El algoritmo de Ruffini (Horner) y su generalizacion para ordenadores.
Aladar Peter Santha

Teorema 1:Si  f& =a,X"+a,, X"+ +a,X?+aX+a, €>1 y g& =X -a
, son dos polinomios con coeficientes en un anillo conmutativo con elemento neutro,
entonces existe un polinomio q €&« :e A I( de grado n—1y r € A tales que
f& =&-a_q& rr (1)
Demostracion: Suponiendo que
Q€& =b, X" +b, , X" 2 4. +b X +D,
«-a -q€« +r=b X" +&,,-ab,_; X"+ &, ;-ab,_, X"+
o+ @, —aby X3+ @ —ab, X2+ @, —ab, X +r—ab,
, de la igualdad (1) resulta que
bn—l =a,
b,,—ab,y, =84 < b,,=a,45+ab4
b,s—ab,,=a,, < b, 3=a,,+ab,_,
b, —ab;=a; < b,=a;+ab, @)
b-ab,=a; < b =a,+ab,
by—ab,=a; & by=g +ab
r—aby=a, < r=a;+ab,
Segun las igualdades (2), al conocer el coeficiente b, del polinomio q& : el
coeficiente b, , se puede calcular segun la formula siguiente:
b, =a +ab €=n-1,..0.
Este procedimiento sencillo para el calculo de los coeficientes del cociente, entre el
polinomio f & : y el polinomio X —a, se llama el algoritmo de Ruffini (6 Horner). El
calculo se puede organizar segun el esquema siguiente:

an an—l an—z a'2 al ao
a ab. , ab, , ab, ab, ab,
bn—l = an bn—2 bn—3 bl bO r

Para rellenar la tabla, se completan primero las casillas con los coeficientes del
polinomio y la casilla con el valor de a. Como segundo paso, en la casilla que se
encuentra en la columna de a, Yy la tercera fila, se coloca el valor de a,. En la tercera

etapa, se rellenan progresivamente las casillas de la segunda y la tercera fila. Para esto
se multiplica con a el contenido de la ultima casilla rellenada en la tercera fila y se
coloca el producto en la casilla de la segunda fila de la columna siguiente, luego se
suma el contenido de ésta ultima casilla con el contenido de la casilla que se encuentra
en la primera fila de la misma columna, colocando la suma en la tercera fila de ésta
columna. El proceso se continda hasta que la tabla quedara rellenada.

Ejemplo 1: Si A=R, f& =X*-2X?+2X+5 y a=2, entonces se obtiene la tabla
siguiente:



, de donde resulta que

Q& =X*+2X2+2X+7 y r=11,
Si los coeficientes del polinomio y el valor del parametro a son enteros o decimales, la
codificacion del calculo del ejemplo 1 es la siguiente:

Public Function RuffiniAR(ByRef p() As Double, ByVal a As Double) As String
Dim q() As Double, g As Integer, i As Integer
Dim res As String, c() As Double, rc As String
g = UBound(p()): rc = Chr$(13) + Chr$(10)
ReDim q(g), c(g - 1)

q(0) =p(0)
Fori=0Tog-1

qi+1)=q(i) *a+p(i+1)
Next i

Fori=0Tog-1:c(i)=q(i): Nexti 'c() es el cociente
res = "Cosiente =" + FormatoPolR(c()) + rc
RuffiniAR = res + "Resto = " + Str$(q(g)) ' q(g) es el resto
End Function
Public Function FormatoPolR(ByRef gx() As Double) As String
Dim i As Integer, pol As String
gx = UBound(gx())
If Abs(gx(0)) = 1 Then
If gx(0) =1 Then
If gx>1 Then
pol = pol + "X"" + Str$(gx)

Else
pol = pol + "X"
End If
End If
1f gx(0) = -1 Then
If gx> 1 Then
pol = pol + "= X"" + Str$(gx)
Else
pol = pol + "- X"
End If
End If
Else
If Abs(gx(0)) > 1 Then
pol = pol + Str$(gx(0))
Else
If gx(0) > 0 Then
pol = pol + "0" + Mid$(Str$(Abs(gx(0))), 2)
Else
pol = pol + "- 0" + Mid$(Str$(Abs(gx(0))), 2)
End If
End If
If gx > 1 Then
pol = pol + " X" + Str$(gx)
Else
pol = pol + " X"
End If
End If
Fori=1Togx

If gx(i) <> 0 Then
If gx(i) < 0 Then
pol = pol + " - *
Else
pol = pol + " +*
End If
If Abs(gx(i)) <> 1 Then
If Abs(gx(i)) > 1 Then
pol = pol + Mid$(Str$(Abs(gx(i))), 2)



Else
pol = pol + "0" + Mid$(Str$(Abs(ax(i))), 2)
End If
Else
Ifi = gx Then
pol = pol + Mid$(Str$(1), 2)
End If
End If
Ifi<gx Then
pol = pol + " X"
End If
Ifi<gx-1Then
pol = pol + """ + Str$(gx - i)
End If
End If
Next i
VerPoIR = pol

End Function

Observacion 1: Si se pone X =a en la igualdad (1) resulta que f& =r, es decir el
valor del polinomio f (<: en el punto a es el resto de la division del polinomio
con X —a. De hecho, el esquema de Ruffini se utiliza mas bien para calcular los valores
de las funciones de tipo polinomio (este es el caso cuando se aproximan los ceros de un
polinomio por el método de la biparticiéon). La funcién RuffiniAR se puede adaptar a
este caso, cuando no interesan los coeficientes del cociente:

Public Function VValPoIR(ByRef p() As Double, ByVal a As Double) As Double
Dim i As Integer, gp As Integer, g As Double

gp = UBound(p(): g = p(0)
Fori=0Togp-1:q=qg*a+p(i +1): Nexti
ValPoIR = q

End Function

Si el polinomio o el pardmetro a tienen valores que no son ni enteros ni decimales,
entonces considerando valores aproximados para ellos, el cddigo RuffiniA devolvera
un resultado que es también aproximado. Por ejemplo, si

f @ = X*+3X-2X2+2X+5Yy a=7/3
Entonces considerando las aproximaciones /3 ~1.732050807588 Yy 7/3~ 2.333333333333,
la funcién RuffiniAdevolvera el resultado siguiente:

q& =X3+q;X2+q,X +0; y r~504232133....
, donde g; #4.065384140901, q, ~7.48589632876764 y Q5 ~ 4670914337887 .

La precision de estos ultimos céalculos no es muy grande, teniendo en cuenta que
haciendo los calculos a mano se obtiene r =50.42319....

Si en la resolucién de las ecuaciones algebraicas por el método de la biparticion se
quieren calcular los ceros con mas de 16 decimales después del punto decimal, los
valores de la polinomio hay que calcular con el método de Ruffini adaptado a las
operaciones con enteros y decimales largos:

Public Function ValPolRG(ByRef p() As String, ByVal a As String) As String
Dim i As Integer, gp As Integer, g As String, x(2) String, n as integer
gp = UBound(p()): g = p(0):n7=7
Fori=0Togp-1

X(1) = g: x(2) = a: x(1) = MultiplicarDec(x(1), x(2))
X(2) = p(i+1): g = SumarDec(x(1), x(2))

Next i
ValPolRG =q
End Function

Ejemplo2: Si A=C, f@& = @-3i X" -2X?+€+i X +7—-4i y a=3+i
, entonces se obtiene la tabla siguiente:



2-3i 0 -2 5+i 7-4i

3+i 9-7i 34-12i 108-4i 342+104i

2-3i 9-7i 32-12i 113-3i 349+100i

Asi,
Q& = €-3i X°+@-7i X*+€2-12i X +113-3i y r=349+100i
Los célculos se pueden programar para ordenadores de la manera siguiente:

Public Function RuffiniAC(ByRef p1() As Double, ByRef p2() As Double, ByRef a() As Double) As Variant
Dim i As Integer, gx As Integer, coci As String, r As String, rc As String
Dim q() As Double, x() As Double, rt() As Double, ra As String
gx = UBound(p1()): rc = Chr$(13) + Chr$(10)

ReDim q(gx, 2), X(2)
q(0, 1) = p1(0): a(0, 2) = p2(0)
Fori=1Togx
x()=q(i-1,1):x@)=q(i-1,2)
rt() = ProdNC(x(), a())
q(i, 1) = rt(1) + p1(i): q(i, 2) = rt(2) + p2(i)
Next i
ReDim q1(gx - 1), g2(gx - 1)
Fori=0Togx-1
aq1(i) = q(i, 1): 42(i) = (i, 2)
Next i
coci = FormatoPolinomioComplejo(g1(), 92())
ra="Cociente: " + coci + rc
r = FormatoNumeroComplejo(q(gx, 1), q(gx, 2))
ra=ra+ rc + "Resto de la division =" + r
RuffiniAC =ra

End Function

Public Function ProdNC(ByRef x() As Double, ByRef a() As Double) As Variant
Dim pr() As Double
ReDim pr(2)
pr(1) = x(1) *a(1) - x(2) * a(2)
pr(2) = x(1) * a(2) + a(1) * x(2)

ProdNC = pr()

End Function

Public Function FormatoPolinomioComplejo(ByRef z1() As Double, ByRef z2() As Double) As String
Dim i As Integer, j As Integer, gx As Integer
Dim cd As String, cm As String
gx = UBound(z1())

Fori=0Togx
If z1(i) <> 0 Or z2(i) <> 0 Then
Ifi=0 Then
1fz2(0) = 0 Then
If Abs(z1(0)) <> 1 Then
cm = 2(z1(0))
Else
If gx <> 0 Then
1fz1(0) = -1 Then cm = "-"
Else
If z1(0) = -1 Then cm = Str$(-1) Else cm = Mid$(Str$(1), 2)
End If
End If
Else
If gx <> 0 Then
If z1(0) <> 0 Then
cm =cm + "(" + f2(z1(0))
End If
If Abs(z2(0)) <> 1 Then
1fz1(0) <> 0 Then
If z2(0) > 0 Then
cm=cm+ "+ "+ fi(Mid$(Str$(z2(0)), 2)) + "i )"
Else
cm=cm+"-"+ fL(Mid$(Str$(z2(0)), 2)) + "i )"



End If

Else
cm =cm + f2(z2(0)) + "i"
End If
Else
1fz2(0)=1Thencm=cm+"+i)"Elsecm=cm+"-i)"
End If

Else
cm = cm + 2(z1(0))
If Abs(z2(0)) <> 1 Then
1fz2(0) > 0 Then
cm=cm+ "+ "+ f1(Mid$(Str$(z2(0)), 2)) + "i"
Else
cm=cm+"-"+ fi(Mid$(Str$(z2(0)), 2)) + " i"
End If
Else
1fz2(0) =1 Thencm=cm + "+ i" Elsecm=cm + "-i"
End If
End If
End If
1f gx <> 0 Then
If gx =1 Then
cm=cm+"X"
Else
cm=cm+ " X" + Mid$(Str$(gx), 2)
End If
End If
Else
If Abs(z2(i)) <> 0 Then
Ifi<gx Then
I1f z1(i) <> 0 Then
cd=cd+ "+ ("+ f2((z1(i)))
If Abs(z2(i)) <> 1 Then
If z2(i) > 0 Then
cd=cd + "+ "+ fL(Mid$(Str$(z2(i)), 2)) + "i )"
Else
If z2(i) < 0 Then
cd=cd +"- "+ f1(Mid$(Str$(z2(i)), 2)) + "i )"
End If
End If
Else
Ifz2(i)=1Thencd=cd+"+i)"Elsecd =cd +" -i)"
End If
Else
If Abs(z2(i)) <> 1 Then
If z2(i) < 0 Then
cd=cd +"- "+ fL(Mid$(Str$(z2(i)), 2)) + "i"
Else
If z2(i) > 0 Then
cd=cd + "+ "+ fL(Mid$(Str$(z2(i)), 2)) + " i"
End If
End If
Else
Ifz2(i)=1Thencd=cd+"+i"Elsecd=cd + " - i"
End If
End If
Else
If z1(i) > 0 Then
cd=cd + "+ "+ fL(Mid$(Str$(z1(i)), 2))
Else
1fz1(i) < 0 Then
cd=cd+"-"+ fL(Mid$(Str$(z1(i)), 2))
End If
End If
If Abs(z2(i)) <> 1 Then
If z2(i) > 0 Then
cd=cd + "+ "+ fL(Mid$(Str$(z2(i)), 2)) + " i"
Else
1f z2(i) < 0 Then
cd=cd +"- "+ f1(Mid$(Str$(z2(i)), 2)) + "i"
End If
End If
Else
Ifz2(i)=1Thencd=cd+"+i"Elsecd=cd + " - i"
End If
End If



Else
If Abs(z1(i)) <> 0 Then
If Abs(z1(i)) <> 1 Then
1f z1(i) < 0 Then
cd=cd+"-"+ fL(Mid$(Str$(z1(i)), 2))
Else
cd=cd + "+ "+ fL(Mid$(Str$(z1(i)), 2))
End If
Else
Ifz1(i)=1Thencd=cd + "+ "Elsecd=cd + " - "
End If
End If
End If
If gx > 1 Then
Ifi<gx-1Then
cd =cd + " X" + Mid$(Str$(gx - i), 2)
Else
Ifi=gx-1Then
cd=cd+"X"
End If
End If
End If
cm=cm+cd:cd=""
End If
End If
Next i
FormatoPolinomioComplejo = cm
End Function
Public Function FormatoNumeroComplejo(ByVal pr As Double, ByVal pi As Double) As String
Dimr As String
If pr <> 0 Then
r=r+1f2(pr)
End If
I1f pi <> 0 Then
If Abs(pi) =1 Then
Ifpi=1Thenr=r+"+"Elser=r+"-"
Else
If pi >0 Then
Ifpr<>0Thenr=r+"+"
r=r+ f2(pi)
Else
r=r+"-"+f1(Mid$(Str(pi), 2))
End If
End If
r=r+"i"
End If
Ifr=""Thenr="0"
FormatoNumeroComplejo = r
End Function
Public Function f1(ByVal x As String) As String
If Abs(Val(x)) >= 1 Then
fl=x
Else
If Left$(x, 1) = "." Then f1 = "0" + x Else f1 = x
End If
End Function
Public Function f2(ByVal x As Double) As String
Dim xx As String
XX = Str$(x)
If Abs(x) >= 1 Then
2 = Str$(x)
Else
If Left$(xx, 1) = "-" Then
If Left$(xx, 2) = "-." Then f2 = "-0" + Right$(xx, Len(xx) - 1) Else f2 = xx
Else
If x=0 Then
f2 = Str$(0)
Else
If Left$(xx, 2) = "." Then f2 = "0" + Right$(xx, Len(xx) - 1) Else f2 = xx
End If
End If
End If
End Function



Ejemplo 3: Sea A=DU , donde DU es el anillo de los nimeros duales, que tienen la
forma a+be (a,beR, > =0y g=0).Si
f =€-3c X*-2X?+6+e X+7-4e ya=3+¢

, entonces
2-3¢ 0 -2 5+¢ 7-4¢
3+¢ 6-7¢ 18-15¢ 48-29 ¢ 159-31¢
2-3¢ 6-7¢ 16-15¢ 53-28¢ 166-35¢

Q& =€-3¢c X®+ 675 X* + (6-15¢ X +53-28 y r=166-35¢
Los célculos se pueden programar para ordenadores de la manera siguiente:

Public Function RuffiniAD(ByRef p1() As Double, ByRef p2() As Double, ByRef a() As Double) As Variant
Dim i As Integer, gx As Integer, coci As String, r As String, rc As String
Dim q() As Double, x() As Double, rt() As Double, ra As String
gx = UBound(p1()): rc = Chr$(13) + Chr$(10)

ReDim q(gx, 2), x(2)
q(0, 1) = p1(0): q(0, 2) = p2(0)
Fori=1Togx
x(1)=q@i-1,1):x(2)=q(i-1,2)
rt() = ProdND(x(), a())
q(i, 1) = rt(1) + p1(i): q(i, 2) = rt(2) + p2(i)
Next i
ReDim q1(gx - 1), g2(gx - 1)
Fori=0Togx-1
q1(i) = q(i, 1): q2(i) = q(i, 2)
Next i
coci = FormatoPolinomioComplejo(q1(), 92())
ra = "Cociente: " + coci + rc
r = FormatoNumeroComplejo(q(gx, 1), q(gx, 2))
ra=ra+ rc+ "Resto de la division =" +r
RuffiniAD =ra

End Function

Public Function ProdND(ByRef x() As Double, ByRef a() As Double) As Variant
Dim pr() As Double
ReDim pr(2)
pr(1) = x(1) *a(1)
pPr(2) = x(1) * a(2) +a(1) * x(2)

ProdND = pr()

End Function

Public Function FormatoPolinomioDual(ByRef z1() As Double, ByRef z2() As Double) As String
Dim i As Integer, j As Integer, gx As Integer
Dim cd As String, cm As String
gx = UBound(z1())

Fori=0Togx
If z1(i) <> 0 Or z2(i) <> 0 Then
Ifi=0Then
1fz2(0) = 0 Then

If Abs(z1(0)) <> 1 Then
cm = f2(z1(0))

Else
If gx <> 0 Then

1fz1(0) = -1 Then cm = "-"



Else
If z1(0) = -1 Then cm = Str$(-1) Else cm = Mid$(Str$(1), 2)
End If
End If
Else
If gx <> 0 Then
I1f 21(0) <> 0 Then cm = cm + (" + f2(z1(0))
If Abs(z2(0)) <> 1 Then
1fz1(0) <> 0 Then
I1f z2(0) > 0 Then
cm=cm+ "+ "+ f1(Mid$(Str$(z2(0)), 2)) + "e )"
Else
cm=cm+"-"+ fl(Mid$(Str$(z2(0)), 2)) + "e )"
End If
Else
cm =cm + f2(z2(0)) + " e"
End If
Else
1fz2(0)=1Thencm=cm+"+¢e)"Elsecm=cm+"-¢e)"
End If
Else
cm = cm + f2(z1(0))
If Abs(z2(0)) <> 1 Then
1fz2(0) > 0 Then
cm=cm+ "+ "+ f1(Mid$(Str$(z2(0)), 2)) + " e"
Else
cm=cm+"-"+ f1(Mid$(Str$(z2(0)), 2)) + " e"
End If
Else
1fz2(0) =1 Thencm =cm + "+ e" Else cm = cm + "- "
End If
End If
End If
I1f gx <> 0 Then
If gx =1 Then
cm=cm+"X"
Else
cm =cm + " XA + Mid$(Str$(gx), 2)
End If
End If
Else
If Abs(z2(i)) <> 0 Then
Ifi <gx Then
I1f z1(i) <> 0 Then
cd=cd+ "+ (" + f2((z1(i)))
If Abs(z2(i)) <> 1 Then
If z2(i) > 0 Then
cd=cd+"+"+ fL(Mid$(Str$(z2(i)), 2)) + " e )"
Else
1f z2(i) < 0 Then
cd=cd+"-"+ fL(Mid$(Str$(z2(i)), 2)) + " e )"
End If
End If
Else
Ifz2(i))=1Thencd=cd+"+e)"Elsecd=cd +"-¢)"
End If
Else
If Abs(z2(i)) <> 1 Then
If z2(i) < 0 Then
cd=cd+"-"+ fl(Mid$(Str$(z2(i)), 2)) + " e"
Else
I1f z2(i) > 0 Then
cd=cd+ "+ "+ fL(Mid$(Str$(z2(i)), 2)) + " e"
End If
End If
Else
Ifz2(i)=1Thencd=cd+"+e"Elsecd=cd + " - e"
End If
End If
Else
I1f z1(i) > 0 Then
cd=cd+ "+ "+ fL(Mid$(Str$(z1(i)), 2))
Else
1f z1(i) < 0 Then
cd=cd+"-"+ fL(Mid$(Str$(z1(i)), 2))
End If



End If
If Abs(z2(i)) <> 1 Then
If z2(i) > 0 Then
cd=cd+"+"+ fL(Mid$(Str$(z2(i)), 2)) + " e"
Else
1f z2(i) < 0 Then
cd=cd+"-"+ fL(Mid$(Str$(z2(i)), 2)) + " e"
End If
End If
Else
Ifz2(i))=1Thencd=cd +"+e"Elsecd=cd + " - e"
End If
End If
Else
If Abs(z1(i)) <> 0 Then
If Abs(z1(i)) <> 1 Then
I1f z1(i) < 0 Then
cd=cd+"-"+ fL(Mid$(Str$(z1(i)), 2))
Else
cd=cd+ "+ "+ fL(Mid$(Str$(z1(i)), 2))
End If
Else
Ifz1(i)=1Thencd=cd+ "+ "Elsecd=cd + " - "
End If
End If
End If
If gx > 1 Then
Ifi<gx-1Then
cd =cd + " X" + Mid$(Str$(gx - i), 2)
Else
Ifi=gx-1Then
cd=cd+"X"
End If
End If
End If
cm=cm+cd:cd=""
End If
End If
Next i
FormatoPolinomioDual = cm
End Function
Public Function f1(ByVal x As String) As String
If Abs(Val(x)) >= 1 Then
fl=x
Else
If Left$(x, 1) ="." Then
fl="0"+x
Else
fl=x
End If
End If
End Function
Public Function f2(ByVal x As Double) As String
Dim xx As String
XX = Str$(x)
If Abs(x) >= 1 Then
2 = Str$(x)
Else
If Left$(xx, 1) = "-" Then
If Left$(xx, 2) = "-." Then
f2 ="-0" + Right$(xx, Len(xx) - 1)
Else
f2 = xx
End If
Else
Public Function FormatoNumeroDual(ByVal pr As Double, ByVal pi As Double) As String
Dim r As String
If pr <> 0 Then
r=r+f2(pr)
End If
If pi <> 0 Then
If Abs(pi) =1 Then
Ifpi=1Thenr=r+"+"Elser=r+"-"
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Else
If pi >0 Then
If pr <> 0 Then
r=r+"+"
End If
r=r+ f2(pi)
Else
r=r+"-"+f1(Mid$(Str(pi), 2))
End If
End If
r=r+"e"
End If
Ifr=""Thenr="0"
FormatoNumeroDual = r
End Function

Si en lugar de X-a, se desea dividir el polinomio
bX —a (b # 0), entonces de las igualdades:

f«}(x—%)q«}r

f& _ con el polinomio

fE =€X-a € In

(X —%j-q((}r: X —a]%:ﬂ

, resulta que
q, € > _C](( D

5 b /y n=r
Ejemplo 4: Para dividir el polinomio del ejemplo 1 con 3X —2se dividira primero el
polinomio f & _con X —2/3. Los calculos se reflejan en la tabla siguiente:

1 0 -2 3 -5
2 2 [ 4 | =& | m
3 3 9 27 81
T |2z | = | = | 209
3 9 27 81

, de donde resulta que el cociente y el resto en la division con 3X —2 son:

~1lus 2., 14 53 299
LoX3 4 X2 422y p=22
q02(’3 9 27 81 81

, respectivamente.
Ejemplo 5: Para dividir el polinomio del ejemplo 2 con (3—i)X —(2+5i) se dividira el

. . . 2 +5i 1 17. , .
polinomio primero entre X — +§ =X —| —+=—1 |, segun la tabla siguiente:
3—i 10 10

2+3i 0 -2 5+i 7-4i

1+17i —49 +37i 339-398i 28 106

10 10 50 27 81
2+3i —49 + 37i 239 —398i 53 299

10 50 27 81
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~ 3+11i X3

92+31% ,, 223-191i 159+53i 299
T + X7+ X+ yr=———
10 10 100 270 81

Dados el polinomio PQ(: de grado n y el ndmero real a, el esquema de Ruffini es
también atil para hallar los coeficientes de un polinomio Q(: de grado n, tal que
Q& —a = P& _. Enefecto, si
P((j\: P€ S€-al)r
P& =P« _&-an
P.& P& €-a}¥r,
,donde gradoP & =n-i d{=1...,n
Entonces
P& FR & € -a)n
-P, & €-a>+r€-a}tr
-PR€ J€-ad+,&-as+r€-a}r,
“r,€ J€-at+r , €-alt++n€-a ¥
,donde r,=P€ r,=P, € r,=P,€...,1, =P, € _.
Los calculos anteriores se pueden codificar de la manera siguiente:

Public Function RuffiniB(ByRef p() As Double, ByVal a As Double) As String
Dim i As Integer, j As Integer, g As Integer, r() As Double, q() As Double
g = UBound(p())
ReDim r(g, 9), a(9)
Fori=0Tog

r(i, 0) = p(i)
Next i

Fori=1Tog
r(0, 1) = p(0)
Next i

Forj=1Tog-j

Fori=1Tog-j+1
r@,jy=a*r(i-1,j)+r(,j-1)

Next i

Next j

9(0) = p(0)

Fori=1Tog
q(i)=r@,g-i+1)

Next i

RuffiniB = FormatoPol(q())

End Function

Los coeficientes del polinomio buscado seran los ntimeros q€_ €=0,...,g , donde g
es el grado del polinomio p().

Ejemplo 6: Si P& =2x3-7X?+5X+9 y a=3 entonces segin la funcion
anterior, Q& =2x°%+11X 2 +17X +15 y asi, P€ F2€ -3 +11€ -3 5 +17€ -3 }15.
Los célculos a mano se podrian organizar segun la tabla siguiente:

2, -7 5 9
3 2 -1 2 15=r,
3 2 5 17=n,
3 2 11=r,
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Ejemplo 7: Si P& = €+3i X* +¢€-7i X+ @+5i X*+€-i X +4+3i Yy a=3—i, entonces
Q&K =€+3i X"+ €7+21i X°+ @01+11i X*+ €26-167i X +309-282i
Y
PE >€+3i &-a*+€7+21 & —a 5+ €0Ll+11 & —a 5+ €26-167i § —a 3 309-282i

El esquema de Ruffini para dividir un polinomio por el polinomio X —a se puede
generalizar para el caso cuando se divide con un polinomio cuyo coeficiente director es
1. En efecto, si se quiere dividir el polinomio

AK =a X" +a X"+ ra, X +a, 3)
, con el polinomio

P& =X"+p X" 4+t p X +p, (M<n)

(4)

, Sean
Q«}qoxn—m +qlxn_m_1+”'+qn—m—lx +0m (5)
REK =rgX "™ X2 4o o X 1 (6)

, el cociente y el resto de la division, respectivamente. Entonces se cumple la igualdad

AG P& Q€ FRE_ (7
A continuacion se efectuaré el desarrollo de la expresion P& Q€& J}R& _ en los dos

casos siguientes:
1) Si n=8ym=3, el célculo de la expresion mencionada se puede organizar segun la

tabla siguiente:

X8 X’ X © X° X4 X3 X2 X1 X ©
Qo 0, 4, 03 U4 Os
P19 P.0; P19z P13 P10, P19s
P2do P20, P24, P20Qs P20, P20Qs
P3do P3d: P3d> P3ds P304 P3ds
Mo n r
Asi

P Q& R =SE& =5.X8+5 X7 +5,X% +5;X° +5,X* +5,X3 +5,X 2 +5,X +54
, donde
So =Uo
S1 =01+ P1Yo
So =0 + Pdy +P20o
S3 =03 + P10, +P20; + P3do
S4 =04 + PG + P20z + Pah (8)
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S5 =8g5 + P1G4 + P203 + P30;
Se = P10s + P20y + P3l3 + 1o
S7 = P20s + P3ds +1;

Sg = P3Qs +1;

Identificando los polinomios A& "y S€ _resulta que
Go =8

G=a-pG=a- D pj-0 (O<j<m, 0<k<l)
j+k=1
QZ:az—pl%—pz%:az—ij'qk (0O<j<m, 0<k<2)
j+k=2

O3 =83~ P1Oz — Pol — P3llo =33 — D Pj-O Q<j<m 0<k<3

j+k=3
Q4=a4—p1Q3—p2Q2_p3Q1:a4_ijqk C<jsm k<4 ©)
j+k=4
Os =85 — P1ds — P03 — P32 < Opp=anm— D.Pj-0 @Q<j<m, k<5
j+k=n—-m
o =8g — P10s — P204 — P33 = Ap_mi1 — ij'Qk Q<j<m, k<n-m_
j+k=n-m+1

I =a; —Py0s — P3ds =8y 2 — zpj'qk Q<j<m, ks<n-m_

j+k=n-m+2
I, =ag — P30s =8p_m3 — ij . Q<j<m k<n-m_
jok=n-m+3
2) Si n=8ym=6, el célculo de la expresion P& Q& }R& _ se puede efectuar segin
la tabla siguiente:

X8 X7 X6 x°® X4 X3 X? X1 X0
Jo 4y d,
P1do P1G1 P1d2

P2Qo P20, P.d>

P3do P3d. P3d>

P4Go P40, P44>

Psdo Psqy Psd>

Psdo Ped:1 Psd2

Asi,
P Q& R =S& =s5,X8+5, X" +5, X% +5,X%+5,X* +5:X3 +5,X % +5,X +54

So =0o

S1 =01 + P09

Sy =0z +P10; + P2Qo

S3 = P10, +P20; + P3do +1o

S4 = Palz + P20y + P3do +1 (3”)
S5 = P3dz + P4ds + Psdo +1>
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Se = P40z + Psqy + Pelg +13
S7 = Psdz + Py + 14
Sg = PeUz *+ 15

Luego, Identificando los polinomios A& "y S _resulta que

o =&
O1 =8 —P1do =8y — Zp,—-qk (0O<j<m, 0<k<1)
j+k=1
q2:a2_plql_p2q0:a2—ij'qk (0<j<3, 0<k<2)
j+k=2
fo =33~ Pilp — P28y~ Pallo =@nmea— D Pjtk €<j<m Os<ks<n-m_
j+k=n-m+1
=84~ P20z — P2ty — P3lo =@nmez— ) Pj-G Q<jsm, O<ks<n-m_ (9°)
j+k=n-m+2
I, =ag — P30z — P40 — Psdo =Ap_me3 — ij'qk g<j<m, Osksn—m:
j+k=n-m+3
'3 =85 —Ps02 — PsU; — PsYo =Qn_mss — ij'Qk Q<j<m, Osksn—m:
j+k=n-m+4
Iy =87 —Psdz — Pl = an_ms5 — ij'qk g<j<m, O<k<n-m_
j+k=n-m+5
' =dg — Pl =aAp_mi6 — ij~qk g<j<m, ngsn—m:
j+k=n-m+6

Examinando los dos casos anteriores se puede enunciar el teorema siguiente:
Teorema 2: Dados los polinomiosA€ y P& , las formulas que determinan los
polinomios Q& "y R& _ y que verifican en la igualdad (7) son las siguientes:
do=28y Y qi=ai—ij-qk,O<i§n—m,0<jsm,0§k<i (10)
j+k=i

D pj-a,0<i<m-1,0<j<m,0<k<n-m (11)
jrk=n—-m+i+1
Por supuesto, las formulas (10) y (11) no son tan manejables como las férmulas en el
caso de la division entre X —.a, pero son facilmente programables y el ordenador las
ejecuta con tanta facilidad como las personas la regla normal de Ruffini.
Esta manera de efectuar la divisién tiene sus ventajas, sobre todo cuando los
coeficientes de los polinomios son enteros o decimales (trabajar con fracciones es mas

penoso). Si el coeficiente director p, del polinomio P € _no fuera 1 entonces habra
que dividir P« : entre p, y hacer la division con el polinomio asi obtenido. El resto

serd valido y para obtener el verdadero cociente hay que dividir el cociente obtenido
entre p,.

Ejemplo 3: De acuerdo con lo dicho anteriormente, para hallar el cociente y el resto en
la division euclidea del polinomio A€ ~ entre P& _, donde

A =2X8-3X7+5X°% - X°+3X* +4X3-7X? +3X -4
P =X*-2X34+5X%+3X -4
, Se obtiene el cociente y el resto siguientes:
Q€& =2X*+X3-3xX%-18X -13
R =81X3 +100X ? ~30X —56

i =@y _myia —
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, respectivamente.
Para dividir el polinomio A& _ entre el polinomio P& , cuyo coeficiente director by =1,

se dividira el polinomio A€ _ entre el polinomio

PES—PE
Po
, seglin el esquema general de Ruffini. Suponiendo que,
A P Q& FRE_
, de
ACS - PEQ € IR &
0
, resulta que

Q«}ﬁQ_:yR«}&«:
0

En general, los coeficientes del cociente y del resto seran aproximaciones decimales de
los coeficientes reales.
Ejemplo 4: Para dividir el polinomio

A€ =3X°-7X3 +4X? -5X +12
, con el polinomio

P& =2X°*-5X?+7X -8
, se divide primero el polinomio A& _ entre el polinomio

P& =X*-25X%+35X -4
, 'y se obtiene el cociente y el resto

Q& =3X2+75X -4 y R, & =-7.125X?+20.625X +17

-

, respectivamente. Entonces el cociente y el resto de la division inicial seran:
Q((::%Ql 315X2+4375X -2 y R€ >R, €
, respectivamente.
Ejemplo 5: Para dividir el polinomio
A€ =3X°-7X3 +4X? -5X +12
, entre el polinomio
P& =7X%-5X?+7X -8
, hay que dividir el polinomio P& ~ entre 7 y asi los coeficientes del polinomio P, « 'ya
no seran numeros decimales sino numeros reales periodicos.
Por tanto, si no se quiere trabajar con fracciones, tendremos que hacer la divisién de
A& _ con un polinomioP, & ~ que, al trabajar con bastantes decimales después de la
coma, serd una buena aproximacion del polinomioP, & . Asi el resultado final sera
también una aproximacién del cociente verdadero. Tomando
P, & =X3-0.714286X % + X ~1.142857
, se obtendra el resultado aproximado siguiente;
Q& ~0.428572X % +0.306123X —1.209912
R & ~ —0.763851X ? +5.918367X +2.320702
Para efectuar la division de esta manera, se pueden utilizar las funciones siguientes:

Public Function RuffiniG(ByRef a() As Double, ByRef p() As Double) As Variant
Dim i As Integer, j As Integer, k As Integer, r() As Double, g() As Double
Dim r1() As Double, p1() As Double, gr As Integer, sw As Integer
Dim j1 As Integer, ga As Integer, gp As Integer, gb As Integer
Dim cxq As String, cxr As String, res(2) As String
ga = UBound(a()): gp = UBound(p()): gb = ga - gp



ReDim b(gb), p1(gp)
If p(0) <> 1 Then
Fori=0 Togp: pl(i) = p(i) / p(0): Next i

Else
Fori=0 To gp: p1(i) = p(i): Next i
End If
‘Célculo de los coeficientes del cociente.
b(0) = a(0)
Fori=1Togb
b(i) = a(i)
Forj=0Togp
Fork=0Toi-1
Ifj+k=iThen
b(i) = b(i) - p1() * b(k)
End If
Next k
Next j
Next i
ReDim q(gb)

If p(0) <> 1 Then
Fori=0 Togb: q(i) = b(i) / p(0): Next i
Else
Fori=0 Togb: q(i) = b(i): Next i
End If
cxq = VerPol(q())
‘Calculo de los coeficientes del resto.
ReDim r(gp - 1)
Fori=0Togp-1
ri)=a(gb+i+1)

Forj=1Togp
Fork=0Togb
Ifj+k=gb+i+1Then
r(i) = r(i) - p1() * b(k)
End If
Next k
Next j
Next i
gr = UBound(r())
Fori=0Togr
If Abs(r(i)) > 0.000000000001 Then
sw=1
End If
Next i

If sw = 1 Then cxr = VerPol(r()) Else cxr = "0"
res(1) = cxq: res(2) = cxr
RuffiniG = res()
End Function
Public Function VerPol(ByRef xx() As Double) As String
Dim i As Integer, gx As Integer, pol As String, x() As Double
x() = xx(): gx = UBound(x())
If gx <> 0 Then
If x(0) <> 0 Then
If Abs(x(0) - 1) < 10 ~ (-15) Then x(0) =1
If Abs(x(0) + 1) < 10 ~ (-15) Then x(0) = -1
If Abs(x(0)) = 1 Then
I1f x(0) =1 Then

If gx > 1 Then
pol = pol + "X"" + Str$(gx)
Else
pol = pol + "X"
End If
End If
1f x(0) = -1 Then
If gx> 1 Then
pol = pol + "- X" + Str$(gx)
Else
pol = pol + "- X"
End If
End If
Else
If Abs(x(0)) > 1 Then
pol = pol + Str$(x(0))
Else

If x(0) > 0 Then
pol = pol + "0" + Mid$(Str$(Abs(x(0))), 2)



17

Else
pol = pol + "- 0" + Mid$(Str$(Abs(x(0))), 2)
End If
End If
If gx > 1 Then
pol = pol + " X~" + Str$(gx)
Else
pol = pol + " X"
End If
End If
End If
Fori=1Togx
If x(i) <> 0 Then
If Abs(x(i) - 1) < 10 ~ (-15) Then x(1) = 1
If Abs(x(i) + 1) < 10 ~ (-15) Then x(i) = -1
If x(i) < 0 Then
pol =pol +"- "
Else
pol =pol + "+ "
End If
If Abs(x(i)) <> 1 Then
If Abs(x(i)) > 1 Then
pol = pol + Mid$(Str$(Abs(x(i))), 2)
Else
pol = pol + "0" + Mid$(Str$(Abs(x(i))), 2)
End If
Else
Ifi=gx Then
pol = pol + Mid$(Str$(1), 2)
End If
End If
Ifi < gx Then
pol = pol +" X"
End If
Ifi<gx-1Then
pol = pol + "A" + Str$(gx - i)
End If
End If
Next i
Else
If x(0) > 0 Then
If X(0) <1 Then
pol = pol + "0" + Mid$(Str$(x(0)), 2)
Else
pol = pol + Mid$(Str$(x(0)), 2)
End If
Else
1f x(0) > -1 Then
pol = pol + "- 0" + Mid$(Str$(Abs(x(0))), 2)
Else
pol = pol + "-" + Mid$(Str$(Abs(x(0))), 2)
End If
End If
End If
VerPol = pol
End Function

Ejemplo 6: Segun el cédigo anterior, si

A =4X%-7X5 +8X* +3X3-12X2+5X +4y P& =X°-2X* +3X*+5X2-X +4
,entonces Q& =4X +1 y R& =-2X"*-20X°%-13X 2 -10X .
Ejemplo 7: Si A€ =4X° -7X5+8X* +3X3-12X? +5X +4 y P& =5X3+4X2 -3X +7
, entonces Q€& =0.8X3 -2.04X? +3.712X —4.7136 y R€ =32.2704X ? ~35.1248X +36.9952
Ejemplo 8:si A =7X* -4X3+15X? -3X +7 y P& =3X%-11X +5
, entonces el ordenador devuelve el resultado siguiente:

Q€ =2.3333333333333X ? +7.2222222222 2222 X + 27.5925925925 926 X

R€ } 264.407407407407 X —130.962962963
En este caso sencillo, no es dificil ver que
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~ 7,2 65 745 ~ 7139 3536

T _X°+—=X+— y R =—X-—"=
Q'st 9 27 ) ¢« 27 27
Cuando se trata de polinomios con coeficientes complejos en vez de la funcion RuffiniGhay que
utilizar la funcion siguiente, donde a;() y a,() ( p01() y p02() ) son las matrices

unidimensionales que contienen las partes reales e imaginarias de los coeficientes del
dividiendo (divisor), respectivamente.

Public Function RuffiniGC(ByRef al() As Double, ByRef a2() As Double, ByRef p01() As Double, p02() As Double) As Variant
Dim g1 As Integer, g2 As Integer, gq As Integer, r() As Double, r1() As Double
Dim i As Integer, j As Integer, j1 As Integer, res(2) As String, r2() As Double
Dim b() As Double, x(2) As Double, y(2) As Double, p1() As Double, p2() As Double.
Dim g1() As Double, g2() As Double, b1() As Double, b2() As Double, rr() As Double
gl = UBound(al()): g2 = UBound(p01()): gqg = g1 - g2
ReDim b(gq, 2), b1(ga), b2(gq), r1(g2 - 1), r2(g - 1)

'Division del divisor con su coeficiente director
1f p01(0) = 1 And p02(0) = 0 Then
p1() = p01(): p2() = p02()
Else
ReDim p1(gl), p2(gl)
pl(0) = 1: p2(0) =0
y(1) = p01(0): y(2) = p02(0)
Fork=1Tog2
x(1) = p01(k): x(2) = p02(k)
rr() = DivNC(x(), y())
p1l(k) = rr(1): p2(k) = rr(2)
Next k
End If
‘Calculo del cociente
b(0, 1) = a1(0): b(0, 2) = a2(0)
Fori=1Togq
b(i, 1) = a1(i): b(i, 2) = a2(i)
Forj=0Tog2
Fork=0Toi-1
Ifj+k=iThen
x(1) = p1(): x(2) = p2(j): y(1) = b(k, 1): y(2) = b(k, 2)
rr() = ProdNC(x(), y())
b(i, 1) = b(i, 1) - rr(1): b(i, 2) = b(i, 2) - rr(2)
End If
Next k
Next j
Next i
Fori=0Togq
b1(i) = b(i, 1): b2(i) = b(i, 2)
Next i
1f p01(0) <> 1 Or p02(0) <> 0 Then
ReDim g1(gq), 92(9q)
Fori=0Togq
x(1) = b1(i): x(2) = b2(i): y(1) = p01(0): y(2) = p02(0)
rr() = DivNC(x(), y())
q1(i) = rr(1): g2(i) = rr(2)
Next i
Else

q1() = b1(): q2() = b2()
End If

' Célculo del resto
ReDimr(g2-1,2): k=0
Fori=0Tog2-1
r(k, 1) =al(gq+i+1):r(k, 2) =a2(gq+i+1)
j=kij1=0
Do
X(1) = p1( + 1): x(2) = p2(j + 1): y(1) = b1(gq - j1): y(2) = b2(gq - j1)
rr() = ProdNC(x(), y())
rk, 1) = r(k, 1) - rr(1): r(k, 2) = r(k, 2) - rr(2)
i=j+1
j1=j1+1
Loop Whilej+1<=g2 Andgq-j1>=0
k=k+1
Next i
Fori=0Tog2-1
ri(i) = r(i, 1): r2(i) = r(i, 2)
Next i
"El ociente en la pantalla



res(1) = FormatoPolinomioComplejo(ql(), g2())
" El resto en la pantalla
res(2) = FormatoPolinomioComplejo(rl(), r2())
RuffiniGC = res()
End Function
Public Function ProdNC(ByRef x() As Double, ByRef y() As Double) As Variant
Dim pr(2) As Double
pr(1) = x(1) * y(1) - x(2) * y(2)
Pr(2) = x(1) * y(2) + x(2) * y(1)
ProdNC = pr()
End Function
Public Function DivNC(ByRef u() As Double, ByRef v() As Double) As Variant
Dim cmv As Double, co() As Double, x(2) As Double, y(2) As Double, rr() As Double
ReDim co(2)
cmv = v(1) * v(1) + v(2) * v(2)
X(1) = u(d): x(2) = u(2): y(1) = v(1): y(2) = -v(2)
re() = ProdNC(x(), y())
co(1) = rr(1) / cmv: co(2) = rr(2) / cmv
DivNC = co()
End Function
Public Function FPolC(ByRef z1() As Double, ByRef z2() As Double) As String
Dim i As Integer, j As Integer, gx As Integer, pr as Double
Dim cd As String, cm As String
gx = UBound(z1()) : pr = 0.000000000000001
Fori=0Togx
If Abs(z1(i) - 1) < pr Then z1(i) = 1
If Abs(z1(i) + 1) < pr Then z1(i) = -1
If Abs(z2(i) - 1) < pr Then z2(i) = 1
If Abs(z2(i) + 1) < pr Then z2(i) = -1
If Abs(z1(i)) < pr Then z1(i)) = 0
If Abs(z2(i)) < pr Then z2(i) =0
If z1(i) <> 0 Or z2(i) <> 0 Then
Ifi =0 Then
1fz2(0) = 0 Then
If Abs(z1(0)) <> 1 Then
cm = f2(z1(0))
Else
If gx <> 0 Then
1fz1(0) = -1 Then

cm="-"
End If
Else
1fz1(0) = -1 Then
cm = Str$(-1)
Else
cm = Mid$(Str$(1), 2)
End If
End If
End If
Else
If gx <> 0 Then
If z1(0) <> 0 Then
cm =cm + "(" + f2(z1(0))
End If
If Abs(z2(0)) <> 1 Then
1fz1(0) <> 0 Then
If z2(0) > 0 Then
cm=cm+ "+ "+ fl(Mid$(Str$(z2(0)), 2)) + "i )"
Else
cm=cm+"-"+ fl(Mid$(Str$(z2(0)), 2)) + "i )"
End If
Else
cm =cm + f2(z2(0)) + "i"
End If
Else
1fz2(0) =1 Then
cm=cm+"+i)"
Else
cm=cm+"-i)"
End If
End If
Else

cm = cm + 2(z1(0))
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If Abs(z2(0)) <> 1 Then
1fz2(0) > 0 Then
cm=cm+ "+ "+ f1(Mid$(Str$(z2(0)), 2)) + "i"
Else
cm=cm+"-"+ f1(Mid$(Str$(z2(0)), 2)) + " i"
End If
Else
1fz2(0) = 1 Then
cm=cm+"+i"
Else
cm=cm+"-i"
End If
End If
End If
End If
If gx <> 0 Then
If gx =1 Then
cm=cm+"X"
Else
cm =cm + " XA + Mid$(Str$(gx), 2)
End If
End If
Else
If Abs(z2(i)) <> 0 Then
Ifi<gx Then
I1f z1(i) <> 0 Then
cd=cd+ "+ ("+f2((z1(i)))
If Abs(z2(i)) <> 1 Then
If z2(i) > 0 Then
cd=cd + "+ "+ fL(Mid$(Str$(z2(i)), 2)) +"i )"
Else
1f z2(i) < 0 Then
cd=cd +"- "+ fL(Mid$(Str$(z2(i)), 2)) + "i )"
End If
End If
Else
If z2(i) = 1 Then
cd=cd+"+i)"
Else
cd=cd+"-i)"
End If
End If
Else
If Abs(z2(i)) <> 1 Then
If z2(i) < 0 Then
cd=cd+"- "+ fL(Mid$(Str$(z2(i)), 2)) + " i"
Else
I1f z2(i) > 0 Then
cd=cd + "+ "+ fI(Mid$(Str$(z2(i)), 2)) + "i"
End If
End If
Else
If z2(i) = 1 Then
cd=cd+"+i"
Else
cd=cd+"-i"
End If
End If
End If
Else
I1f z1(i) > 0 Then
cd=cd + "+ "+ fL(Mid$(Str$(z1(i)), 2))
Else
1fz1(i) < 0 Then
cd=cd+"-"+ fL(Mid$(Str$(z1(i)), 2))
End If
End If
If Abs(z2(i)) <> 1 Then
If z2(i) > 0 Then
cd=cd + "+ "+ fL(Mid$(Str$(z2(i)), 2)) + " i"
Else
1f z2(i) < 0 Then
cd=cd+"- "+ fI(Mid$(Str$(z2(i)), 2)) + "i"
End If
End If
Else
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If z2(i) = 1 Then

cd=cd+"+i"
Else
cd=cd+"-i"
End If
End If
End If
Else

If Abs(z1(i)) <> 0 Then
If Abs(z1(i)) <> 1 Then
I1f z1(i) < 0 Then

cd=cd+"-"+ fL(Mid$(Str$(z1(i)), 2))

Else

cd=cd+ "+ "+ fL(Mid$(Str$(z1(i)), 2))

End If
Else
I1f z1(i) = 1 Then
cd=cd+"+"
Else
cd=cd+"-"
End If
End If
End If
End If
1fgx>1 Then
Ifi<gx-1Then
cd =cd + " X"+ Mid$(Str$(gx - i), 2)
Else
Ifi=gx-1Then
cd=cd+"X"
End If
End If
End If
cm=cm+cd:cd=""
End If
End If
Next i
FPoIC =cm
End Function

Public Function f1(ByVal x As String) As String
If Abs(Val(x)) >= 1 Then
fl=x
Else
If Left$(x, 1) ="." Then
fl="0"+Xx
Else
fl=x
End If
End If
End Function

Public Function f2(ByVal x As Double) As String

Dim xx As String
XX = Str$(x)
If Abs(x) >= 1 Then

2 = Str$(x)
Else

If Left$(xx, 1) = "-" Then

If Left$(xx, 2) = "-." Then
f2 ="-0" + Right$(xx, Len(xx) - 1)

Else
f2 = xx
End If
Else
If x=0 Then
2 = Str$(0)
Else

If Left$(xx, 2) =" ." Then
f2 ="0" + Right$(xx, Len(xx) - 1)

Else
2 = xx

End If

End If
End If
End If
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End Function

Ejemplo 9: Si

X%+ @+1% X3+ €2-51 X%+ 6-13i X +15-4i , y

=

AK ::Q+3i:X5+(—1+i
P& =X+ @-4i X2+ €3+7i X -1-9i
, entonces segun el cédigo anterior,
Q& =@+3i X2+ €17+3i X +56-68i Y R& = €17 +504i X * + €346 — 759 X + 683 +432i
Ejemplo 10: Si
A = @+3i X°+€Ll+i X*+€+1% X3+ €2-5 X° +€-13i X +15-4i,y

=

~

B&) =iX3+€-3i X?+6X +13-4i
, entonces

~

Q& =€-2i X*+ @4+16i X —17+227i

=
~

R = € 725-1703i X > + € 268-1487i X —672-3023i
Ejemplo 11: Si
A =€-5 X*+€-i X®+€@+7i X? +¢-2i X +3-8i,y P& =2iX*+ €—6i X +7—i
, entonces

Q& =¢€25-i X?+€55-10.75i X +16.125-56.25i

R > €10.125+445.75 X —53.625+401.875i

La regla general de Ruffini se puede aplicar también a los polinomios con coeficientes
duales excepto en el caso cuando el coeficiente director del divisor es un divisor de cero
(dual puro). En este caso el codigo es la siguiente:

Public Function RuffiniGD(ByRef al() As Double, ByRef a2() As Double, ByRef p01() As Double, p02() As Double) As Variant
Dim g1 As Integer, g2 As Integer, gq As Integer, r() As Double, r1() As Double
Dim i As Integer, j As Integer, j1 As Integer, res(2) As String, r2() As Double
Dim b() As Double, x(2) As Double, y(2) As Double, p1() As Double, p2() As Double
Dim q1() As Double, g2() As Double, b1() As Double, b2() As Double, rr() As Double
gl = UBound(al()): g2 = UBound(p01()): gqg = g1 - g2
ReDim b(gq, 2), b1(ga), b2(ga). r1(92 - 1), r2(g - 1)
1f p01(1) = 0 Then

MsgBox "jLa division es imposible!"
Exit Function
End If
'Division del divisor con su coeficiente director
1f p01(0) = 1 And p02(0) = 0 Then
p1() = p01(): p2() = p02()
Else
ReDim p1(gl), p2(g1)
p1(0) = 1: p2(0) =0
y(1) = p01(0): y(2) = p02(0)
Fork=1Tog2
x(1) = p01(k): x(2) = p02(k)
rr() = DivND(x(), y()) 'Cuando es posible
p1(k) = rr(1): p2(k) = rr(2)
Next k
End If
‘Calculo del cociente
b(0, 1) = a1(0): b(0, 2) = a2(0)
Fori=1Togq
b(i, 1) = a1(i): b(i, 2) = a2(i)
Forj=0Tog2
Fork=0Toi-1
Ifj+k=iThen
X(1) = p1(): x(2) = p2(j): y(1) = b(k, 1): y(2) = b(k, 2)
rr() = ProdND(x(), y())
b(i, 1) = b(i, 1) - rr(1): b(i, 2) = b(i, 2) - rr(2)
End If
Next k
Next
Next i



Fori=0Togq
b1(i) = b(i, 1): b2(i) = b(i, 2)
Next i

1f p01(0) <> 1 Or p02(0) <> 0 Then
ReDim q1(gq), 92(gq)
Fori=0Togq
X(1) = b1(i): x(2) = b2(i): y(1) = p01(0): y(2) = p02(0)
rr() = DivND(x(), y()) ' Cuando es posible
q1(i) = rr(1): g2(i) = rr(2)
Next i
Else
q1() = b1(): q2() = b2()
End If
' Célculo del resto
ReDimr(g2-1,2): k=0
Fori=0Tog2-1
r(k, 1) =al(gg+i+1):r(k, 2) =a2(gq+i+1)
j=kij1=0
Do
X(1) = p1( + 1): x(2) = p2(j + 1): y(1) = b1(gq - j1): y(2) = b2(gq - j1)
rr() = ProdND(x(), y())
rk, 1) = r(k, 1) - rr(1): r(k, 2) = r(k, 2) - rr(2)
i=j+1
j1=j1+1
Loop Whilej+1<=g2Andgq-jl>=0
k=k+1
Next i
Fori=0Tog2-1
ri(i) = r(i, 1): r2(i) = r(i, 2)
Next i
" El ociente en la pantalla
res(1) = FormatoPolinomioDual(q1(), g2())
' El resto en la pantalla
res(2) = FormatoPolinomioDual(r1(), r2())
RuffiniGD = res()
End Function
Public Function DivND(ByRef u() As Double, ByRef v() As Double) As Variant
Dim cmv As Double, co(2) As Double, x(2) As Double, y(2) As Double, rr() As Double
If v(1) =0 Then
MsgBox "jLa division es imposible!"
End
End If
cmv = v(1) *v(1)
X(1) = u(1): x(2) = u(2): y(1) = v(1): y(2) = -v(2)
rr() = ProdND(x(), y())
co(1) = rr(1) / cmv: co(2) = rr(2) / cmv
DivND = co()
End Function
Public Function FPolD(ByRef z1() As Double, ByRef z2() As Double) As String
Dim i As Integer, j As Integer, gx As Integer, pr As Double
Dim cd As String, cm As String
gx = UBound(z1()): pr = 0.000000000000001
Fori=0 Togx
If Abs(z1(i) - 1) < pr Then z1(i) = 1
If Abs(z1(i) + 1) < pr Then z1(i) = -1
If Abs(z2(i) - 1) < pr Then z2(i) = 1
If Abs(z2(i) + 1) < pr Then z2(i) = -1
If Abs(z1(i)) < pr Then z1(i) = 0
If Abs(z2(i)) < pr Then z2(i) = 0
If z1(i) <> 0 Or z2(i) <> 0 Then
Ifi=0Then
1fz2(0) = 0 Then
If Abs(z1(0)) <> 1 Then
cm = f2(z1(0))
Else
If gx <> 0 Then
1fz1(0) = -1 Then

cm="-"
End If
Else
1fz1(0) = -1 Then
cm = Str$(-1)
Else

cm = Mid$(Str$(1), 2)
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End If
End If
End If
Else
If gx <> 0 Then
1f z1(0) <> 0 Then
cm=cm+ "(" + f2(z1(0))
End If
If Abs(z2(0)) <> 1 Then
1fz1(0) <> 0 Then
If z22(0) > 0 Then
cm=cm+ "+ "+ f1(Mid$(Str$(z2(0)), 2)) + "e )"
Else
cm=cm+"-"+ fI(Mid$(Str$(z2(0)), 2)) + "e )"
End If
Else
cm =cm + f2(z2(0)) + " e"
End If
Else
1fz2(0) = 1 Then
cm=cm+"+e)"
Else
cm=cm+"-¢e)"
End If
End If
Else
cm =cm + f2(z1(0))
If Abs(z2(0)) <> 1 Then
1f22(0) > 0 Then
cm=cm+ "+ "+ f1(Mid$(Str$(z2(0)), 2)) + " e"
Else
cm=cm+"-"+ f1(Mid$(Str$(z2(0)), 2)) + " e"
End If
Else
1f22(0) =1 Then
cm=cm+"+e"
Else
cm=cm+"-e"
End If
End If
End If
End If
If gx <> 0 Then
If gx =1 Then
cm=cm+"X"
Else
cm =cm + " XA + Mid$(Str$(gx), 2)
End If
End If
Else
If Abs(z2(i)) <> 0 Then
Ifi <gx Then
I1f z1(i) <> 0 Then
cd=cd+ "+ ("+ f2((z1(i)))
If Abs(z2(i)) <> 1 Then
If z2(i) > 0 Then
cd=cd+"+"+ fL(Mid$(Str$(z2(i)), 2)) + "e )"
Else
1f z2(i) < 0 Then
cd=cd+"-"+fl(Mid$(Str$(z2(i)), 2)) + "e )"
End If
End If
Else
If z2(i) = 1 Then
cd=cd+"+e)"
Else
cd=cd+"-e)"
End If
End If
Else
If Abs(z2(i)) <> 1 Then
If z2(i) < 0 Then
cd=cd+"- "+ fL(Mid$(Str$(z2(i)), 2)) + " e"
Else
If z2(i) > 0 Then
cd=cd + "+ "+ fL(Mid$(Str$(z2(i)), 2)) + " e"
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End If
End If
Else
If z2(i) = 1 Then
cd=cd+"+e"
Else
cd=cd+"-e"
End If
End If
End If
Else
I1f z1(i) > 0 Then
cd=cd + "+ "+ fL(Mid$(Str$(z1(i)), 2))
Else
1fz1(i) < 0 Then
cd=cd +"-"+ fL(Mid$(Str$(z1(i)), 2))
End If
End If
If Abs(z2(i)) <> 1 Then
If z2(i) > 0 Then
cd=cd+ "+ "+ fL(Mid$(Str$(z2(i)), 2)) + " e"
Else
If z2(i) < 0 Then
cd=cd+"-"+ fL(Mid$(Str$(z2(i)), 2)) + " "
End If
End If
Else
If z2(i) = 1 Then
cd=cd+"+e"

Else
cd=cd+"-e"
End If
End If
End If
Else

If Abs(z1(i)) <> 0 Then
If Abs(z1(i)) <> 1 Then
1fz1(i) < 0 Then
cd=cd+"-"+fL(Mid$(Str$(z1(i)), 2))
Else
cd=cd + "+ "+ f1(Mid$(Str$(z1(i)), 2))
End If
Else
1fz1(i) = 1 Then
cd=cd+"+"
Else
cd=cd+"-"
End If
End If
End If
End If
If gx > 1 Then
Ifi<gx-1Then
cd =cd + " X" + Mid$(Str$(gx - i), 2)
Else
Ifi=gx-1Then
cd=cd+"X"
End If
End If
End If
cm=cm+cd:cd=""
End If
End If
Next i
FPoID = cm
End Function

Ejemplol2 : Si

A€ =€+7c X°+ €3+4c X3+ €1+5c X +36X ~5+7c y P& =X+ @+9¢ X —3+4¢
, entonces

Q&K =€+7z X° +€8-50c X*+ @5+181s X —75-700c y R > €25+ 2521 X —230-1793¢
Ejemplo13:Si A = €-4s X* + €+2c X*-5X+¢ y P& =4X?+€-3c X +12-5¢
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, entonces
Q& = €.75-0.25c X 2 + €0.25+1.5625¢ X ~1.75-1.625¢ y R > (2-12.25¢ X +21+11.75¢

Se sabe que los ceros enteros de un polinomio real se encuentran entre los divisores del
término libre. Luego, el numerador de un cero fraccionario es divisor del término libre y
el denominador es divisor del coeficiente director. El codigo necesario para calcular los
ceros enteros y fraccionarios de un polinomio real se basa también en la regla de
Ruffini y es la siguiente:

Public Function CERuf(ByRef p0() As Double) As String
Dim i As Integer, res As String, rc As String, gp0 As Integer
Dim gp As Integer, cr() As Double, j As Integer, p() As Double
Dim Era As Double, ¢ As Double, c0 As Double, pcO As Double
rc = Chr$(13) + Chr$(10)
gp0 = UBound(p0())
1f pO(gp0) = 0 Then

res="0,"i=1
Do
I1f pO(gpO - i) = 0 Then
i=zi+l
Else
Exit Do
End If
Loop
gp =gp0 - i
ReDim p(gp)
For j =0 To gp: p(j) = p0(j): Next j
Else
PO = p0(): gp = gp0
End If
cr() = CotasCerosPR2(p())
If p(gp) =0 Thenres="0, "
For i = Int(cr(2) - 1) To Int(cr(1) + 1)
Ifi<>0 Then
c=p(gp)/i
If ¢ = Int(c) Then
¢ = ValPoIR(p(), i)
Ifc=0 Then
res =res + Strg(i) + ", "
End If
End If
End If
Next i
For j =2 To Abs(p(0))
c0=p(0)/]j
If c0 = Int(c0) Then
For i = Int(cr(2) - 1) To Int(cr(1) + 1)
Ifi<>0 Then
c0=p(gp) /i
If c0 = Int(c0) Then
If MaxComDiv2(i, j) = 1 Then
c0=ilj
pc0 = ValPolR(p(), c0)
Era = Errpa(p(), c0)
1f pcO = 0 Or Abs(pc0) < Era Then
res = res + Str$(i) + /" + Str() + ", "
End If
End If
End If
End If
Next i
End If
Next j
If Right$(res, 2) =", " Then res = Left$(res, Len(res) - 2)
If res ="" Then res =" jNo hay ceros enteros ni racionales!"
CERUf = res
End Function
Public Function Errpa(ByRef p() As Double, ByVal a As Double) As Double
Dim i As Integer, er As Double, ie As Double, gx As Integer
Dim pd() As Double, epa As Double, rr As Double
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gx = UBound(p()): ie = 0.000000000000001
ReDim pd(gx - 1), ed(gx - 1)
Tee--- Polinomio derivado
Fori=0 Togx - 1: pd(i) = p(i) * (gx - i): Nexti
Teee-- Valor absoluto de los coeficientes de pd()
Fori=0 Togx - 1: pd(i) = Abs(p(i)): Next i
IR Cota superior del error absoluto de pa
er = ValPolR(pd(), Abs(a))
Errpa=er *ie
End Function
Public Function MaxComDiv2(ByVal a As Long, ByVal b As Long) As Long
Dim ax As Long, bx As Long, x As Long, gx As Long, rx As Long
ax = Abs(a): bx = Abs(b)
If ax < bx Then
X = ax: ax = bx: bx = x
End If
Do
rx = ax Mod bx
If rx = 0 Then Exit Do
ax = bx: bx = rx
Loop
MaxComDiv2 = bx
End Function
Public Function CotasCerosPR2(ByRef p() As Double) As Variant
'METODO ANONIMO
Dim a As Double, b As Double, gp As Integer, x(2) As Double
gp = UBound(p())
a= Abs(p(1))
Fori=2Togp
If Abs(p(i)) > a Then
a= Abs(p(i))
End If
Next i
b = Abs(p(0))
Fori=1Togp-1
If Abs(p(i)) > b Then
b = Abs(p(i))
End If
Next i
X(1) =1 +a/ Abs(p(0)): x(2) = -x(1)
' X(1) Cota superior ceros positivos
' X(2) Cota inferior ceros negativos
x(1) = (Int(x(1) * 100) + 1) / 100
x(2) = (Int(x(2) * 100) - 1) / 100
1fx(2) <0 Then x(2) =0
CotasCerosPR2 = x()
End Function

Ejemplo 14: Si se considera el polinomio
P& =24X°+54X* +5X 3 +135X 2 ~119X +21

, el codigo anterior devuelve en la variable res los ceros enteros y fraccionarios
siguientes: -3, 1/2 y 1/4.

Para calcular los ceros (que son enteros de Gauss) de un polinomio cuyos coeficientes
son enteros de Gauss se puede utilizar el codigo siguiente:

Public Function CEGRuf(ByRef p10() As Double, ByRef p20() As Double) As String
Dim i As Long, j As Long, res As String, rc As String, gp0 As Integer
Dim gp As Integer, cr() As Double, cO As Double, ¢ As Double, mo As Double
Dim a(2) As Double, val() As Double, cc(2) As Double, p1() As Double, p2() As Double
rc = Chr$(13) + Chr$(10): gp0 = UBound(p10())
If p10(gp0) = 0 And p20(gp0) = 0 Then
res="0,"i=1
Do
If p10(gp0 - i) = 0 And p20(gp0 - i) = 0 Then
i=i+l
Else
Exit Do
End If
Loop



gp=gp0 - i
ReDim p(gp)
o For j =0 To gp: p1(j) = p10(j): p2(j) = p20(j): Next j
se
p1() = p10(): p2() = p20(): gp = gpo
End If
cr() = CotasCerosPC2(p1(), p2())
cc(l) = Int(er(1)) + 1
cc(2) = Int(cr(2) - 1)
If cc(2) <0 Thencc(2) =0
For i =-cc(1) To cc(1)
For j = -cc(1) To cc(l)
a(l)=i:a(2) =]
mo = Sqr(a(1) * a(1) + a(2) * a(2))
1f mo < cc(1) And mo > cc(2) Then
val = ValPolC(p1(), p2(), a())
If val(1) = 0 And val(2) = 0 Then
res = res + FormatoNumeroComplejo(a(1), a(2)) + ", "
End If
End If
Next j
Next i
If Right$(res, 2) =", " Then res = Left$(res, Len(res) - 2)
I1f res ="" Then res = "No hay ceros que sean enteros de Gauss"
CEGRuf = res
End Function
Public Function ValPolC(ByRef p1() As Double, ByRef p2() As Double, ByRef a() As Double) As Variant
Dim i As Integer, gx As Integer, coci As String, r As String, rc As String
Dim q() As Double, x() As Double, rt() As Double, ra As String, resto(2) As Double
gx = UBound(p1()): rc = Chr$(13) + Chr$(10)
ReDim q(gx, 2), X(2)
q(0, 1) = p1(0): 4(0, 2) = p2(0)
Fori=1Togx
X(1)=q@i-1,1):x(2)=q(i-1,2)
rt() = ProdNC(x(), a())
q(i, 1) = rt(1) + p1(i): q(i, 2) = rt(2) + p2(i)
Next i
ReDim q1(gx - 1), g2(gx - 1)
Fori=0Togx-1
a1(i) = q(i, 1): a2(i) = (i, 2)
Next i
resto(1) = g(gx, 1): resto(2) = q(gx, 2)
ValPolC = resto()
End Function
Public Function CotasCerosPC2(ByRef p1() As Double, p2() As Double) As Variant
' TRANSFORMACIONES DEL POLINOMIO
Dim i As Integer, z As Integer, e As Integer, gq As Integer
Dim a As Double, b As Double, r(2) As Double, md() As Double
gp = UBound(p1()
ReDim md(gp) As Double
Fori=0Togp
md(i) = Sqr(p1(i) * p1(i) + p2(i) * p2(i))
Next i
' Método Anénimo
"r(1) cota superior de los modulos de lo ceros
'1(2) cota inferior de los médulos de los ceros
'Fori=0Togp
a=md(1)
Fori=2Togp
If md(i) > a Then a = md(i)
Next i
b = md(0)
Fori=1Togp-1
If md(i) > b Then b = md(i)
Next i
r(1) =1+ a/md(0)
r(2) = md(gp) / (b + md(gp))
r(1) = (Int(r(1) * 100) + 1) / 100
r(2) = (Int(r(2) * 100) - 1) / 100
1fr(2) <0 Thenr(2)=0
CotasCerosPC2 = r()
End Function

Public Function ProdNC(ByRef x() As Double, ByRef a() As Double) As Variant
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Dim pr() As Double
ReDim pr(2)
pr(1) = x(1) *a(1) - x(2) * a(2)
pr(2) = x(1) * a(2) +a(1) * x(2)
ProdNC = pr()

End Function

Ejemplo 15: Dado el polinomio
P =Z*+€1+8i 2%+ €16,-7i Z? + ¢1+8i Z -17-Ti
Segun el cédigo anterior resulta que sus ceros enteros de Gauss son: i —i, -1-5i y 2-3i.

En el caso de los polinomios con coeficientes duales enteros la busqueda de los ceros enteros
duales se hace de la misma manera que la basqueda de los ceros enteros de Gauss de los
polinomios con coeficientes enteros de Gauss Y el codigo para estos calculos es muy parecido:

Public Function CEDRuf(ByRef p10() As Double, ByRef p20() As Double, Radio As Double) As String
Dim i As Long, j As Long, res As String, rc As String, gp0 As Integer, r As Integer
Dim gp As Integer, cr() As Double, cO As Double, ¢ As Double, mo As Double
Dim a(2) As Double, val() As Double, cc(2) As Double, p1() As Double, p2() As Double
rc = Chr$(13) + Chr$(10): gp0 = UBound(p10())

r = Abs(Radio): r = Int(r)
If p10(gp0) = 0 And p20(gp0) = 0 Then
res="0,"i=1
Do
If p10(gp0 - i) = 0 And p20(gp0 - i) = 0 Then
i=i+l
Else
Exit Do
End If
Loop
gp=gp0 - i
ReDim p(gp)
For j =0 To gp: p1(j) = p10(j): p2(j) = p20(j): Next j
Else
p1() = p10(): p2() = p20(): gp = gpo
End If
Fori=-rTor
Forj=-rTor
a(l)=i:a@2) =j
mo = Sgr(a(1) * a(1) + a(2) * a(2))
If mo < Radio Then
val() = ValPoID(p1(), p2(), a())
If val(1) = 0 And val(2) = 0 Then
res = res + FormatoNumeroDual(a(1), a(2)) + ", "
End If
End If
Next j
Next i
If Right$(res, 2) =", " Then res = Left$(res, Len(res) - 2)
Ifres ="" Then
res = “No hay ceros que sean enteros duales de médulo <="
res = res + Str$(Radio)
End If
CEDRuf = res

End Function

Public Function ValPolD(ByRef p1() As Double, ByRef p2() As Double, ByRef a() As Double) As Variant
Dim i As Integer, gx As Integer, coci As String, r As String, rc As String
Dim q() As Double, x() As Double, rt() As Double, ra As String, resto(2) As Double
gx = UBound(p1()): rc = Chr$(13) + Chr$(10)

ReDim q(gx, 2), X(2)
q(0, 1) = p1(0): 4(0, 2) = p2(0)
Fori=1Togx
x(1)=q@i-1,1):x(2)=q(i-1,2)
rt() = ProdND(x(), a())
q(i, 1) = rt(1) + p1(i): q(i, 2) = rt(2) + p2(i)
Next i
ReDim q1(gx - 1), g2(gx - 1)
Fori=0Togx-1
q1(i) = q(i, 1): q2(i) = q(i, 2)
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Next i
resto(1) = g(gx, 1): resto(2) = q(gx, 2)
ValPolID = resto()

End Function

Public Function ProdND(ByRef x() As Double, ByRef a() As Double) As Variant

Dim pr() As Double

ReDim pr(2)

pr(1) = x(1) * a(1)

pPr(2) = x(1) * a(2) +a(1) * x(2)

ProdND = pr()

End Function
Ejemplo 16: Si se considera el polinomio dual

P& =X"-6eX?+€53-32¢ X° + €108-54¢ X +160+92¢
, vV se buscan los ceros duales enteros de médulo menor o igual a
25, el cédigo anterior devuelve los ceros duales siguientes:
5+4¢, -4-3¢, y 8+b¢e.

Ejemplo 17: Si P& =X*+€10+5¢ X°+ €2-44s X* + €¢32+112¢ X -64¢, el codigo
anterior devuelve las siguientes cero duales enteros de m(’)dulo\menor o0 igual a 25:
~2£,2-3¢,4+ke keZ y [K<24,
Si el polinomio
P(X)=a,X"+a, X" +---+a, X +a, (12)
, tiene coeficientes realesy A es una matriz cuadrada de orden m con elementos reales,
entonces el valor del polinomio P para la matriz cuadrada A se define por la igualdad:
P(A)=a,A" +a, A" + .- +a, ,;A+a,l
, donde I es la matriz cuadrada unidad de orden m.
La matriz P(A: podria ser calculada hallando primero las potencias A?,..., A" de la
matriz A y sumando luego las matrices
a,A", a, A", ...,a,,A,a,l
Efectuando los calculos de ésta manera, el volumen de los calculos es bastante elevado.
Sin embargo, observando que
P(A) =(--((@gA+a 1) A+a,1)A+agl)+---+a, 4 1)A+a,l (13)
, habra muchisimo menos célculo. Es evidente que este valor de P(A: es igual al resto
de la division del polinomio
P& =€ X"++ €1 X+a,l (14)
, con coeficientes matriciales, entre X - A. En efecto,

apl al al Ayl a4l al
A aA

Qo =ao! 0 =agA+ayl Jk Ok+1 On-1 R
, donde

g =(--((@gA+a A+a,1)A+agl)+---+a, 4 1)A+al
Ok =0k A+l =C-((@A+a DA+a, )A+agl)+---+a, 1)A+a 4|

R=ggA+a,l =(C--((@gA+a )A+a,1)A+azl)+---+a,41)A+a,l = P@:

Utilizando la férmula (13) para calcular el valor de P (A: , el cadigo es la siguiente:

Public Function VMP(ByRef p() As Double, ByRef m() As Double) As Variant
Dim i As Integer, j As Integer, k As Integer
Dim n As Integer, g As Integer
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g = UBound(p()): n = UBound(m())
ReDim a(n, n)
a() = MultNum(p(0), m())
Fork=1Tog
Fori=1Ton
a(i, i) = a(i, i) + p(k)
Next i
If k <>g Then
a() = MultMatCuadradas(a(), m())
End If
Next k
VMP =4a()
End Function
Public Function MultMatCuadradas(ByRef a() As Double, ByRef b() As Double) As Variant
Dim i As Integer, j As Integer, k As Integer
Dim n As Integer, z() As Double
n = UBound(a())
ReDim z(n, n)
Fori=1Ton
Forj=1Ton
z(i,j) =0
Fork=1Ton
2(i, j) = 2(i, j) + a(i, k) * bk, j)
Next k
Next j
Next i
MultMatCuadradas = z()
End Function
Public Function MultNum(ByVal nu As Double, ByRef d() As Double) As Variant
Dim i As Integer, j As Integer, n As Integer, z() As Double
n = UBound(d())
ReDim z(n, n)
Fori=1Ton
Forj=1Ton
z(i, J) = nu *d(i, j)
Next j
Next i
MultNum = z()
End Function
Public Function VerMatriz(ByRef x() As Double) As Variant
Dim i As Integer, j As Integer, n As Integer, mt As String
n = UBound(x())

Fori=1Ton
mt=mt+" Fila" + Str$(@i) + " "
Forj=1Ton
mt = mt + Str$(x(i, j))
If j<nThen
mt=mt+";"
End If
Next j
mt=mt+rc+""+rc
Next i

VerMatriz = mt
End Function

Si el polinomio (12) y la matriz cuadrada A son complejos, para calcular el valor del polinomio
para la matriz A se procede de manera andloga al caso real. En este caso el cddigo es la
siguiente:

Public Function VMPC(ByRef a0() As Double, ByRef p() As Double) As Variant
Dim i As Integer, j As Integer, k As Integer, u As Integer
Dim n As Integer, g As Integer
n = UBound(a0(), 1): g = UBound(p(), 1)
ReDim a(n, n, 2)



' Esquema de Riffini
Fori=1Ton
Forj=1Ton
a(i, j, 1) = p(0, 1) *a0(i, j, 1) - p(0, 2) *a0(i, j, 2)
a(i, j, 2) = p(0, 1) * ao(i, j, 2) + p(0, 2) * ao(i, j, 1)
Next j
Next i
Fork=1Tog
Fori=1Ton
a(i, i, 1) =a(, i, 1) + p(k, 1)
a(i, i,2) =a(, i, 2) + p(k, 2)
Next i
If k <>g Then
a() = MultMatCuadradasC(a(), a0())
End If
Next k
VMPC =a()
End Function
Public Function MultMatCuadradasC(ByRef a() As Double, ByRef b() As Double) As Variant
Dim i As Integer, j As Integer, k As Integer, n As Integer, c() As Double
n = UBound(a(), 1)
ReDim c(n, n, 2)
Fori=1Ton
Forj=1Ton
c(i, j,1)=0:c(i, j, 2)=0
Fork=1Ton
c(i, j, 1) =c(i, j, 1) + a(i, k, 1) * b(k, j, 1) - a(i, k, 2) * b(k, ], 2)
c(i, j, 2) = c(i, j, 2) + a(i, k, 1) * b(k, J, 2) + a(i, k, 2) * b(k, j, 1)
Next k
Next j
Next i
MultMatCuadradasC = c¢()
End Function
Public Function VerMatrizC(ByRef x() As Double) As String
Dim i As Integer, j As Integer, r As String, rc As String
n = UBound(x()): rc = Chr$(13) + Chr$(10)
Fori=1Ton
r=r+" Fila"+ Str$@) +" "
Forj=1Ton
r = r + FormatoComplejo(x(i, j, 1), X(i, j, 2))
If j <n Then
r=r+";"
End If
Next j
r=r+rc
Next i
VerMatrizC =r
End Function
Public Function FormatoComplejo(pr As Double, pi As Double)
‘Escritura de un nimero complejo en una caja de texto.
If pr <> 0 Then
If Abs(pr) >= 1 Then
nc = nc + Str$(pr)
Else
If pr> 0 Then
nc = nc + "0" + Str$(pr)
Else
nc = nc + "-0" + Mid$(Str$(pr), 2)
End If
End If
End If
If pi <> 0 Then
If Abs(pi) = 1 Then
If pi =1 Then
Ifpr<>0Thennc=nc+"+"
Else
nc=nc+"-"
End If
Else
If pi >0 Then
If pr <> 0 Then



nc=nc+"+"
End If
I1f pi > 1 Then
nc = nc + Str$(pi)
Else
nc = nc + "0" + Str(pi)
End If
Else
I1f pi < -1 Then
nc=nc+"-"+ Mid$(Str$(pi), 2)
Else
nc=nc+"-0"+ Mid$(Str$(pi), 2)
End If
End If
End If
nc=nc+"i"

End If

Ifnc ="" Then nc ="0"

FormatoComplejo = nc
End Function

Ejemplo 18: Si P& =@+i X®+€2+3i X?+€1-i X+3+7i y A=[

270+223i —238+141
-92-177i —356-9i

entonces P@ : (

—1+i
2+3i
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4-3i
1+5i |’

En el caso del calculo del valor de un polinomio dual para una matriz cuadrada dual,
(efectuando pequefias modificaciones en el cddigo anterior) se pueden utilizar las funciones

siguientes:

Public Function VPMD(ByRef aO() As Double, ByRef p() As Double) As Variant
Dim i As Integer, j As Integer, k As Integer, u As Integer
Dim n As Integer, g As Integer
n = UBound(alO(), 1): g = UBound(p(), 1)
ReDim a(n, n, 2)
' Esquema de Riffini
For i = 1 To n
For j = 1 To n
a(i, j, 1) = p(0, 1) * a0(i, j, 1) - p(0, 2) * a0(i, 3, 2)
a(i, j, 2) = p(0, 1) * a0(i, 3, 2) + p(0, 2) * a0(i, J, 1)
Next j
Next i
For k =1 To g
For i = 1 To n

a(i, i, 1) = a(i, i, 1) + p(k, 1)
a(i, 1, 2) = a(i, 1, 2) + p(k, 2)
Next i
If k <> g Then
a() = ProdMD(a(), a0())
End If
Next k
VPMD = a()

End Function

Public Function ProdMD (ByRef a () As Double, ByRef b () As Double) As Variant
Dim i As Integer, j As Integer, k As Integer, n As Integer, c() As Double

n = UBound(a(), 1)
ReDim c(n, n, 2)
For i = 1 To n
For j =1 To n
c(i, 3, 1) = 0: c(i, 3, 2) =0
For k = 1 To n
c(i, 3, 1) = c(i, 3, 1) + a(i, k, 1) * b(k, 3, 1)
c(i, 3, 2)

Next k
Next j
Next i
ProdMD = c()
End Function

c(i, 3, 2) +a(i, k, 1) * b(k, j, 2) + a(i, k,

* bk, J,
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Public Function VerMatrizResultado (ByRef x() As Double) As String
Dim i As Integer, j As Integer, r As String, rc As String

n = UBound(x()): rc = Chr$(13) + Chr$(10)
For i = 1 To n
r=r + " Fila" + StrS$(i) + ": "
For j =1 To n
r = r + FormatoDual (x(i, 3, 1), x(i, 3, 2))
If j < n Then
r=1r + " "
End If
Next j
r =r + rc
Next i
VerMatrizResultado = r

End Function
Public Function FormatoDual (pr As Double, pi As Double) As String
'Escritura de un numero complejo en una caja de texto.
nc = ""
If pr <> 0 Then
If Abs(pr) >= 1 Then
nc = nc + Str$(pr)
Else
If pr > 0 Then
nc = nc + "0" + Str$(pr)

Else
nc = nc + "-0" + Mid$ (Str$(pr), 2)
End If
End If
End If
If pi <> 0 Then
If Abs(pi) = 1 Then
If pi = 1 Then
If pr <> 0 Then nc = nc + " + "
Else
nc =nc + " - "
End If
Else
If pi > 0 Then
If pr <> 0 Then
nc = nc + " + "
End If
If pi > 1 Then
nc = nc + Str$(pi)
Else
nc = nc + "0" + Str$(pi)
End If
Else
If pi < -1 Then
nc = nc + " - " + Mid$(Str$(pi), 2)
Else
nc = nc + " - 0" + Mid$(Str$(pi), 2)
End If
End If
End If
nc = nc + " e"
End If
If nc = "" Then nc = "0"
FormatoDual = nc
End Function
~ -l+¢& 4-3¢
Ejemplo 19:Si P& =2X°-3X?+5X-7 y A= , entonces
2+3¢ 1+5¢

peY -57+99¢ 92-6l¢
| 46+73¢ —71+135¢

Naturalmente, en este ejemplo los coeficientes del polinomio son
reales pero se han introducido como numeros duales con la parte
dual nula.
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