
If Left$(z, 1) = "-" Then z = Mid$(z, 2)

        
x(1) = z: x(2) = precision: pr = RestarDec(x(), n)

        
If Left$(pr, 1) = "-" Then Exit Do

        
x(1) = i: x(2) = "1": i = Sumar(x(), n)

       Loop

       AChP = Left$(s, p + 2)
End Function

Utilizando la fórmula  (23), se puede dar una versión más sencilla del cálculo de la función  
[image: image254.emf]ArCh

, sin embargo en algunos casos es más lenta:
Public Function AChP1(t As String, p As Long) As String

       ' Definida de en [1 , +infinito)

       Dim u As String, x(2) As String, n As Integer

       n = 7

       If t = "1" Then

        
AChP1 = "1"

        
Exit Function

       End If

       x(1) = t: x(2) = "1"

       u = RestarDec(x(), n)

       If Left$(u, 1) = "-" Then

        
MsgBox " LA función no esta definida para valores menores que 1"

        
Exit Function

       End If

       x(1) = t: x(2) = t

       x(1) = MultiplicarDec(x(), n)

       x(2) = "1"

       u = RestarDec(x(), n)

       If Left$(u, 1) = "-" Then

        
MsgBox "¡Error! La función no está definida en este punto."

        
Exit Function

       End If

       x(1) = u: x(2) = "2"

       u = RaizIndiceNDecPos(x(), p, n)

       x(1) = t: x(2) = u

       u = SumarDec(x(), n)

       u = Left$(LnP(u, p), p + 2)

       AChP = u

End Function

Los valores de la función
[image: image255.emf]ArTh

se pueden calcular  según el desarrollo (29) o utilizando la fórmula (24). Las dos maneras tienen sus inconvenientes. La serie (29) converge lentamente cuando 
[image: image256.emf]1 7 . 0   x

  y los cálculos a partir de la relación (24) tampoco son muy rápidos. La solución al problema podría ser la siguiente: Si 
[image: image257.emf]7 . 0 0   x

 , los cálculos se harán con la serie (29) y en el caso contrario con la fórmula (24).
Public Function AThP(tx As String, px As Long) As String

       ' La función está definida en (-1,1)

       Dim u As String, x(2) As String, precision As String, p As String

       Dim i As String, t As String, k As Long, pr As String, v As String, w As String

       Dim t1 As Single, t2 As Single, t3 As Single, sw As Integer, n As Integer

       n = 7

       If Left$(tx, 1) = "-" Then

        
t = Mid$(tx, 1): sw = 1

       Else

        
t = tx

       End If

       x(1) = "1": x(2) = t

       u = RestarDec(x(), n)

       If Left$(u, 1) = "-" Then

         
MsgBox " La funcón ATh esta definida solo en el intervalo (-1,1)"

        
Exit Function

       End If

       p = px + 5

       If t = "0" Then

        
AThP = "0"

        
Exit Function

       End If

       x(1) = "0.7": x(2) = t

       v = Left$(RestarDec(x(), n), 1)

       If v = "-" Then

        
x(1) = "1": x(2) = t

        
u = RestarDec(x(), n)

        
x(1) = "1": x(2) = t

        
w = SumarDec(x(), n)

       
 x(1) = u: x(2) = w

        
t = DividirDec(x(), px, n)

        
u = LnAPS(t, px)

        
x(1) = "-0.5": x(2) = u

        
s = MultiplicarDec(x(), n)

       
 If sw = 0 Then

            

AThP = Left$(s, px)

        
Else

             

If Left$(s, 1) <> "-" Then

                

AThP = "-" + Left$(s, px)

            

Else

                

AThP = Mid$(Left$(s, px), 1)

            

End If

        
End If

       Else

        
precision = "0."

        
For k = 1 To p

            

precision = precision + "0"

        
Next k

        
precision = precision + "1"

        
s = t: i = 1

        
Do

            

x(1) = i: x(2) = "2"

            

i = Sumar(x(), n)

            

x(1) = t: x(2) = i

            

x(1) = PotenciasDec(x(), n): x(2) = i

           

u = DividirDec(x(), p, n)

           

 x(1) = s: x(2) = u

            

s = SumarDec(x(), n)

            

If Left$(u, 1) = "-" Then u = Mid$(u, 2)

            

x(1) = u: x(2) = precision

            

pr = RestarDec(x(), n)

            

If Left$(pr, 1) = "-" Then Exit Do

        
Loop

        
If sw = 0 Then AThP = Left$(s, px + 2) Else AThP = "-" + Left$(s, px + 3)

       End If

End Function

A continuación se expone un programa que utiliza únicamente la fórmula (24), que es más sencillo pero no siempre es rápido:
Public Function AThP1(t As String, p As Long) As String

       ' La función está definida en (-1,1)

       Dim u As String, v As String, w As String, x(2) As String, n As Integer

       If t = "0" Then

        
AThPS1 = "0"

        
Exit Function

       End If

       If t = "-1" Or t = "1" Then

        
MsgBox " la función no está definida en los puntos 1 y -1"

        
Exit Function

       End If

       n = 7: x(1) = "1": x(2) = t: u = RestarDec(x(), n)

       If Left$(u, 1) = "-" Then

        
MsgBox "¡Error! La función no está definida [1,+infinito)"

        
Exit Function

       End If

       x(1) = "-1": x(2) = t: u = RestarDec(x(), n)

       If Left$(u, 1) <> "-" Then

        
MsgBox "¡Error! La función no está definida (-infinito,]"

        
Exit Function

       End If

       x(1) = "1": x(2) = t

       u = SumarDec(x(), n): v = RestarDec(x(), n)

       x(1) = u: x(2) = v: w = DividirDec(x(), p, n)

       If Left$(w, 1) = "-" Then

        
MsgBox "¡Error! La función no está definida en este punto."

       
Exit Function

       End If

       x(1) = "0.5": x(2) = LnP(w, p)

       AThP1 = Left$(MultiplicarDec(x(), n), p + 2)
End Function

Anteriormente ya se ha dicho que los programas
[image: image258.emf]1 AShP

,
[image: image259.emf]1 AChP

 y 
[image: image260.emf]1 AThP

 para ciertos valores del argumento funcionan de manera rápida y para otros más lentamente. Sin embargo, en ordenadores más potentes (por ejemplo en los que  las variables de precisión doble pueden almacenar 32 cifras y así se puede trabajar con bloques de 
[image: image261.emf]15  n

 cifras) estos programas funcionarán mejor. A esto hay que añadir que  la rapidez de los ordenadores ha experimentado continuamente un aumento vertiginoso y,  si esto continua así,  estos programas funcionarán también mucho mejor.

Consideremos ahora las funciones 
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, se puede escribir que
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(33)

Los programas para calcular los valores de las funciones 
[image: image269.emf]f

 y
[image: image270.emf]g

, basados en las relaciones (33), son las siguientes:
Public Function PotRealA(ByRef t() As String, p As Long) As String

       ' Se calcula t(1) elevado a t(2).

       'La base t(1) y el exponente t(2) son numeros reales.

       Dim u As String, v As String, x(2) As String, k As Long, n As Integer

       n = 7

        If t(1) = "0" And t(2) = "0" Then

        
MsgBox "¡Indeterminación cero elevado a cero!"

        
Exit Function

       End If

       If t(1) <> "0" And t(2) = "0" Then

        
PotRealA = "1"

        
Exit Function

       End If

       If t(1) = "0" And t(2) <> "0" Then

        
PotRealA = "0"

        
Exit Function

       End If

       If t(1) = "1" Then

        
PotRealA = "1"

        
Exit Function

       End If

      x(1) = t(2): x(2) = LnP(t(1), p)

      u = MultiplicarDec(x(), n)

      v = ExpP(u, p)

      For k = 1 To Len(v)

        
If Right$(Left$(v, k), 1) = "." Then

            

v = Left$(v, k + p)

            

Exit For

        
End If

       Next k

      PotRealA = v

End Function

Public Function PotRealB(ByRef t() As String, p As Long) As String

       'Se calcula t(1)^(1/t(2)), t(1) y t(2) son números reales.

       Dim u As String, v As String, x(2) As String, k As Long, n As Integer

       n = 7

       If t(2) = "0" Then

        
MsgBox "¡ División por cero!"

        
Exit Function

       End If

       If t(1) = "0" And t(2) <> "0" Then

        
PotRealB = "0"

        
Exit Function

       End If

       If t(1) = "0" Then

        
PotRealB = "0"

       
Exit Function

       End If

       If t(1) = "1" Then

        
PotRealB = "1"

        
Exit Function

       End If

       x(1) = 1: x(2) = t(2)

       u = DividirDec(x(), p, n)

       x(1) = u: x(2) = LnP(t(1), p)

       u = MultiplicarDec(x(), n)

       v = ExpP(u, p)

       For k = 1 To Len(v)

        
If Right$(Left$(v, k), 1) = "." Then

            

v = Left$(v, k + p)

            

Exit For

        
End If

       Next k

       PotRealB = v

End Function

El cálculo con precisión grande  de los radicales ha sido ya expuesto en la monografía [5].
Para  trabajar con los programas anteriores es imprescindible tener en un Module  a la mayoría de las  funciones publicadas en [4] y [5] (para operar con enteros grandes o decimales largos). Para hacer cálculos con números que tienen  más de 150 cifras después del punto decimal es preciso sustituir en los programas anteriores los valores de 
[image: image271.emf]e , , 10 ln , 5 ln , 3 ln , 2 ln 

  y de 
[image: image272.emf]) 1 ( arcsen

 con valores más precisos.
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